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Abstract: This paper modifies a Townsend turnpike model by letting agents stay at a
location long enough to trade some consumption loans, but not long enough to support a
Pareto optimal allocation. Monetary equilibria exist that are non-optimal in the absence of
a scheme to pay interest on currency at a particular rate. Paying interest on currency at the
optimal rate delivers a Pareto optimal allocation, but a different one than the allocation for
an associated nonmonetary centralized economy. The price level remains determinate under
an optimal policy. We study the response of the model to “helicopter drops” of currency,
steady increases in the money supply, and restrictions on private intermediation.

Keywords: Credit, fiat money, Pareto optimality, Friedman rule.

3

1. Preamble
Sargent (1987) grouped together a class of incomplete markets models that feature heterogeneously endowed infinitely lived agents who solve infinite horizon income fluctuations
problems that motivate trades of fiat money and private IOUs, christening them BewleyTownsend models. What distinguishes Bewley from Townsend models is (a) whether agents’
endowments are stochastic or strictly periodic, and consequently, (b) whether they have to
be solved by computer or by pencil and paper.1 Townsend turnpike models use deterministic
variations in people’s locations to motivate the same kinds of market completeness found in
Bewley with stochastic endowment processes.2
We wrote this paper in 1988 because we liked Bewley models and appreciated Townsend’s
spatial rationalization of market incompleteness and the transparency associated with their
analytic tractability.3 We followed Townsend in assuming strictly periodic endowments that
give agents a motive to borrow and lend because they want consumption streams that are
smoother than their endowments. We altered the spatial restrictions in order to expand the
scope for private borrowing and lending relative to what Townsend’s setting allowed, but our
spatial restrictions still inhibit private credit enough to allow the institution of fiat money
to contribute to social welfare. We continue to believe that this class of structures is useful
for studying policies that impinge on how readily fiat money and private credit coexist.4
New Keynesian models of the type that have swept research departments at leading
central banks push into the background the forces highlighted by Townsend models, namely,
the heterogeneity in agents’ endowments and locations that shape demands for money and
that separate markets for money from those for credit. To answer some important questions
about monetary policy, these forces have to be brought back into the foreground.
2. Introduction
The answers to many questions about the proper conduct of monetary policy depend on
the form and properties of the demand for money. Ever since Hicks’s (1935) famous article,
it has been understood that the standard general equilibrium model needs to be modified by
adding frictions if an intrinsically useless asset like fiat money is to command a positive price
in equilibrium. A model’s predictions about the effects of alternative monetary policies and
4

their welfare consequences depend on the friction used to generate a demand for fiat money.
Furthermore, for various particular frictions that might be used, there are questions that
are not usefully asked of a model. Consider, for example, the cash-in-advance restriction. If
the finance constraint is interpreted as a legal restriction, then at least in models that do
not display any other forms of market failures, the optimal policy is simple: just eliminate
the legal restriction. When this option is ruled out, it is possible to study policy issues like
the optimal quantity of money. However, in such models, the optimal policy usually has
an interpretation as a prescription to manage the money supply to “undo” the effect of the
cash-in-advance constraint.
When the finance constraint is not explicitly motivated by legal restrictions, one would
expect the answer to policy questions to depend on precisely how the cash in advance restriction is motivated. In models that do not completely describe the friction that generates the
demand for currency, it is difficult to study such relevant policy questions as the desirability
and effects of deregulation of the banking system.
For these reasons, the last few years have seen renewed interest in model economies
that are very specific about the frictions that prevent the existence of nonmonetary optimal
equilibria. By studying various alternative concrete restrictions that generate a demand for
money, these models provide insights into the interactions between types of frictions in the
economic environment and specific rules for conducting monetary and fiscal policy.
In this paper we study an economy in which there are limited opportunities for the private
loan markets to effect all desired (and optimal) intertemporal transactions. We analyze the
impact of alternative monetary policies in a modified version of Townsend’s (1980) turnpike
model. Townsend studied the optimal quantity of money within a class of “interventionist”
policies that require the government to recognize and tax different types of agents differently.
Within this class, any stationary equal-treatment Pareto optimal allocation can be supported
as a monetary equilibrium.5 This paper studies the optimal quantity of money under a
class of less interventionist policies that restrict the government to tax all agents at a given
location and date equally. Because such tax policies treat agents anonymously, the monetary
systems that we analyze require less information than those studied by Townsend. Limiting
5

the government’s information in this way shrinks to a single point the set of attainable
optimal allocations. This particular allocation is attained by following a particular version
of “Friedman’s rule.” However, the rule works differently than in other models for which
it has been prescribed. In addition to studying the optimal rule, we study how differently
situated agents fare as the rate of return on currency is set at various nonoptimal values.6
Studying alternative monetary policies sheds light on how models like Townsend’s, in
which currency is valued because exchange is decentralized across time and space, differ from
a variety of other models in which some or all exchange is centralized. While we recover a
version of Friedman’s rule, our results differ in important ways from analyses of the optimal
quantity of money that have been carried out in cash-in-advance models, currency-in-theutility-function models, and overlapping generations models. In particular, our results differ
from analyses with those models with respect to the matters of: (i) price level determinacy
under an optimal interest on currency scheme; (ii) equivalence of an optimal interest on
currency policy with permitting a ‘free banking’ regime; (iii) whether the allocation attained
under an optimal interest on currency scheme recovers the allocation from a nonmonetary
(Arrow-Debreu) equilibrium for a corresponding economy obtained by keeping endowments
and preferences unaltered but relaxing the restrictions that prevent centralized trading.
We carry out our analysis in a model that is in the spirit of Townsend’s, but that
is altered by having agents linked with differently endowed agents for two periods before
moving on. Also, in order to create a potential role for currency, we alter each individual’s
endowment sequence from the period two pattern assumed by Townsend to a period four
pattern. These modifications permit one period loans to play a consumption smoothing role,
and potentially permit ‘inside money’ to coexist with ‘outside money.’ The modification
to two-period trading encounters also creates a framework within which we can study how
currency gets redistributed over time when the system is started up with distributions of
currency across agents that do not correspond to a steady state.7
We also investigate the effect of changes in the growth rate of the money supply when
the proceeds are used to finance a transfer program. In this case we show that unlike
other models it is possible to determine the impact of such a policy on the real variables
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of the economy without much knowledge of the precise distributional effects of the transfer
program. However, the consequences for the price level and the quantity of inside money
are sensitive to the distributional details. We contrast this with the key role that income
distribution plays in the analysis of once and for all increases in the money supply. We
also study the interaction between monetary policy and credit policy, defined as restrictions
on private financial intermediation. We show that imposing limits on private borrowing
and lending can have deflationary effects and can stabilize output while, at the same time,
reducing the welfare levels of all agents.
The environment that we describe shares some properties of the transactions demand
models of money as well as models in which money is basically a store of value. The spatial
and temporal separation can be viewed as an impediment to the existence of a single present
value budget constraint; this is a feature that is commonly associated with the transactions
motive for holding money.8 However, the result that sustained inflation has an impact mostly
through the effect on the rate of return is sometimes associated with the store of value
function of money.
The turnpike model has been studied, in addition to Townsend, by Mitsui and Watanabe
(1989), Hornstein and Krusell (1989), and Ireland (1991). Mitsui and Watanabe present a
version in which individuals move randomly and there is both a good and bad technology.
For specific functional forms they establish the existence of equilibrium as well as the impact
of inflation on capital accumulation. Hornstein and Krusell show that if some insurance
markets, whose existence is compatible with the physical and informational environment,
are allowed to exist in the Mitsui and Watanabe environment, it is possible for the monetary
equilibrium to disappear. Ireland explores the case of stochastic endowments and he studies
existence of a monetary equilibrium in an example. Our model is similar in spirit to that
of Scheinkman and Weiss (1986), in the sense that each time the Scheinkman-Weiss Poisson
counter goes off, one could imagine that half of the agents at each location move east, the
other half west. This locational interpretation shuts down the markets closed by Scheinkman
and Weiss.
Several other recent models of money also assume patterns of spatial separation to sup7

port restrictions on borrowing and lending that make room for valued currency. Kiyotaki
and Wright (1989) restrict preferences and matching and storage technologies in ways that
force all trades to occur bilaterally outside of markets. In Kiyotaki and Wright’s model,
one party to each exchange values the commodity that he is acquiring only for its exchange
value (i.e., its indirect utility). The Kiyotaki-Wright model is at one end of a spectrum (no
centralized exchange in time and space), with the Arrow-Debreu model at the other end (all
exchange centralized in time and space). Our model is somewhere in the middle.
The models of Stacey Schreft (1992) use spatial distance to index a verification cost
involved in using credit to effect exchanges. In her models, each person conducts part of
his transactions with credit at locations where verification is cheap, and part with currency,
where verification is expensive. Because the credit system is socially costly to administer
while the currency system is not, the optimal monetary-fiscal policy involves driving credit
market out of existence via a version of Friedman’s deflation or interest on currency scheme.
Finally, David Levine (1991) has created examples in the context of stochastic models
like Bewley’s or Townsend’s in which equilibria with inflation generated by lump sum money
infusions Pareto dominate equilibria without inflation. In these examples, the money transfer
scheme serves an insurance role that more than offsets the social costs imposed by the
distortion associated with inflation.
This paper is organized as follows. Section 3 presents the basic model. In section 4
we define a monetary equilibrium and give conditions under which one exists. Section 5
analyzes the welfare properties of different equilibria. In section 6 we discuss the optimal
quantity of money and the difference between our results and existing models. Sections 7 and
8 explore, respectively the effects of an increase in the money supply and the consequences of
an increase in the growth rate of the money supply. Section 9 studies the effects of restrictions
on private intermediation. Finally, section 10 contains some concluding comments. All proofs
are relegated to the appendices.
3. Preferences, Technology, Endowments, and Itineraries
The economy consists of equal numbers of two types of agents, whom we label as i = e
and i = o, where e stands for even and o stands for odd. Agents of type i have preferences
8

i i
over streams of consumption and labor supply {cit , ℓit }∞
t=0 = (c , ℓ ) that are ordered by
i

(1)

i

U(c , ℓ ) =

∞
X

β t u(cit , 1 − ℓit )

t=0

where u is strictly concave and twice differentiable. Agent i has access to the technology for
producing a single consumption good,
yti ≤ ωti ℓit
i
where {ωti }∞
t=0 is a sequence of labor productivities for agent i and yt is agent i’s output of

the time t consumption good. The consumption good is nonstorable.
Odd and even agents are identified by their productivity sequences. In particular, let
a > 0, b > 0. Then {ωto} and {ωte } are the sequences
{ωto}∞
t=0 = {a, 0, 0, b, a, 0, 0, b, . . .}
{ωte }∞
t=0 = {0, b, a, 0, 0, b, a, 0, . . .} .
Individual productivity sequences are of period four, while the aggregate productivity sequence ωto + ωte is of period two. Every two periods, odd and even agents experience a
reversal of productivity prospects as characterized by the tails {ωsi }∞
s=t of their productivity
sequences.
Figure 1 goes here.
The locational structure of the economy is depicted in figure 1. Each agent travels along
the real line in a single direction determined at birth. Half of the agents of each type are
heading east, half are heading west. All economic activity occurs at “villages” located at
the integers. At each date t ≥ 0, there are equal numbers of odd and even agents at each
integer. At date t = 0, all east headed agents have the odd endowment scheme, and all
west headed agents have the even endowment scheme. Starting at t = 0, each agent remains
in his trading post for two periods. At the beginning of each even t ≥ 2, each east headed
agent moves east by one trading post, and each west headed agent moves west by one trading
post. This pattern of movement supports the situation depicted in figure 1. Let integer j
index location. For each t ≥ 0, t even, the east headed agents have two-period productivity
endowment [a, 0], and the west heading agents have productivity endowment [0, b]. At odd
9

integers t, the east heading agents have two period productivity pattern [0, b] and the west
heading have pattern [a, 0]. Thus, at each integer for each t = 0, 2, 4, . . . , half of the agents
have two period productivity [a, 0], and half have [0, b].
In this economy, two agents of different types (odd and even) will meet in at most one
location during at most one 2-period encounter. Once an odd-even pair of agents separates
after having been together at a common location, neither member of the pair will ever meet
another agent who has ever been or will ever be in contact with the other member of that
pair. This implies that only one-period loans extended during even periods t ≥ 0 can be
repaid.
Trading Possibilities
For each t = 0, 2, 4, . . ., newly arrived agents at each location j can borrow and lend
with one another. Loans of duration exceeding one period will not be made because it is
not feasible for them to be repaid. The only asset that can be carried across locations is
a government issued fiat currency that is initially distributed equally across all locations.
We shall later consider alternative initial distributions of the currency across odd and even
agents at t = 0.
We let pjt denote the nominal price level at location j at time t. We let Rjt denote the
gross real interest rate on consumption loans from t to t + 1 at location j. In this paper, we
restrict attention to equilibria in which prices and interest rates are identical at all locations,
and we let pt denote the common price level and Rt denote the common gross interest rate
at t.9
Government
The economy starts out with a per capita quantity of currency of H/2 in each location.
The government pays interest on currency held from t to t + 1 at a net nominal rate of r0
for t even and r1 for t odd. We let {rt } denote this period two sequence of nominal rates on
currency. For convenience, we denote the gross two-period nominal interest rate on currency
as r = (1+r0 )(1+r1 ). Interest payments are financed by anonymous lump sum taxes at each
location: all agents at all locations bear the same tax at a given time.10 The government
budget constraint holds location by location, so that interest payments at a location are fully
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financed by local taxes. We study policies that hold the stock of currency constant through
time. Let τ0 be the nominal tax on each agent in even periods, and τ1 the nominal tax in
odd periods. The government’s budget constraints are
Hr0 = 2τ1 ,

Hr1 = 2τ0 .

A government policy is a four-tuple (r0 , r1 , τ0 , τ1 ). A policy of not paying interest on currency
involves the setting (0, 0, 0, 0). This corresponds to what has sometimes been called a “laissez
faire” or “noninterventionist” policy.
Households
∞
Let xi = {xit }∞
t=0 for any symbol x, where it is understood that x = {xt }t=0 for vectors

x not depending on i. A household of type i faces the following problem: given sequences
R, p, r, and subject to cit ≥ 0, mit ≥ 0, 0 ≤ ℓit ≤ 1 for all t ≥ 0, choose {cit , ℓit , bit , mit }∞
t=0 to
maximize
∞
X

(1)

β t u(cit , 1 − ℓit )

t=0

subject to
(2)

mi
mit
+ bit + cit + τt ≤ ωti ℓit + Rt−1 bit−1 + (1 + rt−1 ) t−1
pt
pt

(3)

bit = 0 for t = 1, 3, 5, . . .

(4)

mi−1 = m̄i−1 given, bi−1 = 0 given

The statement of the household’s problem leaves the household free not to hold currency,
which implies that if currency is held from t to t + 1 for t even, currency and consumption
loans must bear equal real rates of return. Restriction (3) captures the feature that debt
cannot be transferred across locations. Notice that it rules out explosive processes (“Ponzi
schemes”) for private debt.
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4. Equilibrium
We employ the following:
Definition 1: An equilibrium is a collection of sequences {p̄, R̄, c̄i , ℓ̄i , m̄i , b̄i , i = o, e} that
satisfy
(i) (Utility maximization):
Given p̄ and R̄, for i = o, e, {c̄i , ℓ̄i , m̄i , b̄i } solves the household’s problem.
(ii) (Market Clearing)
cot + cet = ωto ℓot + ωte ℓet

(5)

mot + met = mot−1 + met−1

(iii) (Initial endowments of currency)
mo−1 + me−1 = H

(6)

We call it a monetary equilibrium if 1/pt > 0 for all t ≥ 0. We call it a nonmonetary
equilibrium otherwise.
Periodic Monetary Equilibria
Given the physical structure of the economy, it is natural to seek equilibria in which for
t = 1, 5, . . . one class of agents (even or odd) carries all of the money from t to t + 1, and for
t = 3, 7, . . ., the other class of agents (odd or even) carries all of the money from t to t + 1.
Such a pattern is a counterpart to the one studied by Townsend. For most of this paper, we
restrict attention to such equilibria. In particular, we consider equilibrium allocations and
prices that are symmetric and periodic. By symmetric, we mean that identically situated
agents are treated equally. By periodic, we mean that the allocations satisfy11
{cot } = {c0 , c1 , aℓ0 − c0 , bℓ1 − c1 , c0 , c1 , aℓ0 − c0 , bℓ1 − c1 , . . .}
(7)

{ℓot } = {ℓ0 , 0, 0, ℓ1, ℓ0 , 0, 0, ℓ1, . . .}
{cet } = {aℓ0 − c0 , bℓ1 − c1 , c0 , c1 , aℓ0 − c0 , bℓ1 − c1 , c0 , c1 , . . .}
{ℓet } = {0, ℓ1 , ℓ0 , 0, 0, ℓ1ℓ0 , 0, . . .} ,

and that the price level satisfies
(8)

pt = {p0 , p1 , p0 , p1 , . . .} .
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Note that (7) extends to the equilibrium allocation the “situation reversals” that odd and
even agents experience every two periods.
Given the symmetry and periodicity in the specification of the physical aspects of the
economy and the government policy, it is natural to conjecture that there are initial distributions of the currency stock for which periodic equilibria exist. Notice that a periodic
equilibrium is characterized by the six-tuple {c0 , c1 , ℓ0 , ℓ1 , p0 , p1 }. We now study the restriction that equilibrium imposes on this six-tuple.
Equilibrium Conditions
Evaluating the first order conditions for the household’s problems at the periodic sequences for allocations and nominal prices for t = 0, 1 gives
t=0

odd

even

u1 (c0 , 1 − ℓ0 )
β(1 + r0 )u1 (c1 , 1)
=
p0
p1

(9a)

u1 (aℓ0 − c0 , 1)
β(1 + r0 )u1 (bℓ1 − c1 , 1 − ℓ1 )
=
p0
p1

u1 (c0 , 1 − ℓ0 )a = u2 (c0 , 1 − ℓ0 )
t=1

odd

even

u1 (c1 , 1)
u1 (aℓ0 − c0 , 1)
≥ β(1 + r1 )
p1
p0

(9b)

u1 (bℓ1 − c1 , 1 − ℓ1 )
u1 (c0 , 1 − ℓ0 )
≥ β(1 + r1 )
p1
p0
u1 (bℓ1 − c1 , 1 − ℓ1 )b = u2 (bℓ1 − c1 , 1 − ℓ1 )

The inequality for t = 1 holds with equality if agent i chooses to set mi1 > 0. Within the
class of periodic equilibria, at most one of the two classes of agents will set mi1 > 0, while the
other will set mi1 = 0. This follows from a minor adaptation of an argument of Townsend
(1980).12
We consider two possible kinds of periodic equilibria, depending on which type of agent
i sets mi1 > 0. We use
Definition 2: In a type I (periodic) equilibrium, me−1 > 0, mo−1 = 0, mo1 > 0.
Definition 3: In a type II (periodic) equilibrium, mo−1 > 0, me−1 = 0, me1 > 0.
First order conditions (9) imply that in a type I equilibrium, the following equalities
must hold:
(10a)

u1 (c0 , 1 − ℓ0 ) = β 2 (1 + r0 )(1 + r1 )u1 (aℓ0 − c0 , 1)
u1 (c0 , 1 − ℓ0 )a = u2 (c0 , 1 − ℓ0 )

(10b)

u1 (c1 , 1) = β 2 (1 + r0 )(1 + r1 )u1 (bℓ1 − c1 , 1 − ℓ1 )
u1 (bℓ1 − c1 , 1 − ℓ1 )b = u2 (bℓ1 − c1 , 1 − ℓ1 )
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Equations (10) determine the allocations in a type I equilibrium. The price level is determined by an odd agent’s budget constraints for t = 0, 1, evaluated at the equilibrium
allocation. In particular, substituting the equilibrium conditions (5) and (6) and the inequalities in the definition of a type I equilibrium into the budget constraints for an odd
agent at t = 0, 1 and rearranging gives the following condition that must hold in order that
p0 > 0, p1 > 0:
(11)

β(1 + r0 )(1 + r1 )u1 (aℓ0 − c0 , 1)(aℓ0 − c0 ) − u1 (c1 , 1)c1 > 0

Equalities (10) and inequality (11) are the equilibrium conditions for a type I equilibrium.
Applying analogous reasoning in the context of a type II equilibrium leads to the following
equilibrium conditions:
β 2 (1 + r0 )(1 + r1 )u1 (c0 , 1 − ℓ0 ) = u1 (aℓ0 − c0 , 1)

(12a)

u1 (c0 , 1 − ℓ0 )a = u2 (c0 , 1 − ℓ0 )
β 2 (1 + r0 )(1 + r1 )u1 (c1 , 1) = u1 (bℓ1 − c1 , 1 − ℓ1 )

(12b)

u1 (bℓ1 − c1 , 1 − ℓ1 )b = u2 (bℓ1 − c1 , 1 − ℓ1 )

(13)

β 3 (1 + r0 )(1 + r1 )u1 (c1 , 1)c1 − u1 (aℓ0 − c0 , 1)(aℓ0 − c0 ) > 0 .

Existence of Periodic Equilibria
We break the study of existence of periodic equilibria into two parts. First, we study the
system of equations (10) or (12), disregarding the inequalities (11) and (13) that guarantee
a positive price level. In propositions I and II, we display conditions under which these
equations always have solutions, and characterize the dependence of the solutions on β 2 (1 +
r0 )(1 + r1 ). In propositions 3 and 4, we describe conditions under which the solutions of
equalities (10) and (12) also satisfy inequalities (11) and (13), respectively, so that a monetary
equilibrium exists.
Proposition 1: Assume that u is strictly concave and C 2 , u12 ≥ 0, and ∀x ≤ 1,
lim(c,ℓ)→(0,x) u1 (c, 1 − ℓ) = +∞. Then the system of equations (10a) and (10b) has a unique
solution.
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Proposition 2: Let (c0 , ℓ0 ) be the solution to (10a) and let (c1 , ℓ1 ) be the solution to (10b).
Under the assumptions of Proposition 1, following statements are true:
(i) c0 is decreasing in β 2 (1 + r0 )(1 + r1 ).
(i′ ) c1 is increasing in β 2 (1 + r0 )(1 + r1 ), and limb→∞ c1 = ∞.
(ii) ℓ0 is increasing in β 2 (1 + r0 )(1 + r1 ).
(ii′ ) ℓ1 is decreasing in β 2 (1 + r0 )(1 + r1 ).
(iii) aℓ0 − c0 is increasing in both β(1 + r0 )(1 + r1 ) and a, and lima→∞ (aℓ0 − c0 ) = ∞.
Counterparts to Propositions 1 and 2 exist that refer to equations (12a) and (12b),
which correspond to a type II equilibrium. The counterpart to proposition 1 is identical for
system (12a)–(12b). In the counterpart to proposition 2, the directions of dependence on
β 2 (1 + r0 )(1 + r1 ) are reversed in each case.
Propositions 1 and 2 and their counterparts summarize what we know about how monetary policy impinges on the allocations for type I and type II equilibria. The effects of policy
on allocations are all intermediated through the two-period rate of return β 2 (1 + r0 )(1 + r1 ).
Below, we shall repeatedly use these results to trace the impact on allocations of some particular policy experiments. Note that in a type I equilibrium, increases in the interest rate
β 2 (1+r0 )(1+r1 ) increase output in even periods and decrease it in odds, and that the effects
are opposite in a type II equilibrium. For a given individual, increases in the interest rate
also affect the allocation of consumption and leisure across time within a meeting period.
Propositions 1 and 2 are of limited interest until we know that a monetary equilibrium
exists. Existence is the topic of the next two propositions.
Proposition 3: In addition to the assumptions of Proposition 1, assume that u1 (x, 1)x is
monotone, that if it is monotone decreasing then limx→∞ u1 (x, 1)x = 0, and that if it is
monotone increasing then limx→∞ u1 (x, 1)x = ∞. Then
(i) ∃ā(b) such that for any given b, if a ≥ ā(b) then there exists a monetary equilibrium. If
u1 (x, 1)x is increasing, it is a type I equilibrium. If u1 (x, 1)x is decreasing it is a type II
equilibrium.
(ii) ∃b̄(a) such that for any given a, if b ≥ b̄(a) then there exists a monetary equilibrium. If
u1 (x, 1)x is increasing, it is a type II equilibrium. If u1 (x, 1)x is decreasing, it is a type II
15

equilibrium.
Proposition 3 tells us that for any given monetary policy as parameterized by r = (1 +
r0 )(1 + r1), existence of a monetary equilibrium is more ‘likely’ the bigger is the discrepancy
between a and b, say as measured by a/b or b/a, whichever is larger. The discrepancy between
a and b measures the potential utility gains to smoothing consumption across meeting periods
(see figure 1). The discrepancy between a and b interacts with the elasticity of the marginal
utility of consumption evaluated at ℓ = 1 in determining existence of a monetary equilibrium.
For example, inspection of (11) and (13) shows that no monetary equilibrium exists when
r < β −1 when u(c, 1 − ℓ) = log(c) + v(1 − ℓ) for any concave function v. This example shows
that existence is not guaranteed for a “noninterventionist” (r = 1) monetary equilibrium.
Additionally, a monetary policy characterized by higher interest on currency will make, in
some cases, existence of an equilibrium more likely. In particular if the function u1 (x, 1)x
is increasing in x (roughly this corresponds to an intertemporal elasticity of substitution
exceeding one) the higher is r the more likely it is for conditions (11) and (13) to be satisfied.
In this case, economies in which there exist no noninterventionist monetary equilibrium
(r = 1) may have a monetary equilibrium under an interest on currency scheme. Existence
of a monetary equilibrium is more tenuous in the present model than in most cash-in-advance
models or than in Townsend’s original version of the turnpike model because of the access
agents have to consumption loans as a vehicle for achieving some consumption smoothing.
5. Pareto Optimality
Consider the class of optimal allocations in which all agents in a given class (odd or even)
are treated symmetrically. It is standard to show that the class of all such allocations can be
characterized as the solutions to the problem of maximizing W = λU(co , ℓo )+(1−λ)U(ce , ℓe )
subject to feasibility for different choices of the welfare weight λ ∈ [0, 1].
Feasible allocations that can be supported as periodic equilibria are completely summarized by (7). We can verify that a necessary condition for a periodic allocation sequence of
the form (7) to solve the problem of maximizing W subject to feasibility is that the welfare
criterion puts equal weights on the utilities of both types (λ =

1
2 ).

Thus, if any Pareto

optimal allocation is supportable by a periodic monetary equilibrium, it must be the λ =
16

1
2

equilibrium. At λ = 12 , the first order conditions with respect to cit evaluated at a periodic
allocation (7) imply that u1 (c0 , 1 − ℓ0 ) = u1 (aℓ0 − c0 , 1). From the first order conditions
(10) or (12) for a periodic monetary equilibrium, it is evident that if this (λ = 12 ) Pareto
optimal allocation is to be supported by a periodic monetary equilibrium, it must be that
β 2 (1 + r0 )(1 + r1 ) = 1.
Proposition 4 (Existence of an Optimal Equilibrium): Assume the conditions of
Proposition 1. Also assume that β 2 (1 + r0 )(1 + r1 ) = 1. Then, for almost all economies, an
equilibrium exists.
There exist economies (β, a, b) for which there exist noninterventionist (r = 1) equilibria
of both types I and II. However, for all economies, under the optimal policy (r = β −2 ) there
exists either a type I or a type II equilibrium. Soon we shall discuss how odd and even
agents fare as r changes within a type I or type II equilibrium.
When β 2 (1 + r0 )(1 + r1 ) < 1, a periodic monetary equilibrium is not optimal. The source
of the nonoptimality is that in a type I (II) equilibrium, (9b) is satisfied with equality for
i = o (e) but with strict inequality for i = e (o). For example, in a type I equilibrium the even
agents are unable to borrow at the same interest rate r1 at which the odd agents do. More
precisely, since there is a large number of even agents that move together, there is a credit
market for them (in this case net trades are zero). Let the interest rate on even-agent-issued
securities be denoted Rt (t = 0, 1). Then it follows that
R0 = 1 + r0
R1 = (1 + r1 )[β 2 (1 + r0 )(1 + r1 )]−2 .
Thus whenever β 2 (1 + r0 )(1 + r1 ) < 1, private debt issued by the even agents dominates
money (and debt issued by odd agents) in rate of return. To discuss the sense in which
the policy β 2 r = 1 implements a version of Friedman’s rule, it is useful to study a related
economy.
An Associated Centralized Economy
For purposes of comparison, it is useful to consider an alternative economy in which all
locational and travelling features of our model are abandoned and replaced by the assumption
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that all activity and trade occurs at a single centralized location. In a (nonmonetary)
competitive equilibrium of this economy, futures markets are open at date 0. An agent of
type i maximizes (1) subject to the single budget constraint
∞
X

qt0 cit

≤

t=0

∞
X

qt0 ωtiℓit ,

t=0

where qt0 is the time 0 price of time t consumption goods. It is straightforward to show
that a competitive equilibrium involves the period-two consumption allocation, {cot } =
{co0 , co1 , co0 , co1 , . . .}, {cet } = {ce0 , ce1 , ce0 , ce1 , . . .}, and the labor allocation {ℓot } = {ℓo0 , 0, 0, ℓe1, . . .},
{ℓet } = {0, ℓe1, ℓo0 , 0, . . .}, where ce0 = aℓo0 − co0 , ce0 = bℓ01 − co1 , where (co0 , co1 , ℓo0 , ℓe1 ) solve
µo
u1 (aℓo0 − co0 , 1)
µe
µo
u1 (co1 , 1) = e u1 (bℓe1 − co1 , 1 − ℓe1 )
µ
o
o
u2 (c0 , 1 − ℓ0 ) = u1 (co0 , 1 − ℓo0 )a

u1 (co0 , 1 − ℓo0 ) =

u2 (bℓe1 − co1 , 1 − ℓe1 ) = u1 (bℓe1 − co1 , 1 − ℓe1 )b ,
and where µo , µe are the Lagrange multipliers on odd and even agents’ budget constraints,
respectively.
A competitive equilibrium allocation exists, is unique, and is Pareto optimal. It can
be verified that the competitive equilibrium allocation depends on the values of (β, w, e),
and that in general it does not equal the (λ = 21 ) Pareto optimal allocation selected by the
optimal interest on currency equilibrium.
For all t ≥ 0, the two period rate of return in this associated centralized economy is
β −2 . Thus, putting (1 + r0 )(1 + r1 ) = β −2 amounts to setting the two-period real rate
of return on currency equal to the real rate of return in the equilibrium of the associated
centralized economy. The following points are noteworthy. First, although the optimal policy
can be implemented by equating r0 , r1 to the corresponding one-period rates of return for the
associated centralized economy, any other settings that satisfy (1+r0 )(1+r1 ) = β −2 will also
work. Thus, the one-period rates r0 , r1 are not pinned down by the requirement of optimality.
Second, the optimal policy involves eliminating any discrepancy between the rates of return
on currency and private securities, but only in a very special and subtle way. In this model,
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securities issued by odd and even agents can sell at different prices at switching times. As
described earlier, the rates of return are the same at t = 0, 2, 4, . . ., but R1 > (1 + r1 ).
The optimal policy has the effect of making R1 = 1 + r1 and, hence, effectively eliminating
existing rate of return dominance. Note, however, that the implementation of an optimal
allocation is not guaranteed by the elimination of legal restrictions on the financial sector. In
some models, it is restrictions on private intermediation that lie behind the suboptimality of
the monetary equilibrium. It is not so in this model. No private institution can be created,
given the environment, that is capable of eliminating the suboptimality of the equilibrium
allocation. Third, the fact that the optimal policy is framed in terms of a restriction on
a two-period rate r reveals that it is the imperfection of the monetary equilibrium as a
mechanism for carrying goods from t to t + 1 for t odd that the optimal policy is correcting.
In other words, private markets are effectively “myopic” in this environment. Unrestricted
borrowing and lending “solves” the “short term” (one period) borrowing needs. However,
the structure of the economy is such that the demand for loans induced by the smoothing
motive is more long term (four periods). It is this limitation of private loan markets that is
being solved by the optimal monetary policy.
Restricted Pareto Optimality
Although our characterization of the optimal monetary policy is very sharp it says little
about the potential problems that a government may face trying to implement it. More
precisely, consider an initial situation in which the monetary policy is characterized by
rA < β −2 . To study the impediments that a Central Bank will face to implement another
policy rB satisfying β −2 ≥ rB > rA it is necessary to evaluate how much “waste” is associated
with the original policy as well as the welfare implications of a change in the interest on
currency policy.
To do this a restricted notion of Pareto optimality is useful. This notion of optimality
is induced by a Pareto problem defined over the restricted class of periodic allocations (7).
Formally, we have,
Definition 3: An allocation (co , ℓo ), (ce , ℓe ) is Restricted Pareto Optimal if it is feasible,
satisfies the restrictions imposed by (7) and is such that there is no other allocation satisfying
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the same constraints that yields higher utility to one of the two types of agents without
decreasing the utility of the other.
Basically, Restricted Pareto Optimality is just simple (stationary) Pareto optimality over
the set of possible monetary equilibrium allocations. The class of these allocations can be
parameterized by a point x = (c0 , ℓ0 , c1 , ℓ1 ), where x ∈ X ⊂ IR4 . Let V o (x) and V e (x)
be the utility functionals (1) of odd and even agents evaluated at their respective periodic
allocations. Let V ∗ ∈ [V1∗ , V2∗ ], where V1∗ is the value of the utility functional assigned
to even agents in a type I noninterventionist (r = 1) equilibrium allocation and V2∗ is the
value of utility assigned to even agents in a type II noninterventionist (r = 1) equilibrium.
The restricted utility possibility frontier is described by the function F (V ∗ ) = maxx {V o (x)
subject to V e (x) ≥ V ∗ }.
Figure 2 gores here.
On the interval [V1∗ , V2∗ ], F (V ∗ ) has the shape depicted in figure 2. We summarize the
main features of F (V ∗ ) in:
Proposition 5:
(i) Let V e = V0∗ be the utility level assigned to even agents in the unrestricted optimal
equilibrium with 1 = β 2 (1 + r0 )(1 + r1). Then V o = F (V0∗ ) is the utility level assigned to odd
agents in that unrestricted optimal equilibrium.
(ii) F ′ (V0∗ ) = −1.
(iii) For V ∗ ∈ [V1∗ , V0∗ ], the associated allocations x = (c0 , ℓ0 , c1 , ℓ1 ) solve the “type I”
equalities (10) for some r > 1.
(iv) F ′ (V1∗ ) = 0.
(v) For V ∗ ∈ [V0∗ , V1∗ ], the associated allocations x solve the “type II” equalities (12) for
some r > 1.
(vi) F ′ (V2∗ ) = +∞.
When r ≥ 1, if a periodic monetary equilibrium exists, it is restricted Pareto optimal.
The (V1∗ , F (V1∗ )) equilibrium is a type I equilibrium with r = 1. Among all periodic equilibria, this one makes the odd agents best off. As we increase r from 1 toward β −2 , within
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type I equilibria the welfare of odd agents falls and the welfare of even agents rises. The
(V2∗ , F (V2∗ )) equilibrium is a type II equilibria with r = 1. Among all periodic equilibria,
this one makes the even agents best off. Within type II equilibria, welfare of even agents
falls as that of odd agents rises as r is increased from 1 to β −2 .
It is then clear that in this model the proposal of following the optimal monetary rule
starting from some suboptimal equilibrium does not have unanimous support. Any movement towards an equilibrium with r = β −2 will result in a utility loss for either the even or
odd individuals depending on the equilibrium the economy is in.13
In cash-in-advance and money-in-the-utility function models, proposals to increase the
rate of return on currency from one toward β −2 are Pareto improving, and so have unanimous
support. In the present model, half of the agents are harmed by such increases, while half
are benefitted. This feature of our model is due to the heterogeneity of agents, and is shared
by other heterogeneous agent models, like the overlapping generations model. However, the
present model differs from the overlapping generations model with respect to the impact of
changing the inflation rate. We postpone the discussion of these issues until later.
6. Interpretation
The optimal equilibrium under interest on currency is determinate in several relevant
senses. Equilibrium allocations and therefore real interest rates are unique. The odd period
price level p1 is uniquely determined. The even period price level p0 is not determined until
r0 is set. There remains enough flexibility to select r0 so that p0 = p1 , but such price stability
is not required to implement the optimal policy.
It is noteworthy that the optimal policy cannot be characterized in terms of paying
interest at a “market rate” associated with some suboptimal equilibrium. In any equilibrium
in which currency is valued, currency and some private loans bear identical rates of return.
Of course, there are other loans that, in some periods, bear a higher rate of return. It is then
possible to state the policy as picking a rate of return on currency holdings that eliminates
the difference between the highest return riskless assets and money.
The allocation associated with the optimal policy is Pareto optimal, but generally differs
from the Pareto optimal equilibrium allocation of the associated (centralized) Arrow-Debreu
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economy. In particular, note that the optimal interest on currency policy results in the equal
weight (λ = 1/2) Pareto optimal allocation.
These results on paying interest on currency reveal important differences between the
models of the present paper and each of the cash-in-advance, money-in-the utility function,
and overlapping generations models. In the cash-in-advance model, the price level becomes
indeterminate under an optimal interest on currency policy financed by lump sum taxes (see
Sargent [1987, chapter 5]). Essentially, this is because at the optimal rate of interest on currency, the cash-in-advance constraint does not bind so that the demand for currency becomes
a correspondence. In the cash-in-advance model, the equilibrium allocation that obtains under the optimal interest on currency policy is identical with the one that would be achieved
simply by repealing the law that imposes the government-issued-cash-in-advance constraint
and permitting “free banking.” This equilibrium allocation is the same one that would be
achieved if the timing-of-trade restrictions that supports the cash-in-advance restriction were
relaxed to permit the full time zero Arrow-Debreu markets.14
In contrast, in our model, government issued currency continues to play an essential
role under the optimal interest on currency policy. The allocation achieved under that
policy differs from the one that would be associated with the corresponding economy with
the locational restrictions voided and centralized time zero trades permitted. Further, the
interest on currency policy does not work in a way that can be replicated by permitting free
banking. Also, the price level remains determinate under the optimal interest on currency
policy.
In the overlapping generations model, paying interest on currency at the market rate of
return, financed by lump sum taxes, gives rise to a continuum of equilibrium real interest
rates, taxes, and price levels, each equilibrium of which is Pareto optimal (see Sargent and
Wallace (1985)). Some aspects of these results carry over to our model, but others don’t.
What does carry over is an element of indeterminacy. Above we constructed a continuum
of equilibrium interest rate, tax rate, price level combinations that could be indexed by the
interest rate r ∈ [1, β −2 ]. Subject to the existence conditions (11) and (13) holding, any
two-period gross real rate of interest r ∈ [1, β −2 ] is associated with an equilibrium. In this
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sense, just as in Sargent and Wallace (1985), the proposal to pay interest on currency “at
the market rate” is incomplete even when supplemented by a plan to finance the proposal
by lump sum taxes.15 However, the current model differs from the overlapping generations
model in that among the continuum of equilibria under an interest on currency policy, there
is a unique optimal one. This is the “Friedman rule”, r = β −2 . The uniqueness of the
optimal rate for our model seems to stem from the infinite lives of the agents, which has the
effect of rendering infeasible the high interest rate equilibria that are optimal in Sargent and
Wallace’s (1985) model.
7. Redistribution of Initial Currencies
The monetary equilibria studied up to this point are ones in which initially currency
has all been in the hands either exclusively of odd or exclusively of even agents. That
specification was made to support the existence of periodic equilibria. We now perform
experiments in which the economy starts out with a fraction 0 < α < 1 of the currency in
the hands of even agents and a fraction (1 − α) in the hands of odd agents. We show that if
a type I (II) periodic equilibrium exists, then for any 0 < α < 1, there exists a nonperiodic
monetary equilibrium in which allocations and prices attain their values for the periodic type
i ∞
I (II) equilibrium after one meeting period. In these equilibria, the tails {cis }∞
s=2 {ℓs }s=2 of

the allocations agree with the corresponding tails of the allocations given by (7); the first
two period allocations to odd agents are denoted (cα0 , cα1 , ℓα0 , ℓα1 ). The nominal price sequence
has the form (pα0 , pα1 , p0 , p1 , p0 , p1 , . . .). For simplicity we concentrate on noninterventionist
equilibria (r = 1). The following propositions describe our results:
Proposition 6: Assume that a type I equilibrium exists. Assume that initial currency
holdings are mo−1 = (1 − α)H, me−1 = αH for 0 < α < 1. Then there exists a monetary
equilibrium that converges to a type I equilibrium after one meeting period. Further, if we
denote (co0 , co1 , co2 , co3 ) by (cα0 , cα1 , aℓ0 − c0 , bℓ1 − c1 ), then it is true that
(i)

(ii)

cα0 > c0 ,

ℓα0 < ℓ0 ,

cα1 > c1 ,

ℓα1 > ℓ1 .

a = b implies that ℓα1 > ℓ1 > ℓ0 > ℓα0 .
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(iii)

Proposition 7:

pα0 < p0 ,

pα1 < p1 .

Assume that a type II equilibrium exists. Assume that initial currency

holdings are mo−1 = (1 − α)H, me−1 = αH for 0 < α < 1. Then there exists a monetary
equilibrium that converges to a type II equilibrium after one meeting period. It is true that
(i)

(ii)

(ii)

cα0 < c0 ,

ℓα0 > ℓ0 ,

cα1 < c1 ,

ℓα1 < ℓ1 .

a = b implies that ℓα0 > ℓ0 > ℓ1 > ℓα1 .

pα0 < p0 ,

pα1 < p1 .

These propositions are proved constructively by working backwards from the respective
type I and type II equilibria. Thus, for proposition 6, the first order conditions (9) for odd
and even agents are evaluated at candidate values for prices and quantities of the (periodic
after two periods) form described above. For proposition 6, we add the budget constraints
of odd agents, imposing that odd agents carry all of the currency from t = 1 to t = 2. We
thereby obtain a system of equations capable of uniquely determining cα0 , cα1 , ℓα0 , ℓα1 , pα0 , pα1 .
For proposition 7, we add the budget constraints of even agents, requiring that even agents
hold all of the currency from t = 1 to t = 2, and proceed analogously.
Propositions 6 and 7 imply that a particular kind of indeterminacy emerges for our
experiment in cases in which (β, a, b) are such that type I and type II equilibria both exist.
In these cases, for any value of the distribution parameter α ∈ (0, 1), it is possible to jump
to either a type I or a type II equilibrium after one meeting period.16
More interesting are the implications of this flexible price model for the effects of a once
and for all monetary injection. Consider a structure in which at time zero the pre-transfer
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money supply is given by H/µ, µ > 1, and the government finances transfers of (µ − 1)H/2µ
dollars to each individual by printing money. Consider the impact in a type I equilibrium.
Before the transfer occurs each odd agent holds no money; thus, his post-transfer stock of
currency is (µ − 1)H/2µ. In this case α = (µ − 1)/2µ and the consequences of this monetary
and fiscal policy combination are summarized in Proposition 6. Note that initially output
goes down. This reflects the positive income effect of the transfer that reduces the labor
supply of the odd individuals who are the only ones working at t = 0. Symmetrically, the
income effect is negative for the even agents and this is reflected in an increase in their labor
supply (ℓα1 > ℓ1 ) and the resulting increase in output at t = 1.17
An observer of this economy could erroneously conclude that prices are sticky. Formally,
the full impact of the monetary shock is not felt until period 2 and in the first two periods
prices are below their steady state level (pαt < pt , t = 0, 1). It is clear that this sluggishness is
not due to frictions that prevent instantaneous price adjustments. It is the counterpart of the
real effects of the monetary transfer and it is basically due to the presence of heterogeneous
agents. More precisely, although we study a situation in which all individuals receive identical
transfers, these transfers affect their decisions because some of them are at a corner of their
budget sets. This results in real effects and nonneutrality of a standard “helicopter” monetary
shock.
The results are similar to those obtained by Grossman and Weiss (1983), Rotemberg
(1984) and Grossman (1987).18 In all those models the demand for money is motivated by a
cash-in-advance constraint, and specific functional forms for the utility function are studied.
By assumption only a fraction of the population is at the bank when the open market
operation occurs and hence it is this assumed heterogeneity that causes the real effects. In
the case that we studied all individuals could receive the same amount of currency and still
prices will not fully respond. Moreover, an implication of the models studied in all three
papers is that a policy of sustained increases in the money supply does not have effects on
aggregate output, while in the model of this paper, it generates changes in both the mean
level and the variability of output.
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8. The Effects of Inflation
Consider the case in which the government finances a stationary transfer program by
printing money. Assume, for simplicity, that the government increases the money supply at
the rate µ. It is relatively straightforward to derive the analogues of equations 9 in the case of
a steady state equilibrium. By this we mean a situation in which pt = ((1 +π0 ) (1 + π1))t/2 p0
for t = even, and pt = (1 + π0 ) (1 + π1 )

t−1
2

p1 for t = odd. It follows that the set of equations

(10)-(11) and (12)-(13) still describe the necessary and sufficient conditions for existence of a
monetary equilibrium. In the case of positive money growth r = (1 + r0 ) (1 + r1 ) = µ−2 < 1.
It is then possible to use Propositions 1–3 to study the impact of higher rates of money
growth.
There are several interesting effects associated with money growth. To simplify we
concentrate on a type I equilibrium (similar arguments are valid for a type II equilibrium)
and we compare a case with µ > 1 with the no inflation (µ = 1) case for the environment
with no exogenous productivity fluctuations (a = b). From Proposition 2 it follows that
ℓ1 (µ) > ℓ1 (1) > ℓ0 (1) > ℓ0 (µ) .
That is, a higher mean rate of inflation also causes an increase in the variance of output.
Since the nominal interest rate does not respond to the higher monetary growth, the real
rate of return also decreases.19 Finally, it is interesting that, unlike many other heterogenous
agent models, inflation yields Pareto inferior outcomes. To see this, extend the analysis of
the restricted Pareto optimal allocations and define F (V ) by,
F (V ∗ ) = max {V 0 (x)}
x

subject to V e (x) = V ∗ .
Note that in this case we impose the constraint with equality and, hence, the Lagrange
multiplier can be negative. Following the arguments in Proposition 5 it is possible to show
that inflationary equilibria (when they exist) indeed correspond to choices of V ∗ for which
the Lagrange multiplier is negative. This corresponds to the upward sloping part of the
restricted utilities possibility frontier in Figure 2. In the case of a type I equilibrium the
even agents receive a utility level V ∗ < V1 and the odd agents receive F (V ∗ ) < F (V1∗ ).
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Unlike the case in which there is interest paid on money holdings, a decrease in the rate
of money growth is unanimously preferred. This feature contrasts with the situation in
models of overlapping generations of two-period lived and heterogeneous agents. Versions of
those models exist in which one class of agents, borrowers, prefers inflation, while another
class of agents, lenders, prefers price stability to inflation. We think that the outcome in
our model differs from that in these overlapping generation models because of the absence
of permanent classes of borrowers and lenders in our model. In our model, each agent is
sometimes a borrower and at other times a lender.
The channels through which a policy of sustained increases in the money supply affect
the equilibrium are qualitatively very different from those corresponding to a once-and-forall increase in the money supply. To see this, note that independently of who receives the
transfer, the equilibrium allocation is completely determined by µ. It is then clear that the
effects of inflation upon the real allocation are strictly “substitution” effects. The details
of how the money supply is increased affect the level of prices as well as the amount of net
credit in the economy. To make this argument precise, consider the budget constraints of an
odd agent in periods 0 and 1
p0 c0 + m0 + b0 = p0 aℓ0 + T0
p1 c1 + m1 = m0 + b0 + T1 ,
where Ti are transfers at time i and in a type I equilibrium m1 = µH, the supply of money.
It is clear that the model pins down q = m0 + b0 and not the individual components. Thus,
the real value of total savings by an odd individual is
q
T0
= aℓ0 − c0 +
.
p0
p0
Using the results in Proposition 1–3 it can be shown that increases in µ decrease aℓ0 −
c0 . Thus, if T0 = 0 (even agents get the transfer), real savings decrease. If on the other
hand T0 > 0 and, say, T0 = (µ − 1)H/2µ (each individual gets one half of the increase
in the money supply), an increase in µ increases first period income of the odd agent and
it is possible that this will result in an increase in total savings. Thus, although it is
relatively easy to predict the impact on real balances, it seems that the relationship between
monetary/financial magnitudes and real variables depends on the specifics of the model.
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The intuition for the different role played by income and substitution (or rate of return)
effects in the experiment studied in the previous section and in the inflationary environment
analyzed here is easy to describe. Consider, for example, a situation in which the odd agents
gains from the inflationary policy. This agent at t = 2 will be an even agent and consequently
will lose in the future. What is remarkable is that, independently of preferences, the relevant
present value of gains and loses does not change. This is to be contrasted with the onceand-for-all change in the money supply. In this case, there is no future date at which the
experiment will be reversed and, consequently, the income effects (or details about how the
money is distributed) have real consequences.
9. Monetary and Credit Policy
We now modify our previous assumptions about the access that individuals have to
private loan markets. We consider a situation in which the government has the option of
restricting private borrowing and lending. We compare an extreme case of laissez-faire (the
situation analyzed so far) with a complete ban on private borrowing and lending. In this
second regime (which is reminiscent of the original Townsend (1980) environment), the only
asset that individuals can hold is currency. As in Townsend (1980), in the case of a constant
money supply, this automatically generates a well defined demand for money and guarantees
existence of an equilibrium. The details are in Appendix B.
It is useful to study the effect of a given monetary policy in two economies that have
different credit policies. In particular, we will argue that allowing for a minimal amount of
heterogeneity (and hence making restrictions on private borrowing and lending meaningful)
dramatically alters the impact on the economy of the different monetary policies considered
so far. To simplify the presentation, we consider the case of no aggregate fluctuations in
productivity (a = b) and we concentrate in a type I equilibrium of the laissez-faire economy.
A more general treatment is in Appendix B. First consider the effect of a policy of sustained
increases in the money supply that are used to finance a transfer program. As described in
section 7 an increase in the rate of growth of the money supply (µ) has ambiguous effects
on the average level of output but increases its volatility when there are no restrictions on
private borrowing and lending. However, in the economy in which individuals do not have
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access to private loan markets the results are quite different: an increase in µ decreases mean
output and has no effect on volatility (which remains zero).
Next consider a once-and-for-all increase in the stock of money. In the laissez-faire case,
prices are “sluggish” and output initially drops followed by an increase relative to the steady
state value. The adjustment process is completed after two periods. With credit restrictions,
the qualitative effects are quite different. The most important features are these. First, the
size of the transfer affects the real outcomes. Second, the adjustment process is completed
after one period. Third, prices may over- or under-shoot the steady state values, depending
on the size of the increase in the money supply.
Although the details that determine the differences in the response of the economies to
this monetary experiements are model-specific, the more general principle that we should
expect these impacts to depend on the specific credit policy in place seems to be robust. In
particular, the two aspects that account for the differential effects are the differing effects
of policies on wealth distribution, and the differing opportunities that individuals have to
smooth consumption in the face of wealth shocks.
Our analysis of the optimal interest on currency policy indicates that the government
is that, under the optimal policy, the government in effect chooses interest payments to
“complete” the credit market by way of eliminating the differences between the intertemporal
rates of substitution of different groups. As a partial confirmation of this intuitive argument
we can use the fact that the optimal policy under complete restrictions on borrowing and
lending remains unchanged: the interest rate must equal the inverse of the discount factor.
In other words, optimal management of the interest paid on cash balances completely makes
up for the missing credit markets and yields the same optimal allocation as in the case of no
restrictions.
So far we have studied the effects of a given monetary policy in two different and extreme
credit environments. It is of interest to understand the consequences of a regime switch; i.e.,
a change in credit policy holding monetary policy constant. To simplify the exposition we
only consider a monetary policy that holds the supply of currency constant.
It is not uncommon for policy makers to advocate quantitative restrictions on credit in
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order to curb inflations.20 It is relatively easy to study the consequences of an extreme form
of credit control in this model. To be precise, consider an economy with no restrictions on
private borrowing and lending in which at time zero the government institutes a complete
ban on borrowing and lending. Using the analysis in Appendix B, it is easy to show that the
dynamics are similar to those of an economy in which there are no private loans and with
arbitrary initial endowments of money (those corresponding to the previous equilibrium).
The main results are these. First, initially output increases and prices decrease. Second, the
economy converges to the new steady state in one period. This steady state is characterized
by a lower mean output and no volatility.
The basic intuition for the deflationary consequences of credit controls is similar to that
in Wallace (1980): the elimination of one asset (private loans) increases the demand for the
other assets (in this case fiat money) and, consequently, increases its value. Additionally,
there are real effects because the intertemporal price of consumption and leisure changes.
Although it can be shown that the switch to a policy of credit controls has an adverse effect
upon welfare, it delivers a lower price level.
An opposite credit policy is a form of financial liberalization. Within the context of
this model, it corresponds to an unanticipated elimination of the ban on private borrowing
and lending at time zero. The effects are exactly the opposite to those described in the
case of credit controls: prices increase and output becomes more volatile.21 It is interesting
that in describing actual experiences with financial deregulation, their potential destabilizing
effects are often emphasized. For example, in reviewing the recent experiences of financial
liberalization in the Southern Cone countries, the World Bank notes that “The biggest
problems began in the real sectors of the economy, but efforts to liberalize the financial
sector undoubtedly contributed to the resulting instability.”22 As one of the lessons from
the reform the World Bank notes that “The clearest lesson is that reforms carried out
against an unstable macroeconomic background can make that instability worse.”23 Thus,
the concern shown by policy makers about the potential increase in instability associated
with a liberalized credit market have a counterpart in the model as output volatility increases.
However, in the model, a liberalized regime is superior from the point of view of welfare.
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To summarize, the model suggests that there is a rich and complex interaction between
monetary and credit policy. These effects are captured even in a model in which there is a
small degree of heterogeneity across individuals that allows us to model a nontrivial credit
market. This suggests that representative agent models might give misleading answers to
standard questions about the effect of monetary policies insofar as they do not take into
account distribution effects.
10. Concluding Comments
We believe that explicit modelling of the frictions that prevent a competitive equilibrium from attaining Pareto optimal allocations provides useful insights into both the form
of the demand for money and the effects of alternative monetary policies. In this paper, we
have explored a particular version of Townsend’s turnpike model in which inside and outside
money coexist. We study a specification in which the length of an individual productivity cycle (four) exceeds that of a meeting period (two). In particular, although individuals
would like to smooth their consumption across their period four productivity cycles, private
loan markets fail to provide smoothing for more than two periods. We think of the model
as representing frictions that prevent credit markets from providing bonds of all maturities.
It is evident in our model that if individuals stayed together for four periods, the resulting
nonmonetary equilibrium allocation would be Pareto optimal and there would be no monetary equilibrium. However, if individuals were to meet for more than four periods, then
it is possible for monetary equilibria to exist (except if the meeting period is a multiple of
four).24 Thus, the strong spatial separation modelled in the turnpike economy provides one
way of modelling less than perfect credit markets and the role of money.
The heterogeneity among individuals implied by our environment influences our results
in key ways. This feature is well illustrated by our results about interest on currency. On
the one hand, the heterogeneity implies that price level sequences and tax rates are unique
under an optimal interest on currency policy. In many models an optimal policy either does
not exist or else leads to price level indeterminacy. On the other hand, the heterogeneity and
the pervasive wealth redistribution in our environment in general cause the optimal interest
on currency policy to recover a different Pareto optimal allocation than the one associated
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with the Arrow-Debreu economy in which all frictions have been removed.
It is possible to describe the optimal policy as one in which the government pays interest
on currency so as completely to eliminate all interest rate differentials between assets of the
same risk characteristics. In any monetary equilibrium, all individuals travelling together
are free to issue private loans. Thus, whenever it is their turn to hold money, currency and
private debt earn the same return. In general, in periods in which nobody is moving to a new
village, private evidences of indebtedness and fiat money do not dominate one another. It is
only during switching periods that some individuals (those not holding money) are forced to
borrow at a higher interest rate. These individuals do not have access to the low interest rate
market available at their location because of the nature of their liabilities: it is impossible for
any potential lenders to redeem the debt. The optimal monetary policy effectively eliminates
all differences in rate of return among all types of privately issued bonds.
The welfare consequences of alternative monetary policies are somewhat surprising. Consider the class of policies that affect the rate of return (this class includes both interest on
reserves and sustained inflation policies). The heterogeneity of the productivity sequences
across people in general renders welfare analysis inconclusive, but for some of the policy interventions we studied we attain sharp “distribution free” welfare conclusions. There are two
welfare results that do not depend on specific properties of preferences. First, a movement
from positive inflation to zero inflation is a Pareto improvement. Second, different interest
on currency policies are all efficient in the class of stationary market-implementable policies.
Thus, there is no consensus in this economy on the optimal monetary policy.
Our model shares some properties with transactions demand models of the demand for
money as well as models in which currency is a store of value. In the spirit of the former, our
environment gives money-holders the ability to make payments when other forms of wealth
are useless and it shares some of the implications of many of those models about the effect
of a one time increase in the money supply: there is a short run impact on the equilibrium
allocation, and prices respond sluggishly to the monetary shock. However, the study of
interest on currency or sustained inflation policies reveals that the impact on the real part
of the economy is mediated through their effects on the rate of return, independently of the
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distributive consequences of the associated fiscal policy. This exercise suggests that explicit
modelling of frictions offers some advantages over the alternative of motivating the demand
for money using its “store of value” or “medium of exchange” functions.
The existence of inside money has important implications for the effects of monetary
policies. One way of highlighting this is to consider the same model that we studied with the
restriction that there is no private borrowing and lending. Even with the minimal amount
of heterogeneity that we consider, the impact of different monetary policies depends on
the ability that agents have to smooth out or adjust to the consequences of those policies
via credit markets. Episodes of ‘credit controls’ can succeed in lowering the price level
and reducing fluctuations, albeit at the cost of reducing welfare. Instances of ‘financial
liberalization’ can be accompanied by price increases and increased output volatility that,
nevertheless, correspond to a better allocation from the standpoint of individuals’ utility.
Much more can be done with this model. Ireland (1991) has studied a stochastic version. He concentrates on numerically finding equilibria but does not explore the welfare
consequences of different monetary policies. We suspect that an optimal interest on currency policy would be much more complicated than the one found here because in Ireland’s
environment money not only must guarantee the “right” intertemporal marginal rate of substitution but also must help partly to make up for the missing insurance markets. It is then
possible that the optimal interest paid on currency depends on the state of the economy.
Although we have taken the meeting period as given in this paper, our preliminary
research indicates that the implications of some monetary policies vary with the length of
the meeting period. Note that as the meeting period increases private loan markets are
better suited to provide for consumption smoothing; this will change the role of money in
this economy.
Finally, the turnpike structure seems an interesting one in which to study potential
coordination problems. For example, consider a situation in which individuals can stay
at most three periods in a location; that is each agent can move after one, two, or three
periods. It is likely that the welfare consequences of different configurations of moving
strategies would give rise to different equilibria and that the optimal monetary policy might
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eliminate potential coordination problems.
Appendix A
Proof of Proposition 1: Let us rewrite (10) in a slightly more general notation. It is
immediate to check that the following equations reduce to (10) for appropriate choices of z
and v.

u1 (c, 1 − ℓ) = z u1 (vℓ − c, 1)
u1 (c, 1 − ℓ)v = u2 (c, 1 − ℓ) .

Let the values of (c, ℓ) that satisfy this system (if they exist) be given by the functions ĉ(z, v)
and ℓ̂(z, v), Then, it is clear that




2
2
c0 = ĉ β (1 + r0 )(1 + r1 ), a
ℓ0 = ℓ̂ β (1 + r0 )(1 + r1 ), a .
and,






c1 = bℓ̂ β −2 (1 + r0 )−1 (1 + r1 )−1 , b − ĉ β −2 (1 + r0 )−1 (1 + r1 )−1 , b , ℓ1 = ℓ̂ β −2 (1 + r0 )−1 (1 + r1 )−1 , b

We now go back to the general case. For a given v, let c̄(v) be given by
u1 [c̄(v), 1]v ≡ u2 [c̄(v), 1]
Given u12 > 0 and strict concavity it follows that u1 (c, 1)v/u2(c, 1) > 1 for all c ∈ (0, c̄(v)).
This implies that for any c ∈ (0, c̄(v)) the equation
u1 (c, 1 − ℓ)v
=1
u2 (c, 1 − ℓ)
has a solution ℓ > 0. The assumptions that u12 > 0 and that u is strictly concave guarantee
that the solution ℓ is unique and decreasing in c. Denote such a solution by,
f (c, v) .
Finally, let ℓ̄(v) be given by,
ℓ̄(v) ≡ lim f (c, v)
c→0

Note that ∃¯c̄(v) < c̄(v) such that f (¯c̄, v)v − ¯c̄ = 0. Next, define
F (c; z, v) ≡ u1 [c, 1 − f (c, v)] − zu1 [vf (c, v) − c, 1] .
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It follows that limc→0 F (c; z, v) = +∞ and limc→¯c̄(v) F (c; z, v) = −∞. Since F is monotone
decreasing in c, there is a unique c, that satisfies F (c; z, v) = 1. Denote such a c by ĉ(z, v).
Then, defining ℓ̂(z, v) = f (ĉ(z, v), v) it follows that the pair (ĉ, ℓ̂) solves the version of (10)
described in this proof.
Proof of Proposition 2: From the proof of Proposition 1, it suffices to describe how the
optimal choices ĉ(z, v) and ℓ̂(z, v) vary with (z, v). By the implicit function theorem it follows
that (ĉ, ℓ̂) are C 1 . Total differentiation with respect to z gives,
∂ĉ
−u1 (vu12 − u22 )
=
<0,
∂z
∆
−u1 (vu11 − u12 )
∂ ℓ̂
=
>0,
∂z
∆
where,
∆ = u11 u22 − u212 + zu11 u22 − 2zvu12 u11 + zv 2 u211 > 0 .
Define m(z, v) by,
m(z, v) ≡ v ℓ̂(z, v) − ĉ(z, v) .
Tedious but straightforward calculations show,
∂m
∂ ℓ̂
∂ĉ
ℓ̂(u11 u22 − u212 ) − 2zv ℓ̂u12 u11 − vu1u11 + u1 u12
= ℓ̂ + v
−
=
>0
∂v
∂v
∂v
∆
Finally, to establish that c1 → ∞ as b → ∞ and that aℓ0 − c0 → ∞ as a → ∞ it is sufficient
to show that limv→∞ m(z, v) = ∞. We prove this by contradiction.
Consider a sequence {vt } such that vt → ∞ and suppose to the contrary that m(z, vt ) ≤
m∗ < ∞. Then, by definition of m(z, v) we must have limv→∞ ℓ̂(z, v) = 0. Recall that from
the proof of Proposition 1, ĉ, ℓ̂ satisfy,
u1 [ĉ(z, v), 1 − ℓ̂(z, v)]v = u2 [ĉ(z, v), 1 − ℓ̂(z, v)]
Thus, the left hand side goes to infinity as v goes to infinity, where the right hand side
converges to u2 (ĉ(z, ∞), 1) < ∞. This completes the proof.
Proof of Proposition 3: In the proof of Propositions 1 and 2 the existence and properties
of the functions ĉ(z, v), ℓ̂(z, v) and m(z, v) was established. It is convenient to rewrite the
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inequality conditions (11) and (13) corresponding to the two types of equilibria using these
functions as,
(11′ )

β −1 z u1 [m(z, a), 1] m(z, a) > u1 [m(z −1 , b), 1]m(z −1 , b)

(13′ )

βzu1 [m(z, b), 1]m(z, b) > u1 [m(z −1 , a), 1]m(z −1 , a) ,

where z = β 2 (1 + r0 )(1 + r1 ). Consider first the case in which u1 (x, 1)x is increasing in x. In
(11′ ), fix b and from Proposition 2 lima→∞ m(z, a) = ∞. Thus, given this assumption, the
left hand side of (11′ ) increases without bound. Hence, for any b, let ā1 (b) be the value of
a such that (11′ ) holds as an equality. Then for a > ā1 (b) (11′ ) is a strict inequality. This
proves the first part of (i).
Consider next the case of u1 (x, 1)x decreasing and, as before, let b be fixed. Consider the right hand side of (13′ ) as a is increased. By assumption it converges to zero.
Thus, there exists ā2 (b) such that a > ā2 (b) implies that (13′ ) holds.

Therefore, for

a > max(ā1 (b), ā2 (b)) ≡ ā(b), either (11′ ) or (13′ ) are satisfied.
To prove (ii) simply fix a and choose b just as in the previous argument.
Proof of Proposition 4: The existence conditions (11) and (13) can be more easily studied
when transformed as in the proof of Proposition 3. In particular, (11′ ) and (13′ ) when
evaluated at z = 1 (this corresponds to β 2 (1 + r0 )(1 + r1 ) = 1) are,
β −1 u1 [m(1, a), 1]m(1, a) > u1 [m(1, b), 1]m(1, b)
βu1 [m(1, b), 1]m(1, b) > u1 [m(1, a), 1]m(1, a) .
Thus, unless we are in the exceptional case in which both conditions are satisfied with
equality one of them must hold.
Proof of Proposition 5: Consider the problem defining F (V ). It is clear that F is
concave and continuous. Moreover, given the convexity of the program as a function of
x = (c0 , ℓ0 , c1 , ℓ1 ) the first order conditions are necessary and sufficient. It is immediate to
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observe the following conditions:
u1 (c0 , 1 − ℓ0 ) =

λ + β2
u1 (aℓ0 − c0 , 1 − ℓ0 )
1 + λβ 2

u1 (c0 , 1 − ℓ0 )a = u2 (c0 , 1 − ℓ0 )
u1 (c1 , 1) =

λ + β2
u1 (bℓ1 − c1 , 1 − ℓ)
1 + λβ 2

u1 (bℓ1 − c1 , 1 − ℓ1 )b = u2 (bℓ1 − c1 , 1 − ℓ1 )
First note that if λ = 1, the allocation corresponds to the monetary equilibrium when
r = β −2 . Thus, (i) follows. Similarly, the Envelope Theorem implies that F ′ (V0∗ ) = −λ and,
in this case, λ = 1. This establishes (ii).
Consider next the solution to the first order conditions for λ ∈ [0, 1). If λ = 0, it
corresponds precisely to the equations (10) for (1 + r0 )(1 + r1 ) = 1, where for λ ∈ (0, 1)
it also solves (10) for (1 + r0 )(1 + r1 ) = r given by (1 + λ/β 2 )/(1/β 2 + λ) < β −2. This
proves (iii) and (iv). Similarly, for λ > 1 the associated allocation solves the system (12) and
limλ→∞ (λ+β 2 )/(1+λβ 2) = β −2 implies that the solution corresponds to a noninterventionist
(r = 1) type II equilibrium. This completes the proof.
Proof of Proposition 6: The first order conditions corresponding to the conjectured equilibrium satisfy the relevant version of (9). Specifically,
t=0

odd

even

u1 (cα0 , 1 − ℓα0 )
βu1(cα1 , 1)
=
pα0
pα1

u1 (aℓα0 − cα0 , 1)
βu1 (bℓα1 − cα1 , 1 − ℓα1 )
=
pα0
pα1

u1 (cα0 , 1 − ℓα0 ) a = u2 (cα0 , 1 − ℓα0 )
t=1

odd

even

u1 (cα1 , 1)
βu1 (aℓ0 − c0 , 1)
=
α
p1
p0

u1 (bℓα1 − cα1 , 1 − ℓα1 )
βu(c0 , 1 − ℓ0 )
≥
α
p1
p0
u1 (bℓα1 − cα1 , 1 − ℓα1 )b = u2 (bℓα1 − cα1 , 1 − ℓα1 ) ,

where (c0 , ℓ0 , p0 ) correspond to the steady state value with a money supply equal to H.
Additionally, the budget constraints of the odd agents for periods 0 and 1 are
pα0 cα0 + bα0 + mα0 = pα0 aℓα0 + (1 − α)H
pα1 cα1 = bα0 .
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The full implications of these first order conditions (after we impose the conjectured equilibrium condition mα0 = H) are summarized by,
(A.1.a)

u1 (aℓα0 − cα0 , 1)
u1 (cα0 , 1 − ℓα0 )
=
,
u1 (cα1 , 1)
u1 (bℓα1 − cα1 , 1 − ℓα1 )

(A.1.b)

u1 (cα0 , 1 − ℓα0 )a = u2 (cα0 , 1 − ℓα0 ) ,

(A.1.c)

u1 (bℓα1 − cα1 , 1 − ℓα1 )b = u2 (bℓα1 − cα1 , 1 − ℓα1 ) ,

(A.1.d)

u1 (cα0 , 1 − ℓα0 )
u1 (aℓ0 − c0 , 1)
= β2
α
p0
p0

(A.2.a)

β 2 u1 (aℓ0 − c0 , 1)
β 2 u1 (aℓ0 − c0 , 1) (aℓ0 − c0 ) − βu1(c1 , 1)c1
=
p0
H

(A.2.b)

u1 (cα0 , 1 − ℓα0 )
u1 (cα0 , 1 − ℓα0 ) (aℓα0 − cα0 ) − βu1 (cα1 , 1)cα1
=
.
pα0
αH

Let ĉ(z, v), ℓ̂(z, v) and m(z, v) be as in the proofs of Proposition 1–3. We next conjecture
that ∃ zα such that the equilibrium allocation is given by,
cα0 = ĉ(zα , a)
ℓα0 = ℓ̂(zα , a)
cα1 = bℓ̂(zα−1 , b) − ĉ(zα−1 , b)
ℓα1 = ℓ̂(zα−1 , b) .
Recall that the steady state allocation is obtained by choosing zα = β 2 . By construction
our candidate equilibrium satisfies (A.1.a)-(A.1.c) (for details see the proof of Proposition
1). We need to show that (A.1.d) holds.
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Define T (z) by
T (z) ≡ zu1 (m(z, a), 1)m(z, a) − βu1 (m(z −1 , b), 1)m(z −1 , b) .
Then since by construction u1 (cα0 , 1 − ℓα0 ) = zα u1 (m(zα , a), 1) we have that (A.2.a) is simply,
T (β 2 )
β 2 u1 (aℓ0 − c0 , 1)
=
>0
p0
H
(given that a type I equilibrium exists). Similarly, (A.2.b) is,
u1 (cα0 , 1 − ℓα0 )
T (zα )
=
.
pα0
αH
To complete the existence argument we need to find zα > 0 such that
T (β 2 )
T (zα )
=
αH
H
Thus, this is equivalent to finding zα such that
T (zα ) = α T (β 2 ) .
From the properties of the function m(z, v) and of the utility function assumed in Proposition
1–3, it follows that,

T (β 2 ) > αT (β 2)
lim T (zα ) = − u1 (m̄, 1)m̄ < 0 ,

zα →0

where m̄ = limz→∞ m(z, b) satisfies 0 < m̄ ≤ b. Since T (zα ) is a continuous function, there
exists zα∗ ∈ (0, β 2) such that,
T (zα∗ ) = αT (β 2 )
Since in the proof of Propositions 1–3 it was established that ĉz < 0, ℓ̂z > 0 and mz > 0,
parts (i) and (ii) follow from zα∗ < β 2 .
Next we prove (iii). From the first order conditions it follows that,
u1 (cα1 , 1)
u1 (c1 , 1)
=
.
α
p1
p1
Then, since cα1 > c1 and u is strictly concave, pα1 < p1 . Using (A.1.d) and u1 (cα0 , 1 − ℓα0 |=
zα∗ u1 (m(zα∗ , a), 1), it follows that
pα0
z ∗ u1 (m(zα∗ , a), 1)
= α2
p0
β u1 (m(β 2 , a), 1)
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Thus, to show that pα0 < p0 it suffices to show that zu1 (m(z, a), 1) is increasing as zα∗ < β 2 .
This follows as the proof of Proposition 3 shows that,
u1 + u11 mz z =

u1 (u11 u22 − u212 )
>0
∆

where ∆ is as in the proof of Proposition 2.
Proof of Proposition 7: It is omitted since it parallels that of Proposition 6.
Appendix B
In this appendix we describe the equilibrium in the absence of borrowing and lending. If
the utility function satisfies the Inada conditions we know that an individual who is not
productive at time t must hold currency between periods t − 1 and t. Given our productivity
sequence this implies the following pattern of money holdings for the two individuals at the
beginning of each period.
Time
0
1
2
3
4

odd
(1 − θ) H
H
θH
0
(1 − θ) H

even
θH
0
(1 − θ) H
H
θH

Note that as in the unrestricted borrowing and lending economy, there is a situation reversal
at t = 2 in which even individuals start out with the same level of wealth and productive
opportunities as odd individuals faced at t = 0. From the odd individual’s first two budget
constraint it follows that
τ0 + p0 c0 + H = p0 aℓ0 + (1 − θ)H(1 + r1 )
τ1 + p1 c1 + θH = H(1 + r0 ),
and this implies that prices are given by (using τi = ri H/2),
(θ(1 + r1 ) − r1 /2)
H
aℓ0 − c0
p(1 − θ + r0 /2)
p1 =
H.
c1
p0 =
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The analog of equations (9) in the text yields allocations given by
c0 = ĉ(z, a)
ℓ0 = ℓ̂(z, a)
c1 = m̂(z, b)
ℓ1 = ℓ̂(z, b)
where the functions ĉ, m̂, and ℓ̂ are as in the proof of Proposition 1 and z = β 2 r = β 2 (1 +
r0 )(1 + r1 ). It follows that
p1 /p0 =

m(z, a)
(1 − θ + r0 /2)
.
(θ(1 + r1 ) − r1 /2) m(z, b)

Using the expressions for (p0 , p1 ) from the budget constraints it follows that θ satisfies
1 − θ + r0 /2
βu1 [m(z, b), 1]m(z, b)
= A(z) ≡
,
θr − (1 + r0 )r1 /2
zu1 [m(z, a), 1]m(z, a)
or,
θ=

1 2 + r0 + (1 + r0 )r1 A(z)
.
2
1 + rA(z)

For this to guarantee positive prices it is necessary and sufficient that
(A.1)

(1 + r0 )(1 + r1 A(z)) > −1

(A.2)

(1 + r0 )(1 − A(z)) < 1 + rA(z).

Note that if r0 = r1 = 0 these conditions are automatically satisfied and hence a monetary
laissez faire equilibrium always exists. It is also possible to show that inflationary equilibria
always exist.
Let a bar denote equilibrium quantities in this credit constrained economy. It follows that
output is given by
(A.3)

n

ȳ0
ȳ1

= aℓ̂(z, a)
= bℓ̂(z, b)

As in the economy with no restrictions a constant inflation path corresponds to z = (β 2 µ2 )−1 .
Consider next what happens if, at t = 0, the odd individual starts with fraction (1 − α)
of the stock of currency. For simplicity we assume that the money supply is kept constant
41

afterwards. The result depends on whether α > θ or α ≤ θ. It is possible to show, following
the arguments in Propositions 6 and 7, that the economy converges to the steady state after
one period (if the shock occurs at t = 1 it takes two periods), and that the new allocation
(identified with a prime) is
c̄′0 = ĉ(z ′ , a)
ℓ̄′0 = ℓ̂(z ′ , a)
c̄′1 = m(β 2 , b) = c̄1
ℓ̄′1 = ℓ̂(β 2 , b) = ℓ̄1
where z ′ < β 2 if α < θ and z ′ > β 2 if α > θ. Of course, depending on whether α < θ (>) the
odd individuals consume more (less) than their steady state consumption. Similarly, their
labor supply, and the economy’s output decreases (increases). In both cases what is behind
these results in a standard income effect, since α < θ (>) corresponds to a case in which odd
individuals have a higher (lower) fraction of wealth relative to the steady state. Using the
budget constraints it is possible to show that if α < θ (>), p̄′0 < p̄0 (p̄′0 > p̄0 ) and, thus, that
prices can over or undershoot their steady state values. Finally, note that if the economy is
in a steady state of a constant money supply equilibrium and legal restrictions in the form of
prohibiting private borrowing and lending are imposed at t = 0 this is equivalent to studying
the equilibrium described in this appendix with α = 1.

42

Figures
East-Headed Agents
(a, 0)

(0, b)

(a, 0)

(0, b)

West

East
(0, b)

(a, 0)

(0, b)

(a, 0)

1

2

3

4

West-Headed Agents

Figure 1. A turnpike in which east headed agents meet west headed agents for two periods.
Agents above the line are moving west, and those below the line are moving east. At each
integer, there are equal numbers of east headed and west headed agents. For t = 0, 4, . . .,
odd agents have two-period endowment (a, 0), and even agents have two-period endowment
(0, b). For t = 2, 6, . . ., even agents have two period endowment (a, 0), and odd agents
have two-period endowment (0, b). Agents move in their assigned directions at the start
of every even period t ≥ 2.
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V0

Type I equilibria

r=1

r = β −2

Type II equilibria

r=1

V1∗

V0∗

V2∗

Ve

Figure 2. The function F (V ∗ ) depicts the
set of restricted Pareto optimal utilities,
where ‘restricted’ means utilities attainable
via a periodic allocation satisfying (7). The
function F (V ∗ ) is inside the utility possibility frontier for the economy, except at
the point (V0∗ , F (V0∗ )).

44

Notes
1. However, for a Bewley model solved with pencil and paper, see Wang (2003).
2. Ljungqvist and Sargent (2004, ch. 17) describe a variety of fruitful applications of
computer-analyzed Bewley models with ex ante identical but ex post heterogeneous
agents who own stochastic stochastic income processes.
3. Chatterjee and Corbae (2006) also use a turnpike structure.
4. Papers written since 1988 have substantially deepened our understanding of environments that more or less justify assuming market completeness. Huggett and Kasa (1996)
propose using mechanism design to understand the sense in which money is essential in
environments like Townsend’s. Kocherlakota (1998) uses a mechanism design analysis to
study the role of communication and commitment technologies within a class of environments rich enough to include turnpike structures. Cole and Kocherlakota (2001) solve
a mechanism design problem whose solution is an allocation equivalent to that attained
by a Bewley model with natural borrowing limits imposed.
5. See Sargent (1987, pp. 220–224) for a slight modification and extension of Townsend’s
intervention that supports the claim made in the text.
6. For a recent survey of the literature on the optimal quantity of money see Woodford
(1990). In that paper Woodford also describes settings that are versions of the Townsend
Turnpike.
7. See Archibald and Lipsey (1958) for an earlier analysis of this issue.
8. Ostroy and Starr (1990) critically review models of the transactions role of money, including the turnpike model.
9. Consider a different version of our model in which agents stay at each trading post for
four periods before moving on. Given the period four individual endowment sequences,
the equilibrium of this model would have allocations identical with those of the ArrowDebreu equilibrium of an associated centralized economy (see below), and there would
exist no monetary equilibria. Similarly, for Townsend’s model, in which agents have
period two endowment sequences, extending the meeting session from one to two periods
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would eliminate monetary equilibria and make the equilibrium allocation equivalent with
that of a centralized competitive equilibrium.
10. In our model, it is not feasible for the government to finance payment of interest on
currency by using the proceeds from holding a portfolio of private securities. The reason
is that although private evidences of indebtedness are traded every other period, they
trade at a net nominal interest rate of zero, which leaves no arbitrage profits available for
the government to reap. Lucas (1986) and Wallace (1989) have described and studied
such a scheme as a way of financing interest on currency in various models in which
initially currency is dominated in rate of return by private securities. In the models
studied by Lucas and Wallace, implementing this scheme attains the same consumption
allocation that would be achieved by dismantling the legal restrictions that support rate
of return dominance (e.g., by permitting ‘free banking’).
11. Notice that {cet } = S{cot }, ℓet = S{ℓot }, where S is the two-period shift operator defined
∞
by S{xt }∞
t=0 = {xt+2 }t=0

12. The argument is by contradiction. Assume that (9b) holds with equality for each type
of agent. For the case in which r < β −2 , this implies a price level path such that real
balances are growing without bound over time, which violates the hypothesis that households are solving their choice problems. For the case in which r = β −2 , the argument is
subtler but similar.
13. For another class of models that display rate of return dominance and in which paying
interest on currency does not Pareto dominate a noninterventionist equilibrium, see
Freeman (1985).
14. With respect to the issues being discussed here results for the currency in the utility
function model are quite close to those for the cash-in-advance model. Some technical
differences may emerge, depending on whether there is utility satiation in currency. See
Brock (1974, 1975).
15. This is one of the points made by Tobin (1965).
16. The indeterminacy is undoubtedly even greater. In particular, we suspect that there are
equilibria in which for any α ∈ (0, 1), convergence to a type I or type II equilibrium
occurs after N meeting sessions for various values of N ≥ 2.
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17. These results are not robust as they are reversed in the case of a type II equilibrium as
shown in Proposition 7.
18. The mechanism at play is also closely related to that studied by Levine (1991).
19. There is some ambiguity in this statement because in the switching periods there is
no well defined interest rate and hence we use the one period rate given by u1 (c0 , 1 −
ℓ0 )/βu1(c1 , 1).
20. For a description of the history of credit controls in the U.S. with special emphasis on the
Credit Control Act of 1969 and its use by the Carter Administration, see Schreft (1990).
For an analysis of the European experience see Hodgman (1973) and Joint Economic
Committee (1981).
21. Formally, the analysis follows from that in section 6 where the initial endowment (α in
the notation of that section) is given by the steady state of the no borrowing and lending
case.
22. World Bank (1989), p. 124. For an analysis that concentrates on developed countries
see Blundell-Wignall and Browne (1991).
23. ibid, p. 127.
24. This was established in an earlier version of this paper.
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