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Abstract

We decompose welfare effects of switching from government policy A to policy B into three
components: gains in aggregate efficiency from changes in total resources; gains in redistribution
from altered consumption shares that ex-ante heterogeneous agents can expect to receive; and
gains in insurance from changes in individuals’ consumption risks. Our decomposition applies
to a broad class of multi-person, multi-good, multi-period economies with diverse specifications
of preferences, shocks, and sources of heterogeneity. It has several desirable properties. For
example, it attributes to the insurance component all welfare effects that arise purely from mean
preserving spreads in consumption. We compare our decomposition to earlier ones developed
by Benabou (2002) and Floden (2001) and show that those approaches attribute welfare effects
from such spreads to insurance only under special conditions.
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1 Introduction

We want to understand sources of changes in social welfare induced by alternative government
policies. When households are heterogeneous, welfare depends on how efficiently goods and
services are produced as well as how they are allocated across households. Welfare changes
from reallocations are influenced by Pareto weights used to weight utilities of different agents,
S0 it is natural to want to isolate the contribution from redistribution.

We propose an approach that imputes a welfare change from moving from policy A to
policy B to three components that we call aggregate efficiency, redistribution, and insurance.
Aggregate efficiency captures consequences of changes in aggregate resources. Redistribution
captures changes in ez-ante consumption shares. Insurance captures changes in the ex-post
consumption risk.

Our decomposition has several desirable properties. It can be applied both to static and
to dynamic stochastic economies with multiple goods with arbitrary preferences that can vary
across households. It isolates the components of change in welfare in the three components in
an intuitive way. For instance, welfare changes that arise from changes in aggregate resources,
holding fixed both ez-ante expected consumption shares and ex-post risks in consumption for
all agents are imputed purely to the the aggregate efficiency component. Welfare changes that
arise from changes in ex-ante consumption shares, holding fixed both the level of aggregate
resources and consumption risk for each household are imputed purely to the redistribution
component. Similarly, welfare changes from a policy that reduces ex-post consumption risk,
while not affecting either total resources or expected consumption shares of any household
are imputed purely to the insurance component. Furthermore, our decomposition is reflexive
in the sense that each component of a welfare change from policy A to policy B is equal in
magnitude and of opposite sign to its counterpart for moving from policy B to policy A.

We also compare our approach to popular decompositions developed by Benabou (2002)
and Floden (2001).! Their approaches compute a certainty equivalent consumption for each
agent and then average it across agents to compute a measure of total societal risk. We show
that their decompositions generally do not satisfy the properties mentioned above. For exam-
ple, an increase in welfare from a policy that induces a mean preserving reduction in household
consumption is interpreted by those decomposition as coming solely from insurance only un-

der special, non-generic conditions. We show that when these conditions are not satisfied,

'Examples of papers who use these, or closely related decompositions, include Abbott, Gallipoli, Meghir,
and Violante (2019), Cho, Cooley, and Kim (2015), Conesa, Kitao, and Krueger (2009), Dyrda and Pedroni
(2015), Guvenen, Kambourov, Kuruscu, Ocampo-Diaz, and Chen (2019), Heathcote, Storesletten, and Violante
(2017), Koehne and Kuhn (2015), Nakajima and Takahashi (2020), Seshadri and Yuki (2004).



these decompositions may impute arbitrarily small or arbitrarily large welfare changes to the
insurance component.

The rest of this paper is organized as follows. Section 2 describes the environment. Section
3 develops our decomposition. Section 4 provides examples of applications of our decomposi-
tion. Section 5 makes comparisons to the decompositions by Benabou and Floden. Section 6

concludes. Proofs and technical details appear in the Appendix.

2 Environment

A unit measure of ez-ante heterogeneous households are subject to risk ez-post. Households are
distributed on a [0, 1] interval endowed with Lebesgue measure. A household ¢ derives utility
Ui ({¢k,i},) from a bundle {cg;}, of goods. The bundle can be either finite or infinite. Each
ck,; > 0 is stochastic and drawn from distributions that can differ across households. Expected
utility of household i is E;U; ({c;“}k), where [E; is a mathematical expectation that uses
household i’s probability distribution over {cy;}, . We assume that U; is twice continuously
differentiable and denote its first and second derivatives by Uy ;, Upy,; for goods k,m. We
assume that the joint distribution of stochastic processes {c;.”}“,f has finite second moments
and that expected utilities are well-defined. We use a shorthand E to denote the average over
households. Thus, Ex; denotes f[o,l] E;x;di for any random variable x;.

Welfare is evaluated using Pareto weights {a;}, that satisfy a; > 0 and Ea; = 1. Welfare
is denoted by W and is given by

An allocation under a government policy is a collection of stochastic processes {cy; } i that
assign consumptions of all goods for all households. Switching from government policy A to
policy B results in an altered allocation and consequent welfare change WZ — WA, We use
superscripts j € {A, B} to denote all variables under the alternative policies. Our goal is to

partition a welfare change W2 — W4 into economically interpretable components.

3 A decomposition

We start with a single good economy. Section 3.2 extends the decomposition to settings with

multiple goods.



3.1 Single good economy

When there is a single good, subscripts k are redundant. We can use U,, U, to denote first and
second derivatives of the utility function. Without loss of generality, a household’s consumption

is a product of three terms

E;ic; ci
x

¢; = Ec¢; x
' ! ECZ‘ Eici

=Cxw;x (1+¢). (2)

Aggregate consumption C measures the size of an aggregate “pie” to be divided. The frac-
tion w; is the share of that pie that household ¢ expects to receive. Finally, €; captures the
uncertainty that household 7 faces. By construction, we have E;e; = 0 and Ew; = 1.

Identity (2) motivates us to decompose a welfare change across two consumption allocations
into three components that measure aggregate efficiency, redistribution, and insurance. Before
presenting our decomposition, it is useful to describe what we think are desirable properties

for these components.

Property a. A welfare change from a policy that affects aggregate consumption C' but not {wj,;};

should be imputed solely to aggregate efficiency;

Property b. A welfare change from a policy that affects expected shares {w;}; but not C' and {&;},

should be imputed solely to redistribution;

Property c. A welfare change from a policy that affects the stochastic process for {e;}, but not C

and {w;}; should be imputed solely to insurance.

Our notion of aggregate efficiency requires that redistribution and insurance are unaffected
if consumption of every household is multiplied by the same positive scalar. This seems consis-
tent with common usages of these terms. More generally, it also implies that redistribution and
insurance remain unchanged so long as the distribution of expected consumption shares, {w;},
and dispersions of consumptions relative to their means, {std; (¢;) /E;c;}, are both unchanged.
Once we accept the Property a of pure aggregate efficiency, the other two properties follow
naturally. By redistribution, we capture effects from reshuffling resources across households,
that is, changes in expected consumption shares {w;},. Thus, we attribute to redistribution all
changes that keep C' and {e;}, constant and affect neither aggregate resources nor dispersions
of individual consumptions. By insurance, we capture changes in consumption risk that each
household faces. Thus, we attribute to the insurance component the welfare consequences
of a policy-induced change in variances of {¢;}, that keeps aggregate resources and expected

consumption shares constant (i.e., pure mean-preserving spreads in consumption).



Finally, it is desirable that a decomposition does not depend on whether one compares
policy B to policy A, or policy A to policy B. We call this property reflexivity and formally

state it as follows.

Property d. The absolute value of each component of the welfare change from policy A to policy B

equals its counterpart in moving from policy B to policy A.

Our approach rests on Taylor expansions of welfare difference WB — W4, Welfare WY for

j € {A, B} can be represented as a mapping from an allocation—sequences and stochastic

processes {C’J w! ej} —to a real number. We expand around a ”midpoint” {C’Z ,wiZ ,0}2.
7

defined as
2 =VCACB, wf = \JwfwP, Z=C . (3)

Applying Taylor’s theorem, one can show (see the appendix) that

WE —wh~  E¢l + E¢A; +EéyA, (4)
~—— —— ——
agg. efficiency redistribution  insurance

where "~ 7 denotes equality up to a third order reminder term in the Taylor expansion,

¢; = U (CZZ) cZ, v, = —Ue (c,LZ) c? JU., (c,LZ) , and
=InCP —mC4, Aj=hw? —nw?, A= —% [var; (lnclB) —var; (lncf)] . (5)

Equation (4) shows that up to the third-order expansion terms, the welfare effect WE — W4
is represented as a sum of three terms. The first term is proportional to the increase in the
aggregate resources, I'. The second term is proportional to a measure that captures changes in
households’ expected consumption shares, {A;},. The third term is proportional to changes
in the ex-post risk and is captured by {A;},. Although we consider a second order expansion,
there are no interaction terms among I', {A;}, and {e;},. This suggests that a natural way
to attribute contributions of aggregate efficiency, redistribution, and insurance to W& — w4

. . E¢,T Eo;A; Eo;v;As
is in terms of the proportions E¢;T+A+v; Al Eg,[T+A+7,A]° E¢; [I+As+v;A]

and respectively.?

These terms must sum to 1:

]E¢z + E¢z ; E¢171
TEQ [T+ A+l B [T+ A+ A | Edy [T+ Aq + A

It is easy to verify that the decomposition (6) satisfies Properties a, b, ¢, and d. Any policy

(6)

change that affects aggregate resources C' but not {w;,¢;}, implies that A; = A; = 0 for all

2In general, the remainder term in the Taylor expansion (4) depends on higher-order interactions of I', {A;},
and {e;}, and cannot be partitioned unambiguously way across the three components. Defining the proportions
as we do implicitly assumes that the residual is split across these components in the same proportions as the
first and second order expansion terms. See the appendix for details.



1; therefore the aggregate efficiency component of such a policy is 1. Similar arguments verify
that Properties b and c are satisfied. Property d (i.e., it is reflexive) is verified by noticing
that moving from policy B to policy A implies that both numerator and the denominator of
each fraction changes only its sign, leaving ratios unchanged.

Terms in decomposition (6) have natural interpretations. Quasi-weights {¢,}, convert per-
cent changes {I', A;, A;}, that summarize how allocations change between policies A and B
into a welfare change W8 — W4, measured in utils. Aggregate efficiency is simply the percent
change in total consumption, I', adjusted by E¢;. The insurance component depends on the
changes in the variance of log consumption and the coefficients of the relative risk aversion
{7iks-

Finally, the redistribution component depends on changes in expected consumption shares

{w;},; and is captured by {A;},. To help understand this term, it is instructive to write it as

B
E¢;Ai = VOACE | aiUpiln =i\ JwAwPBdi.
0.1 w;

Note that the integral in this expression resembles the well-known Kullback—Leibler (K-L)
B
divergence, which takes the form [ In ZZA wlAdz’ in our context. Just like the K-L divergence, our

redistribution component is a measure of differences between distributions {sz}i and {fwiB }Z .

(Note that {wlA }Z and {wB }l are are positive and sum to one so that they are proper probability
distributions.) There are two important differences from the K-L divergence. Firstly, the K-L
divergence is not reflexive and violates our desired Property d. By using midpoint between
the two distributions, \/wf‘wZB , rather than wlA, we overcome this problem. Secondly, the
K-L divergence by construction ”weights” resources given to each household ¢ equally. This
corresponds to a very specific point on the Pareto frontier. On an arbitrary point of the Pareto
frontier, these weights are given by o;U. ;.

We wrote the redistributive component as E¢;A; in formula (4) to emphasize the common

structure underlying the three components and to show the relationship to standard measures

of divergence. An alternative way of representing it is by

redistribution ~ VCACBE;U,; (¢7) (wf — wi). (7)

3 (2

From (7) one can immediately see that redistribution is a measure of changes in shares w? —w
weighted with ;U ;. Evidently, the redistributive component is zero if the planner is utilitarian

and agents have linear utility of consumption.

3.1.1 Order of approximation and an alternative decomposition



One might be interested in the size of the omitted third order residual in equation (4) and
in understanding how it depends on the difference between allocations under policies A and
B. In this section we provide a short summary of these issues, leaving detailed proofs for the
appendix.

In the appendix, we define a space that consists of sequences and stochastic processes
{f,Ai,é‘i}. endowed with an appropiate norm || - ||. From (2), any allocation {CZ}Z can be
mapped tola point in that space. We use ||T', A, e® — ¢4|| to measure the distance between
allocations under two policies, {c{‘}i and {c? }, and denote it by ||cB — ¢4||. The residual in
equation (4) goes to zero as ||c® — cA|| — 0 but relatively little can be said theoretically about
the relative speeds at which the residual and ||c® — ¢4|| converge to zero. This is because
when we expand around a non-stochastic point {ch }z , processes {cﬁ9 }z and {c{‘}i need not to
converge to this point as ||c? — 4| — 0.

We can modify our decomposition to ensure that the approximation error shrinks to zero
at a rate faster than ||c? — cA||2. Write stochastic process ¢; as an explicit mapping from some
vector of primitive shocks £ into consumption ¢; (£), with distribution of £ given by Pr; (d€) .
Equation (2) can be rewritten as ¢; (§) = C x w; X €; (§) where ¢; (§) = ¢; (£) /E;c;. Let the point
of expansion be &7 (£) = VCACB x \/w{‘wZBx \/6;4 (&) eP (&) and let 6; (&) = Inel (€)—Inel (€),
b; (&) = a;Uey (¢Z (£)) ¢Z (€) . Then the welfare decomposition can be written as

WE_WA= E)T + EdA; + Edd; +o (HP,A,6||2) . (8)
—— ~—— ——
agg. efficiency  redistribution  insurance
This decomposition retains the four properties of decomposition (4) that we discussed in pre-
vious section, and also guarantees that the reminder term converges to zero at a faster rate
than HCB — CAHz.

While decomposition (8) has nicer theoretical properties as the difference between alloca-
tions induces by policies A and B becomes small, we did not find any meaningful discrepancies
in comparing decompositions (8) and (4) in all examples that we considered. For this reason,
for the rest of this paper we focus on decomposition (4), both because it is easier to com-
pute and because {A;}, maps directly into statistics that are already routinely reported in

quantitative models.

3.2 Decomposition in a multi-good economy

It is straightforward to extend our decomposition to general multi-good settings. To decompose

welfare gains into components, first compute points of approximation {Cf z}k for each good as

in equation (3). Then extend definitions of I'y, and Ay ; from equation (5) to every good k and



define Ay, ; for each pair of goods k,m as
1
Apmi = —3 [covi (ln cgi, In cﬁ,i) — cov; (ln c?ﬂ-, In cﬁlyi)] .

Let Uy, i, Uk, be first and second derivatives of U; evaluated at {Cf ’L}k‘ and let weights { ¢k,z’}k
and cross-elasticities {%mz}k ., be defined as

Pri = aiUk,iCz‘Z, VYemyi = —
Using the same steps as in the one good economy, we can show that
WEB — WA ~ agg. efficiency + redistribution + insurance, (9)
where
agg. efficiency = EZ%JFM
k

redistribution = EZﬁbk,iAk,iv
k
insurance = E Z Z P iV o, i M-
kE m

When utility is separable across all goods, this decomposition amounts to first computing
decomposition (4) separately for each good and then summing each respective component
across all goods. When utility is not separable, proper accounting for the insurance component
requires adding changes in the covariances in dispersions of different goods weighted with cross-
elasticities g, ;-

This approach applies directly to decomposing welfare gains from switching from policy
A to policy B in infinite horizon economies. A typical application in quantitative macro is
to find an invariant distribution under some policy 74, use that as an initial condition for
an economy in which a different policy 72 is introduced. One then compares welfare in the
invariant distribution under policy 74 to the transition path to the invariant distribution under
policy 78 (see, Guerrieri and Lorenzoni (2017) or Rohrs and Winter (2017) for examples of

such applications). The utility function is typically assumed to be of the form
oo
EiU; ({cki}y,) = Es Z B (o) s
k=1

where 3 is the discount factor, u is the within period utility function, & is time and E; is the

period 0 conditional expectation.



These applications map directly into the framework developed in this section. Each good k
in our multi-good set up corresponds to consumption in period k, tuple (C’j , wiji, 5?“> consists
of aggregate consumption, consumption shares of agent 7, and consumption risk for agent i in
period k under policies j € {A, B} . If the initial condition is the invariant distribution under
policy A, then sequence {C,f} . takes the same values for all k, but sequences {ka,ivEI?,i}k

change over time due, for example, to idiosyncratic shocks experiences by agents.

3.3 Comparison of invariant distributions

In some applications, it can be difficult to compute a full transition path from changing gov-
ernment policies, so researchers often rely on comparing welfare across steady states. That
is, they compare welfare in the invariant distribution under policy B to welfare under invari-
ant distribution under policy A. We provide a natural way to extend our framework to such
settings.

Suppose that an invariant distribution under policy j is characterized by the probability
density f7 on a space of household characteristics S C R™. In common applications (e.g.,
Aiyagari (1995), Floden (2001), Conesa, Kitao, and Krueger (2009)) welfare is defined as an

integral over agents’ expected utilities,

Wj:/SIEsU ({c,i}k) £ (s) ds,

where E; is the expected utility of agent s € S.

It is easiest to consider first a case in which the space of characteristics is unidimensional,
so that n = 1. Let FJ be the cdf of f/. For any ¢! that is function of s € S, define ¢; by
Cr (s)
arguments (see, e.g. Corollary 3.7.2 in Bogachev (2007)) imply that

Wi = /E U({d.},)F s )ds:/[O’l]EiU ({eh},)

The last term is a special case of our definition of welfare (1), so all the steps from section 3.2

=dl. By construction, & is defined for i € [0,1]. Standard ”integration by substitution”

1

apply directly.
This approach generalizes to any n via induction. We verify this for n = 2. Suppose the
S = A x © C R? probability density f7 (a,#) under policy j. Let f7 (6 fA f7(a,0)da. We

can write welfare as

Wj:/@ [/AE(a,e)U ({C,Z:,(a,@)}k) f}j(( f)da] F7(6)dé



Applying the same procedure that we described in the n = 1 case twice, first to the inner

integral, and then to the outer one, we can represent welfare

Wi /[071]2 Bl ({eh e, },) dide

The application of the decomposition in section 3.2 is now straightforward, except that now

households are distributed over [0,1] rather than [0,1].

4 Applications

In this section we consider examples of application of our decomposition

4.1 Benabou (2002) economy

Benabou (2002) used a tractable framework analytically to study a heterogeneous agents econ-
omy with taxes. Agents are infinitely lived, have preferences over consumption good ¢;; and

labor l;; ordered by
x 1
S5 [Ines - zlﬂ] |
t:OB [nCt’ 14+n b

Pre-tax earnings of household ¢ in period ¢ are y; ; = 0y ;l; ;, where 6 ; is labor productivity that

2
e

2
satisfies 6; ; = exp (ei + fm). The first component of productivity e; ~ N <—U2—5, v ) , captures

heterogeneity in initial skill endowments across households. The second component &;; ~
N <—U§’t, Ugt) , is driven by idiosyncratic productivity shocks experienced by households.?
Households hold no assets and consume their after-tax labor incomes each period. After-tax
labor income is ?tytlf, where 7 is the degree of tax progressivity and 7; is chosen so that the
net tax revenues are zero in each period t.

It is easy to solve for an equilibrium as a function of the progressivity parameter 7. Log-
arithmic utility in consumption and absence of non-labor income imply that all households
choose the same labor supply in all periods, l;; (1) = (1 — T)ﬁ . This implies that both the
aggregate labor L (1) and the aggregate consumption C (1) are

C(r)=L(r)=(1-7)T.

Heterogeneity in productivity translates one for one into heterogeneity in household consump-

tion
U2 Uzt
ci (1) =C (1) X exp ((1 —71)e;+7(1—71) 2e> X exp ((1 —7) i +7(1—71) ;’ ) . (10)

3Benabou (2002) represents idiosyncratic shocks slightly differently. He assumes that each period households
are subject to multiplicative random walk shocks drawn from a fixed log-normal distribution. It can be shown
that this is equivalent to our specification of shocks §, ;, where vg,t grows linearly with .



Utilitarian welfare is W (1) = Y52, B'W; (1), where

1
147

v

NN

2
Ve

L) = (=7 = (1=7)° £,

Wi (1) =InC (1) — (11)

[\

We now apply our section 3.2 decomposition. Explicitly computing each component in that

decomposition for two different tax progressivity parameters 74 and 72, we have

In g E:A; -1 -7B)n i E:Agl (12)

VVtB—VVLf4 ~

-~

(1= = (1= 77)’] +“§¢ (1= = (1= 7F)?].

redistribution insurance

2
Ve

T3

Changes in tax progressivity affect all components of the decomposition. Higher taxes re-
duce total output, aggregate consumption and labor. That changes aggregate efficiency. Higher
taxes also reduce dispersion in outputs {y;,}, . That dispersion is driven in part by permanent
initial heterogeneity, captured by parameter v2, and in part by ez-post risk, captured by U?,t‘
Thus, higher taxes provoke both redistribution and insurance. Equation (12) shows that our
decomposition imputes all changes in aggregate resources to aggregate efficiency, all changes
proportional to ez-ante heterogeneity v? to redistribution, and all changes proportional to
ex-post risk ’U%t to insurance.

By comparing equations (11) and (12), we can also evaluate the size of the omitted residual
in our decomposition and study how it depends on 74 and 72. Denoting this residual by R,

we have

ln(l—TB)—ln(l—TA) B (I—TB)—(I—TA)

R = \J(-r4)(1-78) . - (13)
1—7'B3
= O(lnl_TA )

The residual emerges because we approximate non-linear function —— [L (TB ) o, (TA) 1+77}

1+n
3)

as 78 — 74, To put this into perspective, Feenberg, Ferriere, and Navarro (2017) estimate pa-

B

with a linear term [ln L (TB ) —InL (TA)] . This residual goes to zero with the rate O <‘ln Lo

1—7

rameter 7 for the U.S. for various years and find that between 1980 and 2010 it varied between

3
< (In %93)? ~ 0.000035.

1—7B
1—74

0.07 and 0.1. For tax policies in this range, we have ’ln

5 Comparison to decompositions by Benabou and Floden

10



Motivated by the same questions as we are, Benabou (2002) and Floden (2001) developed
alternative decompositions of a policy-induced welfare change into analogues of our efficiency,
insurance, and redistribution components. A substantial literature uses their decomposition
to study consequences of alternative public policies. In this section, we compare our approach
to theirs. We focus in this section on a single good economy since it allows us to make our

points transparently.

5.1 Description of decompositions

The decompositions developed by Benabou (2002) and by Floden (2001) share several common
features. They require that all households have identical preferences U and start by computing
a certainty equivalent cfe’j level of consumption for each household i under any policy j as

follows
U () =mU (). (14)
Then they define an aggregate certainty equivalent C°J as C°J = che’j )

Benabou’s decomposition of welfare change between policies A and B is based on the

identity
| L ULCP) ZU(CY) WP} - (U (08) —U ()
WB w4 WB w4
ue=r) —u (et} - {u(eh) -U(ch)}
WB w4

The three fractions on the right side correspond to our notions of aggregate efficiency, redis-
tribution, and insurance.*

Benabou created his decomposition to study implications of changes in tax progressivity
in the economy that we described in section 4.1. Since preferences over consumption are
logarithmic in that model, changes in utils corresponds to changes in log points of consumption,
so that all terms on in the decomposition have natural economically interpretable units. This
is no longer the case when preferences are not logarithmic.

Floden (2001) extended Benabou’s approach to more general settings by converting each

component of the decomposition into consumption units. As a first step, he computes numbers

i .
and p,_,. using

U (1= P ) €7) =0 (), U (1= lygss) C9) =B (7). (15)

4Benabou and Floden use slightly different terminology when they refer to their decomposition terms, both
from each other and from our paper. To avoid confusion, we use our terminology throughout.

J
DPinsur
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Then he constructs contributions of aggregate efficiency, redistribution and insurance as

B B

C 1—pB —p!
1+w@ff5@7 1+wredi35#, 1—}—wmswzw
1_predis 1_pinsur

Similarly, the total welfare change from policy B is also computed in consumption units as

Eo,U (cf) =EoU ((1+w) cf) . (16)

Floden shows that if U has the CRRA form U (¢) = clli,: ify>0,v#1land U (c) =Inc

for v =1, then the following relationship holds

o In (1 + weff) In (1 + wredis) 111(1 + Winsur)
- In(1+4w) In(1+w) In(1+w)

with the three terms on the right hand side corresponding to our notions of aggregate efficiency,

, (17)

redistribution, and insurance.

5.2 An example

In this section, we start with a simple example that illustrates limitations of the Benabou-
Floden approach. We assume that U is logarithmic, so that the decompositions by Benabou
and Floden coincide, and that the planner is utilitarian. We assume that consumptions of

households under policies A and B are

<A

¢ = ai+li(1+&),

~

¢ = ait+l;

where {a;,;}, are some non-stochastic variables and &; is a non-trivial stochastic process. We
assume that E;&; = 0 and that var; (¢;) = var (£) is the same for all 7.

This highly stylized example captures some key features of richer heterogeneous agents
models like Aiyagari (1995). In such models, household consumption comes from asset income
(captured here by a;) and labor income (I;), which is also subject to idiosyncratic shocks
(&; here). Policy B is a simple example of a social insurance program that removes all the
uncertainty that households face about their earnings without reallocating resources across
households or changing the aggregate amount of resources. Since agents are risk-averse, policy
B improves welfare. All improvement comes from better insurance.

We apply first our decomposition (6) to this economy. Let @ = Ea;, | = El;, and write cf‘

and cf’ as

= (a+Dxai+lix<1+ l E:i),

a—+1 a; +1;
B _ a1+ll
- e l = ].
c! (@a+1) x —7

12



It is evident from these expression that I' = A; = 0 for all 7, and therefore our decomposition
attributes 100% of welfare gains to the insurance component.

We now apply the Benabou-Floden decomposition. Since it is not available in closed form in
this example, we consider approximations of their expressions for small values of idiosyncratic
shocks, ||e||. It is easy to show (see the appendix) that a certainty equivalent of consumption

for household 7 satisfies

2
ce,A Z 1 A Li 2
c, " = ¢ — =cC; var (€) + o (|le , 18
o= gl () v @ o (IP) {0
nge,B = CiZ )
where ciZ = a; + l;. Naturally, the certainty equivalent of consumption under policy B coin-

cides with expected consumption ciZ , since households face no uncertainty. Under policy A,

the certainty equivalent is equal to the expected consumptions adjusted by the coefficient of

risk aversion (which is equal to one with logarithmic preferences) and the variance of consump-

2
tion (all}rh) var (€) . Note that even though all households face the same uncertainty about
labor earnings In [l; (1 4+ &;)], their consumption risk varies due to heterogeneity in their asset
holdings.

Using expressions (18), it is easy to show that

l;

ce,B ce,A 1 EC'LZ (a¢+l,‘> 2
In (14 winsur) = InEc¢;”” —InEe,”" = Jvar (&) Rz +o (HEH ) ,
G

1 L \?
In(1+w) = ]Elncfe’B—Elncfe’A:var(é)E( : ) + o (|le]]?)-
2 a; +1;

Combining these two expressions, we get

VA l;
In (1 + wmsm) . Eci <ai+lz’>
In(l4+w o I;
(1+w) Ec? x E (Gi7)

5 +o(l), (19)

where o (1) — 0 as ||e]| — 0.

Equation (19) shows that the Benabou-Floden decomposition would assign 100% of welfare

gains to insurance only if ciZ = qa; + [; is uncorrelated with (aiﬁh)z across households. This
condition will not be generally satisfied unless a; = 0 for all 4, so that agents have no asset
income.

It is easy to see why the Benabou-Floden decomposition generally fails to assign all welfare
gains to the insurance component. Welfare is equal to E In ¢{¢, while they measure the insurance

component as InEc§®. There is no reason to expect that alternative insurance policies will affect

13



ce
7

how risk affects the utility of individual household, there is no reason to think that U (Ec§®) is

Eln ¢ and In Ec§¢ identically. The general problem is that while U (¢{¢) is a good measure of
a good measure of how risk affects social welfare.
The insurance component in equation (19) is always positive, but it is easy to see that it

can be arbitrarily large or small. Suppose that the relationship between a; and I; is
a; + l; =17 for all 4,

where k reflects covariance between assets and labor income. Furthermore, assume that I; is
distributed according to a Pareto distribution with shape parameter p. It is easy to calculate

explicitly the expressions in (19) to show that

In (1 + winsur) _ (p— k) (p—(2—2k))
I (1+w) p(p— @)

The first term on the right hand side is well defined as long as p > max{2 — k,k,2 — 2k} .

o(1).

By varying p and k, the left side of the above equation can take any value in the (0,00)
interval. The residual term o(1) can be made arbitrarily small by choosing small enough
idiosyncratic shocks. This implies that the Benabou-Floden decomposition might assign any
value in (0,00) to the insurance component in our simple social insurance example. Since the
aggregate consumption C' is unchanged, and the three components always sum to one, this
also implies that the Benabou-Floden decomposition might assign any value in (—o0, 1) to the

redistribution component. We summarize this discussion in

Lemma 1 In the constructed example, %

can take any value in (—oo, 1), depending on k, p, and the shock process e.

ln(1+wredi5)

can take any value in (0, 00), and hiTo)

5.3 Sufficient conditions

Previous section shows that Benabou’s and Floden’s decompositions will typically violate Prop-
erty c, i.e. it will attribute mean-preserving changes in the stochastic process in consumption
to components other than insurance. Yet it is easy to construct examples where their decom-
positions do satisfy desirable Properties a, b, and c¢. In particular, Benabou developed his
decomposition to study welfare effect of changes in the progressivity of tax system in an econ-
omy that we described in section 4.1. We show in the appendix that Benabou’s decomposition
satisfies Properties a, b, and ¢ in his economy, and coincides with our decomposition to the
order of approximation we consider. The following lemma provides a more systematic analysis
of conditions under which Benabou’s and Floden’s decompositions satisfy Properties a, b, and

¢, and their relationship to our decomposition.

14



Lemma 2 In the single good economy, the decompositions of Benabou and Floden generically

fail Properties a, b, and c. If U is CRRA (logarithmic) and there exists some A such that
var; (In cf) —var; (IncP) = 2A for all i, (20)

then Floden’s (Benabou’s) decomposition satisfies Properties a, b, and ¢ and coincides with our

decomposition, up to a residual term that goes to zero as HFj, Aj,st — 0 for j € {A,B}.

A key conclusion from this lemma is that in addition to restricting attention to CRRA
preferences, Benabou’s and Floden’s decompositions require that policy B changes the variance
of log consumption of all agents by the same amount. To see why, observe that with CRRA

)

component with ﬁ (Ecs®)' ™7 . Changes in risk affect ﬁE (¢59)' ™7 and ﬁ (Ec5®)' ™7 in the

preferences welfare is given by ﬁE (cqe)l_W , while their decompositions identify the insurance

same way only if risk for each household i changes proportionally to c{¢. This happens if
condition (20) is satisfied.
It is easy to verify that condition (20) indeed holds in Benabou’s economy for consumption
good. Using equation (10) we have
2
_ Ve

var; (lncf‘) —wvar; (In C?) = [(1 - TA)2 - (1- TB)21| for all <.

This condition relies critically on the assumption that agents hold no assets. As we illustrated
in the previous section, relaxing the no-asset assumption can have important consequences for
inferences from this decomposition in heterogeneous agents economies. Since asset dispersion
plays an important role in many heterogenous agents economies (including the one considered
by Floden (2001)), condition (20) is unlikely to hold in those models.

In calibrated economies, violation of condition (20) and its multi-good generalizations can
have substantial impacts on decompositions. For example, in Bhandari, Evans, Golosov, and
Sargent (2021) we considered a standard incomplete market heterogeneous agent (HA) New
Keynesian economy. Labor productivity shocks in our calibration were similar to those used
by Benabou (2002), but our agents also hold financial assets calibrated to U.S. data. In our
baseline setting, we showed that switching from an optimal policy prescribed by a textbook
representative agent economy to an optimal policy in the HA economy increased welfare, and
that 158% of that welfare gain could be attributed to insurance, -66% to aggregate efficiency
and 8% to redistribution. Our decomposition was also robust to changes in assumptions about
preferences, redistributive objectives of the government, and other parameters of the model.

That finding was also consistent with the observation that an optimal policy was governed

15



by a desire to replicate missing Arrow-Debreu markets, i.e., to provide insurance against het-
erogeneous consequences of aggregate shocks. In contrast, when we applied directly Floden’s
decomposition, it attributed +800% of welfare gains to both the insurance and redistribution
component. Moreover, computed values varied wildly even with modest changes in parame-
ters such as degrees of agents’ risk aversion and the planner’s inequality aversion even though
neither optimal policies nor allocations were very sensitive to them. The sources of these
findings traces back to the one isolated in the example summarized in Lemma 1. Dyrda and
Pedroni (2015) report closely related issues with the sensitivity of Floden’s decomposition in

their application.

6 Conclusion

We developed a decomposition of welfare changes into three components: aggregate efficiency,
which captures effects from changes in the aggregate quantity of resources; redistribution, which
captures effects from changes in shares of resources that ez-ante heterogeneous agents expect
to receive; and insurance, which captures effects of changes in the uncertainties that agents
face. Our decomposition applies to a large class of multi-person, multi-good, multi-period

economies with general specifications of preferences and shocks and sources of heterogeneity.
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A Appendix
A.1 Taylor series in abstract spaces

Recall some properties of Taylor series in general spaces. Let f : X — R be a mapping
from a normed space X (with some norm || - ||) into R. The first-order Frechet derivative
at a point x € X is a linear mapping f'(z) : X — R such that for each h € X, we have

lim )0 |f(gCJrh)iIflgjlsl)ifl(x).h‘ = 0. The second-order Frechet derivative is the Frechet derivative

of f/(z). It is a bilinear map. Any function f that is twice Frechet differentiable satisfies
1
floth)=f@)+f (@) htof" (x) (h)+ R (2h), (21)

where R/ (z,h) is a residual that is of the order o (||h[|?) (see Cartan (1971), Theorem 5.6.3).
When X C R”, functionals f’ (z) and f” (x) are simply the Jacobian and Hessian of f, respec-
tively.

For any given (z,h) € X x X, define function g : R — R by g(0) = f(z+ oh). Take
Taylor expansion of g around o = 0 to get

9(1)=g(0)+ (0)+ 30" (0) + B (1). (22)

Since we have ¢’ (0) = f' (z) - h and ¢” (0) = f” () - (h)?, we have

RI(1) = RY (z,h) = o (||1]]%). (23)

b

Finally, we use "~” to denote that two relationships are equal up to any term of order

o (||1]|?) . In this notation, relationship (21) and (22) can be rewritten as
1
flath) = f@)+f (@) h+5f" @) (),

1g” (0).

g(1) =~ 9(0)+g’(0)+2

A.2 Conventions and terminology

We define some conventions to be used throughout our proofs. For expressions that take the
same value for policies j = A and j = B we occasionally use a shorthand “t.i.p.”, meaning
"terms independent of policy”. By the Law of Iterated Expectations (LIE), we mean the
property that for any deterministic function z; of ¢ and random variable e; with E;e; = 0,
we have Ex;e; = EE;z;e; = Ex;E;e; = 0, and that, by analogous arguments, Ex; (5i)2 =
Ez;var; (e;) . We use shorthands Uj, Ue;, Uec,; for U; (CZZ) yUei (czZ) yUccii (czz) in a one-good

economy, and U;, Uy ;, Ugm,; for U; <{C£’}k) Ui ({cfl}k) s Ukm,i ({Cgl}k) in multi-good

economies.
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A.3 Derivations of equations (4) and (7)

Let IV =InCY — InC? and Ag =In wf — InwZ. Observe that by construction we have
B A_ 1 B Al

and therefore
. N
(FJ)Q, (Af) ,T7A? are t.i.p. for all 4.
Let W2 = Eo;U; (ch) and write
WE —wA = (WB —w?) — (W - w?). (25)

We now apply Taylor series from section A.1 to (WB - W? ) and (WA - WwW? ) . We can

write
Wi - W% = Ba;U (exp (Fj —&—A{) (1 —|—€g) CZZ) — Eo,U (czZ) .
In the language of section A.1, the space X consists of sequences and stochastic processes
{f‘, Ai,éi}'. We have that T € R and {AZ} is a mapping from [0, 1] to R. We can represent
stochastic i)rocesses g; as mappings &; () xjvith distribution Pr; (df) where without loss of
generality £ € [0,1]. Thus, {&;};, maps from [0, 1]2 to R. Any x € X can be represented as
x = (f, A,é) € R x L?([0,1]) x L? ([0, 1]2) . We endow X with a corresponding norm. We
define function f: X — R by Ea;U (exp (fj + Ag) (1 + éf) cZZ) — EoU (cZZ) . The analogue
to g (o) is
Wi (o) = BoyU (exp (O’ <Fj + AZ)) (1 + Usg) czZ) .
To apply (21) and (22), we set 2 = (0,0,0) and h = (I, A7, 7). Applying (22) and (23)

we get,
. . . 1 . N 2
W =W = BaUec (194 Af) + JBailicf (17 + A7)
1 . N 2 N 2 . . .
+5Ea Ui x ()’ [(rﬂ +al) + (<) } +o (|7, a0, &%)

. . 1 N\ 2
~ EaiUc,icZ-Z <F] + Ag) + iEaiUCCJ X (CZ-Z)Qvari (6]-> + t.i.p. (26)

7

Here the expression in the last line is obtained by applying the LIE and dropping o (HI‘j, AN H2>
terms from the first expression on the right side of (26).

Substitute (26) into (25) to get

1 Ueceic?
WE WA > B U icf T+ EaiUsicl Aj+ SEaiUicf =0 [B; ()" B ()] 27)
——— ——— 2 —

: Uc,i
=¢; =¢; =¢; j_f;’
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Finally, observe that

var; (lncg> =E; (ln (1 —|—85> —E;In (1 —l—e{))Z ~E; (5{)2 (28)

Substitute this relationship and the definitions of v;, ¢; into (27) to obtain (4).

We now verify equation (7). As a preliminary step, observe that

w’ w’
— = exp (A]) A] + tip. =In— +t.ip. (29)
wy w;
Therefore,
redistribution = VCACBE«q;U,.;In ZA \wiwP = VCACBEq, U, ( n— —In ’Z> w?
w; w; w;

B A
w. w
~ VCACBEq, “(wlz wZ> = VCACPE,Ue; (wf — '),
) )

which verifies equation (7).

A.4 Details for section 3.1.1

We can write the welfare difference as
WP — WA = E¢; [[ + A; +v,A] + R,

where R is a residual in decomposition (4). Let Rr, Ra, Ry with Rp + Ra + Ry = R be parts
of R attributed to the aggregate efficiency, redistribution, and insurance components so that

the "true” contribution, for example, of aggregate efficiency component is %. We have

E¢,I + Rr E¢,I' + Ry B E¢,T y 1+ IE¢> T
WE — WA E¢, [T+ A; +v,;A] + R E¢; [T+ A; + v A4

7 .
Lt snmramag
Therefore, the aggregate efficiency under the true decomposition and the one given in equation

(4) coincide if the second term in the second equality is equal to 1 or, equivalently,

Rr E¢,T

R E¢; L +Ai+vA]

Analogous arguments apply to the redistribution and insurance components.

The third-order residual in decomposition (4) can be written as
R ((lnC’Z,lan,O) , (lnC’B,lan,aB)) - R ((lnCZ,lan,O) , (C’A,wA,EA)) .
It converges to zero as ||c? — ¢A|| — 0. The speed of this convergence is
max {o (|[[4, A%, e4]2) o (|15, AB, 8% ).
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Since T'B = —T4 = %I‘ and AP = —AA Az, using the properties of a norm, we have

2

|04, A, A = H_;n a2 tra e

and o (1||T, A, —2e4(?) = o (||IT', A, —2¢4||?) . This and the analogous argument for |5, AB 5|2
provide the approximation errors in decomposition (4).

The construction of composition (3.1.1) is identical to that of (4), with appropriate modifi-
cation of the space X to consist of sequences {f‘, A, SZ} , but now 67 (&) = —5;4 &) = %51- &)
and, therefore, '

04, A%, A = ||0%, A8, B = L r, A2,

and max {o (|I4, A%, 54]%) o (|IP%, A, 6%|12) } = o (T, A,5])

A.5 Derivations of equation (9)

In wk ;» and observe that

As in section A.3, we define Fi =1In C,g —1In C’kZ and Afm =1 w,“

they satisfy I’;? = —FE, A,‘ji = —Afi and, therefore,

IMAVAR RN

m,i’

Ai iAzn,i are t.i.p. for all k,m,q.

We have

W (o) = EoyU ({exp <a (I‘?C + A§“>) (1 + Ueiﬂ.) cfz}k) .

Therefore, its second-order expansion can be written, using the LIE, as
W (1) =W (0 EZ%Umcm( )+ EZZ%U’W@%ZW (8’“””>+tlp

Since W/ = W7 (1), we have

wh — WA ~ [E Z aiUk,iciiFk +E Z aiUk?icf’iAk,i
k k
1 7 Ukm,icg—m‘ B _B A _A
+§EZ OéiUk}iCk’i Z T [E’L (Ek,igm,i) — Ez (gk,igm,i)] .
k m i

Use the approximation
cov; (lnc,{: »1n Csz) ~ E; (Eilaﬁm) ,

together with the definitions of ¢y ;, Yk, ;» we obtain (9).
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A.6 Proofs for section 4.1

Properties of normal distributions imply that

v? 2
[E; exp ((1—T)§t,i+7(1—7) ;t) = Eexp ((1—7’)ei+7(1—7-)v26> =1,
]Eln{exp ((1—7)ei+7(1_7-)1}2g>} - _(1_7_)21;3’
2 2
Eln {exp <(1—7)§m+7_(1_7) U?&)} _ _(1_7_)2 U;t'

Welfare in period t is W, (1) = Elnc; (1) — flnL (7)!7". Substitute (10) and the expressions
above into it to obtain (11). Since utility is separable, we can apply our decomposition sepa-
rately for each good. Consider good c first. From (10) and properties of normal distributions,
we have

v2 v?
wcyi—exp<(1—7)ei+r(1—7);), 1+e.; =exp (1—7')5,572-4-7'(1—7')% .

Therefore,

r. = lnC’(TB) —th(TA),

Bes = [(1=7%) = (1= et [ (1= 72) =74 (1= 4] %,
Mt = —[-77) - (-]

Given logarithmic preferences and utilitarian weights, we have ¢,; = 7., =1 and therefore

agg. efficiency, = InC (TB) —InC (TA) ,

2
redistribution, = EA.; = — [(1 - TB)2 - (1 - TA)2] U;t7
] B\2 A2 Ugt
insurance. = EA;; = — [(1 -7 = (1-7%) } 27 :

We now apply this decomposition to labor. Since there is no heterogeneity in hours, we
immediately have A;; = A;; = 0,17 = \/L(tA)L(r8) = [(1 - TA) (1- TB)]1/2(1+77), and
b1 = [(1- TA) (1- TB)]l/z. This gives

agg. efficiency; = —\/(1 — TA) (1—17B8) (lnL (TB> —InL (TA)) :

redistribution; = insurance; = 0.
Combine the decompositions for consumption and labor to get (12).
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1—78
1—74

Finally, consider the residual term in equation (13). Let 1 + e =1In . We have

1-78)-(1-74) 1-74 11— 1, 3
e =Tra [expe — 1] = T 7 [e—i—Qe +0 (e )]
and
m(1—78)-In(1-74 1—74 1 1—74 1
\/(1—TA)(1—TB) ( Z)lJrn( ): 1+T7I exp<2e>e: 1+T77 [6+262+O(€3)]

This implies that R = O (63) .
A.7 Proofs for section 5
A.7.1 Derivations of equation (17)

Floden derives (17) for the case of utilitarian planner. We show here that it holds more

generally. We have

EaiU (C'LB) = EaZU (C§e7B> = (1 - prB;dis)l_7 U (CC&B) = (1 _pTBedis)l_V (1 - pglsur)l_’y U (CB)

= (1 - pﬁedis)l_’Y (1 - pgzsur)l_’y (1 + wsff)l_’y U (CA)

and
1— 1—v 1—v
Eo;U ((1 + w) C;A) = (1 + W) 7 (1 _pfedis) (1 - piézsur) U (CA) :
Therefore ) )
_ _ 1— deA - 1— p.B —
(407 = (Ubgg) 7 (0 ) (o)
1-— pfedis 1- pﬁLsur
or

(1 + w) = (1 + weff) (1 + wredis) (1 + Winsu'r) .

Take logs to get (17).

A.7.2 Derivations of equations in section 5.2

Most of the expressions used in this section are special cases of the more general formulas that

we derived to prove lemma 2. In particular, the approximation for cfe’j used in equation (18)
is a special case of the expression provided in claim 1 shown below, adapted to policies c{ in
the example constructed in section 5.2. Similarly, the approximations for In (1 + wipnsyr) and

In (1 4+ w) follow from claims 5 and 6.
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A.7.3 Proof of Lemma 2

We focus in the proof only on Floden decomposition, since the proof for Benabou decomposition
follows the same steps but is simpler.

It is easy to see that generically Properties a, b, and ¢ will be violated in the Floden decom-
position. Consider, for example, Property a. Take any allocation {cf‘}i, where consumptions
of households are non-trivial stochastic process, and construct {cf}i by cf = Dc;4 for all ¢
for some D > 0. Property a is satisfied if all welfare changes from this policy are attributed
to the aggregate efficiency component. This would require that 1 — pﬁbsw =1- pf}wm. Since
CPB = DC4, this would be the case only if C°“B = DC4. But for arbitrary U function,
there is no reason to expect that Ec{® scales with D under policy B. On the other hand, if U
is CRRA, using equation (14) it is easy to verify that cfe’B = Dcfe’A for all 4, and therefore
CB = DCA. Failure of other properties follow from analogous arguments.

We now prove the second part of the lemma. As a first step, we want to characterize

approximations of consumption certainty equivalent cfe’j . Define a function cfe’j (o) by
(o) <50 (o (00 80) (). @

While cfe’j (1) = cfe’j , it is more convenient to work with an arbitrary o first. We will prove

several intermediate claims first about ¢’ (¢) and C (¢) = Ec{®? (¢). Throughout these
proofs, unless noted otherwise, U, U, have arguments ECZ-Z , while U, Ucc; have arguments CZ-Z .

) . , . ) A \ 2 .
Claim 1 &%/ (0) = ¢Z + oc? (FJ + Ag) + 2 [(FJ + Af) —var; (52)] +0(c?).

Proof. The right and left sides of (30), respectively, are

Z (i AT} 2 O N2 (19 o Ad) j
RHS (o) = U;+oU.c; (FJ + Ai> + ?Ucc,i X (ci ) (FJ + A,L-) + var; (51)
2 N 2
g .
+?Um~ciz (FJ + Ag) +o0(0?),

and

. 4 . 2 . N . .
LHS (0) = U (&) +oU, () 57 + % [UCC GRIC R ACR cgf(;z,} +0(0?),

ce,j . 82026’](0')
» Yi,oo T Oo2
o=0

h —Cevj — Ce:j O Ce7j — 80?84(0’)
where ¢;" = ¢ (0), ¢ ) = 57—

. Since RHS (o) = LHS (o)

o=0

for all o, it follows that

ce,j 7 cej _ 7 J 7 ce,j Ucc,i
CGo TG Cos —6 <F +4;), Cioo = U..
cyi

(ciz)zvari (s{) +cZ-Z (I‘j +Ag>2

25



We have

2
. . . O' .
0 (0) = &5 + 0cS) + ?cfeaf, +0(0?).

Substitute previous expression and use the fact that U is CRRA to prove the claim. m

. - B (T4al) g2 Befvar(d)) |
Claim 2 U (C* (0)) = U%Z) - 77%5(5) + ti.p. + o (0?).

7

Proof. By claim 1,

U(C (0) = U+l xBe? (I +A]) + J;Ucc x (Bef (19 + AZ))Q (31)

Ucc,i
Uc,i

—i—U;Uc y [E (CiZ)ZUari (d) +Eciz (Fj + A{)T +o (02)

Ucc,i
Uc,i

) ) 2 )
= aUcEciZ (FJ + Ai) + %UCIE (CZZ)Z var; (d) +tip.+o (02) )

Use the fact that U is CRRA and evaluate this expression at ¢ = 1 to prove the claim. m

Claim 3 Let x (o) be a twice differentiable function, with T = x (0), z, = 2’ (0), 5o = 2" (0),
so that
o2
x (o) :E+axo+?x(m+o(02).
Then

2 T T

lnm(a)—lnx+ag;0+02 [x;(,_<a:(,>2] +0(0?%). (32)

Proof. This follows from a routine application of a Taylor expansion of Inz (o) around
Inz(0). m

Claim 4

Eo; (CZ-Z)LAY (Fj + Ai) — 3Ea; (ciZ)lMY var; (55)

W ~ (1—47) — + t.i.p.,
Eq; (ciZ)1 7
‘ Ec? (Fj + AZ) — IEcZvar; (53)
InU (C7) ~ (1- t.i.p.,
nU(C*) =~ (1-79) R +tip
‘ Ec? (Fj + Ag
nU(C7) ~ (1—-v)—————% + ti.p.
nU (C7) (1-1) o i.p
Proof. (first equation). From (26), we can write
Wi (o) = W7+ oBaiUscf (TV + A])
o Z (i i\? Z\2 j i\? i\? 2
+? Ea;Ue ic; (F] + Ai> +Ea;Ucc;i % (ci ) (FJ + Ai) + <€z) +o0 (0 ) .
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Apply claim 3 to get

Eailsic? (17 + A7) 52 Bailpe x (¢7)? (51)2
w2 2 w2
Use the fact that U is CRRA, W% = (1 — ) ' Eq; (ciZ)l_v, and that o (0?) at ¢ = 1 is of
order o (HFj, A, ajH2> by equation (23) to show the first equation of the claim.

InW? (o) = o + +ti.p.+o0(c?).

(second equation). Combine claims 2 and 3 to get

Uex Bef (1 +A]) g2 U x [Eg (¢F) vari (<)
U ) U

InU (C*? (0)) =0 +tip. +o(0?).

Use the fact that U is CRRA and that o (02) at 0 = 1is of order o (Hf‘j, AN H2> by equation
(23), to show the second equation of the claim.

(third equation). Let cf (0) = exp (0’ (I‘j —i—Af)) <1 —|—U€g) cZ  Ci(o) = ECZ (o) =
E exp <a (Fj + Ag )) cZ, where the last equation follows due to the LIE. Therefore,

U(Ci(0)) = U (Eexp (a (Fj _,_Ag‘)) CzZ)

— U+ oUES (T + A7) + "; {UCC [Ec? (7 + A{)r +UE |of (T9 + A{)]Q} +0(0?).

Apply claim 3 to get

UEc? (Fj n A{)
U

U (C7 (o)) =0 +tip. +o(0?).

Use the fact that U is CRRA and that o (02) at 0 = 1 is of order o (HI‘j, A gl H2> by equation
(23), to show the third equation of the claim. m

Eo; (Cf ) 1=y (T4+A:)+3Ea; (cz)li’Y [’U(l?“i (af‘ ) —var; (EF )]

i

Ea; (ciZ)li'y

Claim 5 In (1 4+ w) ~

Proof. From equation (16), the term In (1 + w) in Floden decomposition satisfies
(1-79)In(1+w)=InW? —Inw (33)

Substitute the first equation from claim 4 to prove this claim. m

IEciZ ['Uan (5‘4 ) —var; (EB )} .

i i

4
Ec?

Claim 6 In (1 + wWinsur) ~ 3

Proof. Using its definition, observe that In (1 4+ wjpsyur) can written as
(1= In(1 + wipsur) = [InU (CF) —InU (C**)] - [InU (CF) —InU (C4)].

Apply the second and third equations from claim 4 and simplify. =
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Claim 7 In (1 4+ wesf) =T.

Proof. This follows from the definitions of 1 +w.fr and I'. m
With these claims we can now prove the second part of the lemma. Suppose that condition

(20) is satisfied. Then 2 [var; (') — var; (¢P)] ~ A for all i and therefore

)

In (1 + winsur) YAEw; (CiZ)lJy +o0(1)
—_— - = o(1),
In (1+w) Ea; (¢Z)' 77 (D + A; + 7A)
In (14 wesr) I'Ecq; (cZ-Z)l_7 o)
- T Wefi) 0(1),
In(1+w) Ea; (ciZ)l_7 (I'+ A; +~A)
and, since equation (17) holds,
In (1 redis E 7 Z o Az
n( + Wred )_ a(cz) _1_0(1).

In(l1+w) Ea; (ciz)l_7 (T'+ A; ++A)

The first terms on the right sides of these equations are the very same terms that we obtained
using our decomposition (6) under the assumptions of the lemma. Thus, the two decomposi-
tions coincide up to o (1), meaning that o (1) — 0 as ||I', A, e|| — 0. Since our decomposition

satisfies Properties a, b, and ¢, so does Floden’s, to the order o(1).
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