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ABSTRACT. The dynamics of a linear (or linearized) dynamic stoclsastonomic model
can be expressed in terms of matri¢ésB,C,D) that define a state space system for a
vector of observables. An associated state space sy#teBC,D) determines a vector
autoregression for those same observables. We presenipke giondition for checking
when these two state space systems match up and when theywhem there are equal
numbers of economic and VAR shocks. We illustrates our ¢@mmdiwith a permanent
income example.
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. INTRODUCTION

The last two years have witnessed a heated discussion @piagtiwhether unrestricted
VARSs are informative about how particular economic modetpoad to preference, tech-
nology, and information shoc@s.ln the simplest possible setting, this paper provides a
check for whether a theoretical model has the property irufadion that it is possible to
infer economic shocks and impulse responses to them fronntiovations and the im-
pulse responses associated with a vector autoregressidr) (We revisit an invertibility
issue that is known to cause a potential problem for intéinpyd/ARs and present a simple
check for its presen(EeWe illustrate our check in the context of a permanent incoradeh
for which it can be applied by hand.

[I. TWO RECURSIVE REPRESENTATIONS OF OBSERVABLES

Il.1. Recursive representation of an equilibrium. Let an equilibrium of an economic
model or an approximation to it have a representatioq ypr1 } in the state space form

X+1 = AX+Bwit 1)
Yirr = Cx+Dwiig )

wherex; is ann x 1 vector of possibly unobserved state variablgss ak x 1 vector of
variables observed by an econometrician, ands anm x 1 vector of economic shocks
impinging on the states and observables, i.e., shocks ferprees, technologies, agents’
information sets, and the economist’s measurements. Toeksh are Gaussian vector
white noise satisfyinfewy = 0, Ewmyw; = |, Ewyw;—j = O for j = 0, where the assumption
of normality is for convenience and allows us to associatedr least squares predictions
with conditional expectations. Witim shocks in the economic model states, andk ob-
servablesAisnxn, Bisnxm, Cis kxn, andD is kx m. In generalk ## m. The
matricesA, B, C, andD are functions of parameters that define preferences, t&myo
and economics shocks. They incorporate the typical crqaaten restrictions embedded
in modern macroeconomic models.

Equilibrium representations of the forml (1)-(2) are ob¢airin one of two widely used
procedures. The first is to compute a linear or loglinear edpration of a nonlinear
model as exposited, for example,@hl@%%. It is gfindfiorward to collect the lin-
ear or log linear approximations to the equilibrium deaisioles and to arrange them
into the state space form/(1)-(2). A second way is to deriyg(Z} directly as a repre-
sentation of a member of a class of dynamic stochastic geegudibrium models with

1Seé Chari, Kehoe, and McGrattén (2b05) \and Christiano ghichum, and Vigfussbh (2d06).
%Hansen and Sargenk (198]J), Hansen and S&rdent (1@91), aripp'-keichlih \(19@4), Sims and ﬁha
&2004), an&ll Hansen and Sar(ﬁént (iOO?) contain generahteast of this problem.
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linear transition laws and quadratic preferences. For @I@,meé Ryoo and Roéén (2b03),

‘Rosen, Murphy, and Scheinkman (1994), and Topel and ﬁ?bsed)@%

II.2. The question. Our question is: under what conditions do the economic shocthe
state-space system (1)-(2) match up with the shocks assdaidth a vector autoregres-
sion? That is, under what conditions is

Wit = Q(Vir1— E(Yes1 YY) 3)

wherew;, ; are the economic shocks in (1)-() denotes the semi-infinite histoyy, y;_1, . . .,
Yi:1— E(yi11]y!) are the one-step-ahead forecast errors associated wittfiaitei order
VAR, andQ is a matrix of constants that can potentially be uncovere@®bwuctural’ VAR
(SVAR) analysis? When (3) holds, impulse responses from teRSWatch the impulse
responses from the economic model (1)-(2).

To begin to characterize conditions under which (3) holdasier the prediction errors
from (2) after conditioning onyt, that isy; 1 — E(yt:1|Y') = C(% — E(X|y!)) + DWg 1.
Evidently,C(x — E(x|y!)) drives a wedge between the VAR errgrs; — E(yi+1]y*) and
the structural errorss, 1. What is required is a condition that eliminates this wedge. |
Condition 1, we offer a simple condition that yields (3) in theeresting ‘square case’ in
whichk = mandD has full rank.

I1.3. A poor man'’s invertibility condition. WhenD is nonsingular, (2) impliest 1 =
D~1(yt;1 — Cx). Substituting this intd (1) and rearranging gives:

I — (A—BD'C)LJx+1 = BD Yyt 11 (@)
whereL is the lag operator. Consider
Condition 1. The eigenvalues of A— BD~1C are strictly less than one in modulus.

When Condition[(1) is satisfied, we say th#at BD~1C is a stable matrix. The inverse
of the operator on the left side of this equation gives a sggammable polynomial ib if
and only if Condition 1 is satisfied. In this case,; satisfies

[ee]

X1 = Z)[A_ BD 'CI'BD 'yt 1 j, (5)
=

So thatx 1 is a square summable linear combination of the observabarthe history
of y at timet + 1. This means that the complete state vector is in effectrebdeso that
var (x|y*) = 0. Shifting (5) back one period and substituting into (2),ale¢ain:

?THansen and Sarqeﬁt (26)07) provide many other examplessodébond approach.
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Yir1=C Z)[A— BD 'C)!BD 1y |+ Dw. ;. (6)
J:

If condition (1) is satisfied, equation/(6) defines a vectdoergression foy; ., 1 because
the infinite sum in[(6) converges in mean square Bmg, 1 is orthogonal toy;_; for all
j>0.

If one of the eigenvalues ok — BD~IC is strictly greater than unity in modulus, this
argument fails because the infinite sumlin (6) diverges. WherBD1C is an unstable
matrix, the VAR is associated with another celebrated siadiee representation foy; 1},
to which we now turn.

Il.4. The innovations representation. Associated with any state space systégB,C,D)
for {Yt+1}tT:1 of the form (1)-(2) is another state space system: calledhti@vations rep-
resentation:

ki1 = A>?t+|-5>t+15t+1 (7)
Ver1r = Cf+Diy1&1, (8)

wherexo ~ .4 (%0,%0), % = E([{¥i}}_1), Y11 — E(Veyal{¥i}_1) = Dri1& 11, &1 is an-
other iid Gaussian process with mean zero and identity covee matrix, and the matrices
Bi.1 andDy;1 can be recursively computed by the Kalman filter. Under a gereet
of conditions, for any positive semi-definik®, ast — +o, the matriceséprl and If)t+1
converge to limit$ andD that satisfy the equatioffs:

S = ASA +BB - (ASC' +BD) (9)
(C=C'+DD')"}(AsC' +BD')

K = (AXC'+BD')(C=C'+DD’)! (10)

DD’ = DD'+cCsC (11)

B = KD (12)

whereX = var(xt]y‘)ﬁ WhenA — BD~IC is unstabley > 0, meaning that at least some
parts of the stat& are hidden. This means the one-step-ahead forecast eomputed
by the VAR, ;11— E(yt+1]y}), contain the shockBw; 1 and the error from estimating the

4Alternative conditions for the existence of this time iriaat innovations representation and for conver-
gence of iterations on the Riccati equation are statéd inefgah and Mooré (19?9, ch. nt (1980,
chs. 5 and 6$, Anderson, Hansen, McGrattan, and Sé*q?ﬁx,ﬁﬂansen and Sarqéht (2007).

Swith m shocks in the economic modei states, and observablesk, the steady-state Kalman gain, is
nxk, Diskxk, andBisnx k.
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stateC(x — % ). Thus, (3) does not hold. These two componentg of— E(y;1|y*) are un-
correlated, so that the variance of the VAR innovatiDsg, ; is larger than the variance of
the economic model disturband@s ., 1. (Equivalently, from equation (1DD’ > DD’.ﬁ

[Il. PERMANENT INCOME EXAMPLE

A state space representation for the surplus — ¢;.1 for the permanent income con-
sumption model (e.g., sEe Sargént (1987), chapter Xll) is

Ce1 = CG+0w(l1-R Hwi (13)
Ver1— Gl = —C+ O0wR Wi (14)

wherey;1 = owW 1 IS an iid labor income process aRd> 1 is a constant gross interest
rate on financial assets. Equations|(13) (14) corresmmot) and [(2), where; is

the unobserved state ang— ¢; is the variable observed by the econometrician. The
impulse responses for the model are shown in panel (a) offitjfor the case th&® = 1.2
andoy = 1. They show the familiar patterns: consumption increagesmanently by the
annuity value of the transitory increase in income; thigéeto a large positive impact
effect ofwy ony; — ¢; and small negative values for all other periods.

For this example, it is easy to compute tiat BD1C = R > 1, so that Condition |1
does not hold. This failure of Condition 1 is part and parceth& permanent income
model because it is needed to verify that the present valtreeafoefficients describing the
response of the surplys; 1 — ¢t+1 to an endowment innovation must be zero, an outcome
that embodies the present value budget balance that isibtalthe permanent income
model.

The innovations representation of the model is

ét_|_1 - ét + UW(R_l - 1)$t+1 (15)
Vi1 —Cir1 = —Ct+ Owéit1 (16)

EquationsES) and (16) correspond to the steady stateoweo$i(7) and((8), where; =

E(c|y* — ') is the estimate of consumption constructed from the hisibyy— ¢;. Because
CondltlonTl Is not satisfieds; cannot be estimated perfectly froyh ¢, so thatc #
¢. Indeed, a S|mple calculation shows that var (¢ |y' — &) = 62(1— R?). Because
A—BD1C = R, which is stable, the errors computed by a VAR ypr ¢; are oywé& 1 1.
(Of course, sincg; — ¢; is a scalar, the VAR is just a univariate autoregression.)

QHansen and Sargerﬁt (2007), chapter 9, discusses the ifoTavagpresentation, proves that- BD~1C
is a stable matrix and derives a general formula that de=itiite mapping from the economic showks
to the VAR shock; 1.
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Panel (b) of figure 1 shows the impulse responseg, @f, andy; — ¢; with respect to the
VAR shocks,&. These are markedly different than the impulse responsegrsim panel
(a). Notably, whilec; respondgositively and permanently to a shockw in figure 1,¢;
respondsiegatively and permanently to a VAR shoek In panel (a), the impulse response
of the surplusy; — ¢; has a present value of zero, implying present value buddebte
in panel (b) the the impulse response of the surplus has ayeosiesent value so that the
present value of the impulse response of consumption fadig sf the present value of the
impulse response of incone.

This example can be modified in instructive ways by alterirftaivis observed. For
example, ifct, Y11, or the value of the consumer’s accumulated assets wereveldséhen
Condition 1 would be satisfied!.

IV. CONCLUDING REMARKS

We hesitate to draw sweeping conclusions about VARs. Someafpns of VARS are
informative about the shapes of impulse-responses to soor®mic shocks that theories
should attempt to match, while others are not.

It is easy to reiterate the recommendation to estimate tep garameters of a complete
and fully trusted model by likelihood-based methods. If yaust your model, you should
accept that recommendation. However, the enterprise otifgisng shocks and impulse-
response functions to them by identifying economic shocdsfVAR innovations aims
to coax interesting patterns from the data that will preeaitoss aset of incompletely
specified and not fully trusted models. Despite pitfallssieasy to sympathize with the
enterprise of identifying economic shocks from VAR innawas if one is not dogmatic in
favor of a particular fully specified model.

’For more discussion of this example, see Sargent (1987)séfaiRoberds, and Sargent (1991), and
Roberds@n).

8Seé Watsaﬂ@%) for a more extensive discussion of how isludiserved affects whether condition 1
is likely to be satisfied.
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FIGURE 1. Panel (a): Impulse Responses/af, G+ h, andy;ph — G to @
shock inwg. Panel (b): Impulse Responsesypfy, G+ n, andy;n — Ciih tO
a shock ing.
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