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Abstract

This paper provides a general framework for the analysis of self-confirming policies.
We first study self-confirming equilibria in recurrent decision problems with incomplete
information about the true stochastic model. Next we illustrate the theory with a char-
acterization of stationary monetary policies in a linear-quadratic setting. Finally we
provide a more general discussion of self-confirming policies.
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1 Introduction

Policies often persist. Absent switching costs, the reason must be that the goals and beliefs of
the policy maker also persist, which is possible only if long-run data coincide with what the
policy maker expected. This belief-confirmation property does not imply that a persistent
policy is justified by correct beliefs: a policy maker’s expectations about the consequences of
alternative policies might be incorrect. This paper provides a framework for the analysis of
such self-confirming policies. We first develop a general analysis of self-confirming equilibria
in recurrent decision problems with incomplete information about a true stochastic model.
Next we illustrate the theory with a characterization of stationary monetary policies in
a linear-quadratic setting and with a more general discussion of self-confirming economic
policies.

Consider an agent who makes recurrent decisions under uncertainty. In each period he
takes an action a € A; given a, the observable outcome m € M — e.g., a payoff — depends
on a random state of nature s € S according to a feedback function f, : S — M. A fixed,
unknown stochastic model o € A (S) — e.g., an urn composition — determines the objective
lottery fa(a) =oo f7! € A(M) corresponding to each action a; the agent knows the maps
o — fa(a), but he does not know the stochastic model o. There are no structural links
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between periods, but the agent observes the realized outcome fg,(s;) in each period ¢ and
therefore updates his subjective beliefs about the fixed unknown model ¢. This dynamic
setting has been analyzed in the literature on stochastic control (see, e.g., Easley and Kiefer,
1988, and the references therein): given the true model o* and the prior belief 1, the
intertemporal subjective expected utility maximizing strategy yields a converging active
learning process, i.e., a stochastic process of actions and updated beliefs that converges
almost surely. The realizations (a*, u*) of the stochastic limit almost surely satisfy two
properties:

o (confirmed beliefs) p* assigns probability 1 to the set of models o that are observation-
ally equivalent to the true model o* given action a*, i.e., u*({o : for (0) = for (6¥)}) =
1; therefore, updated beliefs are constant in the limit;

o (subjective best reply) even if the agent cares about the future, action a* maximizes his
one-period subjective expected utility given belief p*.

A kind of converse also holds: for every (a*, u*) satisfying the above properties, there is
an active learning process so that in the long-run limit ¢* is chosen and the agent assigns
probability 1 to the set of observationally equivalent models {o : fo« (o) = for (6*)}. With
this, we take “confirmed beliefs” and “subjective best reply” to be the characterizing prop-
erties of stationary actions and beliefs. We call self-confirming equilibrium an action-belief
pair (a*, p*) with such properties. The key observation is that the confirmed belief p* need
not assign probability one to the true stochastic model o* and, therefore, action a* may
differ from the objective best reply to o*. Thus, although equilibrium beliefs are disciplined
by long-run empirical frequencies of observations, they do not necessarily coincide with the
objective probabilities implied by the true model ¢*. The long-run action a* may thus be
objectively sub-optimal.

Thus, in a self-confirming equilibrium, decision makers might well be best replying to
empirically confirmed, but wrong, even illusory, views about the actual data generating
model. They may thus get trapped in self-confirming behavior that differs substantially
from the objectively optimal behavior postulated by rational expectations models.! This
trap and the resulting welfare loss is, at the same time, especially relevant and disturbing for
policy making. It is relevant when policy makers cannot experiment thoroughly but instead
have to rely on evidence that is a by-product of their actual policies; it is disturbing because
welfare in self-confirming equilibria can be lower than in rational expectations equilibria.
The main contribution of the present paper is to provide a formal steady-state framework
where this important policy issue can be rigorously studied. We illustrate the macroeconomic
relevance of our analysis in the context of a 70’s U.S. policy debate about whether there is
a trade-off between inflation and unemployment that can be systematically exploited by a
benevolent policy maker.

Specifically, we consider a stylized model economy in which a policy maker chooses av-
erage inflation, observes an inflation-unemployment outcome (7, u), and has a standard
quadratic loss function. The model economy can be interpreted as reflecting an aggregate

'In order to remove pervasive inconsistencies of pre-rational-expectations models, rational-expectations
models often assume that decision makers know the true data generating model, thus making decisions
objectively optimal. Hence, rational-expectations models feature a Nash-type notion of equilibrium, where
equilibrium choices are best replies to correct beliefs.



response function of a continuum of market agents. With this, we completely characterize
the self-confirming equilibrium map that associates each conceivable model economy with a
corresponding set of self-confirming beliefs and monetary policies. Given a fixed policy, the
monetary authority infers from long-run data the moments of the joint distribution of 7 and
u, and hence the slope of the Phillips curve; but it cannot infer the true policy multiplier. We
show that observing the moments of the distribution of (7, u) leaves the monetary authority
with a residual one-dimensional uncertainty about the model economy, parametrized by the
direct impact of policy on unemployment (i.e., neglecting the impact on w through 7). For
example, even if the true model is a rational-expectations augmented Phillips curve, in equi-
librium the monetary authority may believe that its policy does not shift the Phillips curve
and hence that there is an exploitable trade-off given by the slope of the Phillips regression;
the (Keynesian) monetary policy is optimal given a (falsely) conjectured trade-off, the sub-
jectively expected unemployment rate coincides with natural rate, and average inflation is
(objectively) excessive. We then extend the analysis to more general policy problems.

Related literature Our analysis provides a bridge between two strands of literatures, one
in game theory and the other in macroeconomics, that are concerned with related issues but
have so far proceeded with limited cross fertilization.

In the game-theoretic literature, a strategy profile that satisfies the properties of con-
firmed beliefs and subjective best replies has been called “conjectural equilibrium” (Bat-
tigalli, 1987, Battigalli and Guaitoli, 1988), “self-confirming equilibrium” (Fudenberg and
Levine, 1993a) and “subjective equilibrium” (Kalai and Lehrer, 1993, 1995). Here we adopt
the more self-explanatory terminology of Fudenberg and Levine.? The above mentioned
analysis of stochastic control problems applies to games with nature played recurrently with
incomplete information about chance probabilities. In games played recurrently against other
strategic agents the dynamics are more complex, because the environment of each agent is
affected by the behavior of other learning agents, hence, it cannot be assumed to be station-
ary. Thus, convergence of learning dynamics is not guaranteed, although it is still true that
the steady states are self-confirming equilibria, not necessarily Nash equilibria or refinements
thereof (e.g., Fudenberg and Kreps, 1995).

Here we focus on self-confirming equilibria of recurrent decision problems, rather than
games, for several reasons. First, as explained above, this framework allows for a compelling,
active-learning foundation of the equilibrium concept. Second, it allows us to focus better on
the interplay between choice and feedback, captured by the long-run frequencies map a +—
fa(a*), given the true stochastic model o*. Thus, we can more easily analyze the long-run
informativeness of actions, its relation with the equilibrium conditions, and the welfare loss
implied by the deviation of self-confirming actions from the objective best reply to the true
model. Finally, the true model ¢* can be interpreted as the constant strategy distribution
of a large population of individually negligible agents (cf. Fudenberg and Levine, 1993b).
As in much of the stochastic control literature, we assume that the decision maker observes

?Kalai and Lehrer’s subjective equilibrium in repeated games is similar to conjectural and self-confirming
equilibrium if either players are impatient, or they believe that current choices do not affect the future
behavior of opponents. The name “selfconfirming equilibrium” was initially used only for steady states in the
recurrent play of sequential games, under the assumption that agents’ feedback in each period is the path
of play (terminal node). Then the meaning was extended to encompass more general assumptions about
feedback. See the discussion in Battigalli et al. (2015).



the relevant consequences resulting from actions and state realizations. This observability
assumption features prominently in the game-theoretic work of Battigalli et al. (2015) from
which we draw some preliminary results. While they focus on the impact of non-neutral
attitudes toward model uncertainty, such as ambiguity aversion, in this paper we assume
that the decision maker is a standard subjective expected utility maximizer. For the (linear-
quadratic) applications considered here, this assumption is without loss of generality because
we can show that, although ambiguity attitudes may affect the active learning dynamics, they
do not affect the set of limit points of such dynamics, that is, the self-confirming equilibrium
set.

Our work is related to a strand of literature on policy making and learning dynamics.
Sargent (1999) explains the rise and fall of US inflation assuming that the monetary au-
thority sequentially estimates a Phillips curve, ignoring its impact on expectations, and best
replies to updated beliefs. Standard OLS estimation leads to a Keynesian self-confirming
equilibrium, but if instead recent observations are given more weight, because the monetary
policy maker’s decisions make the Phillips curve slowly shift and rotate over time, the process
first approach a neighborhood of this equilibrium, but then abandons it, as the Phillips curve
looks “more vertical” and after some time inflation is lowered.®> Cho et al. (2002) and Sar-
gent and Williams (2005) sharpen the theoretical analysis of such learning dynamics.* Cho
and Kasa (2015) notice that the low inflation outcome at the end of Sargent’s (1999) nar-
rative — according to the postulated learning model — cannot persist either; therefore, they
consider an alternative stochastic learning dynamic in which the policy maker best responds
to the current estimate of an aggregate supply model, out of a set of conceivable functional
forms, as along as the model passes a statistical test; when the model is rejected, a new
model is selected at random and the process is restarted. Also in their model the Keynesian
self-confirming equilibrium cannot persist in the long run, but — unlike Sargent (1999) — they
show that low inflation is a stable equilibrium outcome, as in the very long run, for most of
the time, the monetary authority adopts a vertical Phillips curve model.> In our paper we
only focus on the set of possible limit points of learning dynamics. Furthermore, in our mon-
etary policy application, we follow Sargent (2008) and assume that the monetary authority
allows for the possibility of a direct impact of target inflation on unemployment. Also, we
do not take a stand on the true model economy, i.e., we characterize the self-confirming
equilibrium set for every conceivable model, instead of necessarily assuming that the true
model economy features a rational-expectations augmented Phillips curve.

Other papers in the literature focus, like ours, mainly on self-confirming equilibrium
policies rather than learning dynamics. In particular, Battigalli and Guaitoli (1988) ana-
lyze the rationalizable self-confirming equilibria of a stylized policy game with incomplete

3See also, Cogley and Sargent (2005), Sargent, Williams, and Zha (2006), and Cogley et al. (2007).

4The phrase “escaping Nash inflation” in the title of this article deserves an explanation. When the decision
model is interpreted as a game between the monetary authority and a representative agent, a self-confirming
equilibrium outcome is also a (possibly subgame imperfect) Nash equilibrium outcome. Battigalli (1987) and
Fudenberg and Levine (1993) provide sufficient conditions for the realization-equivalence between Nash and
self-confirming equilibrium. Such conditions are satisfied in this model.

In his work on rational belief equilibria, Kurz (1994a,b) analyzes stochastic dynamics where agents’
beliefs may be incorrect, but are eventually consistent with the long-run frequencies of observables. The most
important difference with the self-confirming equilibrium literature is that, although Kurz analyzes multi-
agent systems, he does not use a game theoretic framework. This makes it difficult to compare rational-belief
equilibrium with self-confirming equilibrium.



information, showing that there are equilibria with Keynesian features and equilibria with
new-classical features. Fudenberg and Levine (2009) discuss the Lucas’ critique through the
analysis of refined self-confirming equilibria in some insightful illustrative examples; they
emphasize the role of rationalizable beliefs and of robustness to experimentation. Finally,
Gaballo and Marimont (2015) analyze a directed search model of the credit market where
lenders post excessively high interest rates because of confirmed pessimistic beliefs about
returns on investments, but the monetary authority can break the spell by easing credit.

Structure of the paper The rest of the paper is organized as follows. The first part
(Sections 2-4) develops an abstract analysis of self-confirming choices in decision problems
with model uncertainty, the second part (Sections 5-6) illustrates the abstract analysis with
applications to economic policies. More in detail, Section 2 provides the preliminary elements
of decision problems with model uncertainty; Section 3 specifies the key partial-identification
problem; Section 4 analyzes the self-confirming equilibrium correspondence; Section 5 an-
alyzes self-confirming monetary policies; Section 6 sketches a more general analysis of self-
confirming economic policies. Section 7 is an appendix collecting some more technical ma-
terial and all the formal proofs.

2 Preliminaries

2.1 Mathematics

A pair (X,X) is a (standard) Borel space if there exists a metric that makes the space X
complete and separable (that is, a Polish space), and X is its Borel sigma algebra. The
elements B of X are called Borel sets; they are Borel spaces themselves, with the relative
sigma algebra.

We denote by A (X) the collection of all probability measures on X. We endow A (X)
with the natural sigma algebra,” which in turn makes it a Borel space. It is then natural
to endow any Borel subset ¥ of A (X) with the relative sigma algebra; we denote by A (X)
the collection of all probability measures on X. Finally, we denote by 0, € A (X) the Dirac
measure concentrated on x € X, that is, §, (B) =1if z € B and §, (B) =0if z ¢ B.

Given any two Borel spaces X and Y, their product X x Y is a Borel space with respect
to the product sigma algebra.

Each measurable function ¢ : X — Y induces a measurable distribution map ¢ : A(X) —
A(Y) defined by ¢(&) = £ o ¢! for each probability measure ¢ € A(X); that is, p(€) (B) =
£(p~1(B)) for all Borel sets B € ). The following routine lemma describes a key feature of

~

®.

Lemma 1 If X and Y are Borel spaces and ¢ : X — Y is measurable, then O is one-to-one
if and only if ¢ is one-to-one.

®The model is not explicitly represented as a game. Therefore the connection to the traditional self-
confirming equilibrium concept is not immediate. Furthermore, the self-confirming policy analyzed in this
paper is the one of creditors (banks), not of the monetary authority.

Tt is generated by the functions ¢ : A (X) — R defined by ¢z (&) = £€(B) for all B € X (cf. Theorem
2.3 of Gaudard and Hadwin, 1989, and Theorem 15.15 of Aliprantis and Border, 2006).



Unless otherwise stated, throughout the paper spaces are assumed to be Borel spaces,
as usual in stochastic optimization.® That said, to fix ideas the reader can think of X as
a finite space of cardinality n, with X being its power set 2%.7 In this case A (X) can be
identified with the simplex of R", that is, A (X) = {5 eRY: YT &= 1}, and integrals
reduce to sums, that is, [y f(2)d¢ (x) =3 ,cx [ (®)E(x) forall § € A(X) and f: X — R.

2.2 Classical subjective expected utility

Let S be a space of states of nature, A a space of actions available to the decision maker, C a
space of consequences, and p : A xS — C a measurable consequence function that associates
a consequence p (a,s) € C to each pair (a,s) € A x S of action and state; in particular, C'
becomes a subset of the real line when consequences are monetary.

The quartet (A, S,C,p) is the basic structure of the decision problem. As in Savage
(1954), we assume that decision makers are indifferent among actions that share the same
consequences in every state — i.e., p(a’,s) = p(a,s) for all s € S. This is a form of conse-
quentialism.

The inherent randomness that characterizes states’ realizations — often called physical
uncertainty — is described by probability models o € A (S), which can be regarded as possible
generative mechanisms. For each probability model o, each action a is evaluated through
its expected utility [¢v (p(a,s))do (s), where v : C' — R is a von Neumann-Morgenstern
(measurable and bounded above) utility function. It is often convenient to write the criterion
in the expected payoff form

R(a,0) :/S'r(a,s)da(s)

where 7 : A x S — R is the payoff (or reward) function r = v o p. The payoff function is
measurable and bounded above since the utility function has these properties; so, all our
integrals will be well defined. For every action a € A, the section R (a,-) : A (S) — [—00, 00)
is measurable and bounded above too.

We assume, a la Neyman-Pearson-Wald, that decision makers do not know the true
probability model, but that they know a (measurable) collection ¥ C A (S) of probability
models that contains the true one (we thus abstract from misspecification issues). We call
structural the kind of information that allows decision makers to posit the collection 3. When
> is not a singleton, decision makers face model uncertainty. They rank actions according
to the classical subjective expected utility (SEU) criterion:

vwmzéwaww> (1)

where p € A(X) is a subjective prior probability over models in ¥ that reflects personal
beliefs about models that decision makers may have, in addition to the “physical” information
behind .10

8See, e.g., Bertsekas and Shreve (1978), Dynkin and Yushkevich (1979), and Puterman (2014).
9The power set 2% is the collection of all subsets of X; it is the Borel o-algebra of X under the discrete
metric.

10See Marinacci (2015) for a discussion of this setup; classical SEU is proposed by Cerreia-Vioglio et al.
(2013).




Representation (1) admits the reduced form [, R (a,0) dp (o) = [gr(a, s dau = R(a,0,),
where 0, € A(S) is the subjective predictive probability o, (E) = [g 0 ( (o) for each
E € S. This reduced form is the original representation of Savage (1954), Who elicited o,
from betting behavior.

The decision problem can be summarized by the sextet D = (A, S, C, p, ¥, v) that com-
bines the basic structure (A4, S, C, p) with the information and taste traits ¥ and v. A few
special cases are noteworthy.

(i) When the support of p is a singleton {o}, that is, u = d,, decision makers believe
(maybe wrongly) that o is the true model. The predictive probability trivially coincides
with o and criterion (1) reduces to the Savage expected payoff criterion R (a, o). Being
a predictive probability, o here is a subjective probability measure, albeit one derived
from a dogmatic belief.

(ii) When ¥ is a singleton {o}, decision makers have maximal structural information and,
as result, know that o is the true model. There is only physical uncertainty, quantified
by o, without any model uncertainty. Criterion (1) again reduces to the expected
payoff criterion R (a,c), now interpreted as a von Neumann-Morgenstern criterion.
For instance, if decision makers either observed infinitely many drawings from a given
urn or if they just were able to count the balls of each color, they would learn/know
the urn composition, so > would be a singleton.

(iii) When ¥ C {05 : s € S}, there is no physical uncertainty. There is only model uncer-
tainty, quantified by p. We can identify prior and predictive probabilities: with a slight
abuse of notation, we can write € A (S) and so (1) takes the form R (a, ).

3 Partial identification

3.1 Feedback

We assume that the decision maker faces problem D recurrently in a stationary environment
with an i.i.d. process of states determined by an unknown probability model o*. To deter-
mine what actions and beliefs can be stable given ¢*, we have to specify the information
obtained ex post by the decision maker for each action a and state s. We model such infor-
mation through a (measurable) feedback function f : A x S — M, where M is a space of
messages. By selecting action a € A the decision maker receives a message

m = fq (8)

when s occurs.!?> The decision maker’s information about the state is thus endogenous: if
M is finite, the information is represented by the partition {f, ! (m):m € M} of the state
space S that the messages induce, which depends on the choice of action «a; if M is infinite,
this partition is replaced by the sigma algebra

Fo={f'(B):Be M} CS. (2)

11Qee Corollary 6 in Appendix 7.1.
Here f, : S — M denotes the section f (a,-) of f at a.



When information does not depend on a, we say that there is own-action independence of
feedback about the state; formally, F, = F, for all a,a’ € A. The most important instance
of own-action independence is perfect feedback, which occurs when each section f, of the
feedback function f is one-to-one. In this case, messages reveal to the decision maker which
state obtained, regardless of the chosen action.'® When this is not the case, information is
imperfect (maximally imperfect when f, is constant).

An action a is fully revealing if f, is one-to-one, that is, if it allows the decision maker
to learn which state obtained. Under perfect feedback, all actions are fully revealing. The
existence of fully revealing actions is thus a weak form of “endogenous” perfect feedback.

We assume throughout that consequences are observable. Formally, we require that for
each action a € A, there exists a measurable function g, : M — C such that

Pa (8) = Ya (fa (S)) Vs € S.

In words, messages encode consequences. In particular, when the consequences of the actions
are the only observed messages, we have C'= M and f = p.

Example 1 Consider a decision maker who is asked to bet on the color of a ball that will
be drawn from an urn that contains 90 black, green, or yellow balls. After the draw, he is
told whether he won (in which case he receives 1 euro) or not (in which case he receives 0
euros). We have S = {B,G,Y}, A= {b,g,y}, and C = M = {0,1}. Moreover,

p(b,B)=p(y,Y)=p(9,G)=1
and
p(0,Y)=pb,G)=py,B)=p(y,G)=p(9,B)=p(g,Y)=0.
The feedback function coincides with the consequence function, that is, f = p. Thus, the

decision maker observes the realized color if he wins, but not if he loses. In particular, if he
chooses action b, then

f () ={B}. f;1(0) = {Y,G},
that is, betting on b yields the algebra

Fo ={0,5.{B},{Y,G}}

of S. Similarly,
]:y = {®757 {Y}?{B7G}}
and

Fg = {@,S,{G},{B,Y}}

Therefore, own-action independence of feedback about the state (color) does not hold. A

13In general decision problems (or games), perfect feedback means that the terminal node of the
game/decision tree is observed ex post. This implies that f, is one-to-one if the choices of nature and
the decision maker are essentially simultaneous, as assumed here. But the implication does not hold in
general. Suppose, for example, that an outcome y € Y is selected after action a according to an unknown
strategy s € S = Y4, with consequences determined through a known function v : A x ¥ — C. Then
p(a,s) = v (a, s(a)), whereas perfect feedback implies that fi ' (fu(s)) = {s' € S : s'(a) = s(a)}. Thus, (if A
and Y have at least two elements) s is not observed ex post and, furthermore, own-action independence of
feedback does not hold.



3.2 Partial identification correspondence

In our steady state setting a message distribution v € A (M) can be interpreted as a long-
run empirical frequency of messages received by the decision maker, so that v (m) is the
empirical frequency of message m. Given an action a € A, consider the distribution map

~

fa : X — A (M) given, for each o € X, by

falo) =00 f

that is, f, (0) (B) = o (s : f4 (s) € B) for each B € M.'* In words, f, (¢) (m) is the empirical
frequency with which the decision maker receives message m when he chooses action a and
o is the true model.!> The inverse correspondence f, ! partitions ¥ into classes

fitw={res: fule)=v}

of models that are observationally equivalent given that action a is chosen and that the
frequency distribution of messages v is observed in the long run. In other words, f; ! (v) is
the collection of all probability models that may have generated v given a.

If action a is fully revealing, then f, is one-to-one (Lemma 1), and so f; ! (v) is either
a singleton or empty. In this case the decision problem is identified under a since differ-
ent models generate different message distributions, which thus uniquely pin down models.
Otherwise, fa_ L (v) is nonsingleton and we have partial identification under action a. In the
extreme case when fa is constant — that is, all models generate the same message distribution
— the decision problem is completely unidentified under action a.

For each action a € A, consider the correspondence

A

Sa=filofa: T — 2"

For any fixed o € 3, its image

A

Salo)={o' €3 fu (o) = ful0)} (3)

is the collection of models that are observationally equivalent given the long-run frequency
distribution v = f, (o) of messages that action a generates along with model o. In other
words, Y, (o) is the partially identified set of models given action and messages.

Remark 1 The partially identified set can be written as 3, (0) = {0’ € = : ai £ = O\F )
that is, partial identification is determined by the information sigma algebra F,. Therefore,
own-action independence of feedback also implies that the partial identification correspon-
dence is action independent: 3, (0) = 3y (o) for all (a,a’,0) € Ax Ax X,

“In the literature f, (o) (B) is sometimes denoted by fa (B | o), interpreted as the frequency of B given
o. Also note that here the distribution map f, is restricted from A (S) to X.
15 Appendix 7.2 makes rigorous the long run interpretation which we rely upon.



We can regard Sq as the partial identification correspondence determined by action a.
It is easy to see that 3, has convex values if the collection ¥ is convex. Moreover, if f, is
one-to-one, then 3, is the identity function, with 3, (o) = {o} for all ¢ € ¥. In this case,
message distributions identify the true model. In contrast, when )3 (o) is nonsingleton there
is genuine partial identification.

Summing up: the collection {f]a (0)}sex of images is a measurable partition of ¥ and each
element of this partition consists of probability models that are observationally equivalent
under action a.

Example 2 Consider the decision problem with feedback of Example 1. If the decision
maker bets on Blue, his action prevents him from obtaining any evidence on the frequency
of G and Y. In particular,

fo(0) (1) =0 (B) and f,(0) (0)=1—0(B) VYoeX

where ¥ C A ({B,G,Y}) is the (finite) set of possible urn compositions that he posits.
Hence, the evidence gathered through bet b only partially identifies the true model:

ib(a)z{a'eE:ﬁ,(U’) fo (o } {o'eS:0'(B)=0(B)}.
For instance, if the true model ¢ is uniform, then
. 1
Yy (o) = {0' eX:o (B)= 3},

that is, all probability models o’ that assign probability 1/3 to B are observationally equiv-
alent. More generally, if we denote by o, any model that assigns probability n/90 to B,
then the partition {3 (0)}oes = {2 (01) }n=0....90 has 91 elements, each consisting of the
probability models that assign probability n/90 to B. All models in the same cell I (on)
are observationally equivalent. A

Example 3 Suppose now that the decision maker observes ex post the color of the ball:

f(b,s)=f(g,8)=f(y,s) =5 Vs € {B,G,Y}.

Then there is perfect feedback and ¥y (o) = f]g (o) = f]y (o) ={o} for each o € ¥. Regard-
less of the chosen action, the true model is identified. A

3.3 Comparative statics

We now show that the extent of model identification naturally depends on the underlying
feedback function. To this end, given any two feedback functions f and f’, say that f’ is
coarser than f if, for each a € A, there exists a measurable function h, : M — M’ such that

fr(s) =ha(fa(s))  VseS.

Our assumption that consequences are observable implies that p is the coarsest possible
feedback, while perfect feedback is the least coarse (finest).

Lemma 2 If f' is coarser than f, then, for each a € A,
3, (o) C 3! (o) Vo € 3.

Coarser feedback functions thus determine, for each action, coarser partial identification
correspondences: worse information translates into a lower degree of identification.

10



4 Self-confirming actions and beliefs

4.1 Definition

A decision problem with feedback can be described by the pair (D, f). The partial identifi-
cation issues discussed in the previous section motivate the following definition.

Definition 1 Given a true model o* € ¥, a pair (a*, u*) € A x A(X) of actions and beliefs
s a self-confirming equilibrium if

V(a*,u*) >V (a,p") Vaec A (4)

and

p e A(Xar (07)) ()
The definition relies on two pillars: the optimality condition (4) that ensures that action
a* is optimal under belief p*; the data confirmation condition (5) that guarantees that belief
w* is consistent with the data that action a* reveals.!
In turn, the pair (a*, u*) of actions and beliefs determines the message distribution v* =
fa= (0*), which is the evidence that disciplines the subjective belief 1*.

Example 4 In the urn setting of Example 1, suppose that ¥ = {¢*,01,02} C A ({B,G,Y}),
where the three possible models are described in the table below:

B|G|Y
x | 1 2
ANE ST
Ulggo
T 11 |1
9213 |13 1|3

Impose the normalization u (0) = 0 and w (1) = 1, so that

R(b,0") = R(b,02) = R(b,01) = R(y,02) = R(g,02) = (6)
2

R(y,O'*):R(g,O'l): R(y,Ul):R(g,O’*):O

3 Y

(i) Consider a uniform belief p* on X: p*(0*) = p*(01) = p*(o2) = 1/3. The pair
(b, u*) is self-confirming. Since V (b, u*) = V (g,p*) = V (y,n*) = 1/3, the opti-
mality condition (4) is satisfied. It is easy to check (cf. Example 1) that 3 (0*) =
{ceX:0(B)=1/3} = %. Hence p* € A(Z}(0*)), and so the data confirmation
condition (5) is also satisfied. The self-confirming equilibrium (b, 1*) generates the
message distribution v* € A ({0,1}) with v* (1) = 1/3, that is, a one-third frequency
of wins.

(ii) Consider the belief u* = J,« concentrated on the true model. The action and belief
pair (y, ©*) is self-confirming. The optimality condition (4) is easily seen to be satisfied,
while the data confirmation condition (5) holds since i]y (0" )={oceX:0(Y)=2/3} =
{o*}. The self-confirming equilibrium (y, u*) generates the message distribution v* €
A ({0,1}) with v* (1) = 2/3, that is, a two-thirds frequency of wins.

6Here, since 3.+ (0*) is a measurable subset of X, the set A(Zax (6%)) is identified with the family of
elements of A (X) that assign probability 1 to Xq+ (c™).

11



(iii) Since 3, (0*) = {o € X : ¢ (G) = 0} = {o*}, action g is not part of any self-confirming
equilibrium.

M>

Actions b and y can be thus part of self-confirming equilibria. Since & b(0%) # Xy (07),
they differ in their identification properties. In particular, 33 (6*)N%, (6*) = £, (6*) = {o*}.
They also have different values: R (b,0*) =1/3 #2/3 = R(y,c™). A

The next simple variation on the previous example shows the importance of structural
information.

Example 5 If in the previous example, we suppose that only actions b and g are available,
i.e., A = {b, g}, then action g is still not part of any self-confirming equilibrium. But if we
further suppose that an all-Yellow urn in among the possible models, i.e. d5, € ¥ (as is
the case when there is no information about the urn), then this is no longer the case: the
pair (g,ds, ) is self-confirming. In fact, V (b,05,) = V (9,ds5,) = 0 and 0y € i‘g (o*) =
{o € A;({B,G,Y}) : 0 (G) =0}. In words, the decision maker believes that he cannot win
with either b or g, and he happens to choose the bet that truly gives him no chance. A

Under own-action independence of feedback (that is, actions do not affect information
gathering), the data confirmation condition (5) becomes u* € A(X (%)), where 3 (%) is
exogenously posited. We thus return to a traditional optimization notion with a purely
exogenous data confirmation condition. In particular, under perfect feedback — and so full
identification — the optimality condition (4) becomes

R(a*,0%) > R(a,0%) Va e A (7)

since condition (5) requires p* = d,+. In this case, common in the rational expectations
literature, the decision maker has a correct belief about the true model and confronts only
physical uncertainty (that is, risk).'”

Action a* is objectively optimal if it satisfies condition (7). Objectively optimal actions
are the ones that the decision maker would select if he knew the true model, that is, under full
identification. As such, they provide an important benchmark to assess alternative courses
of action, as the next section will show.

Example 6 In Example 4, bet y is the objectively optimal action. A

Of course, each “rational-expectations” pair (a*,d,+), where action a* is objectively op-
timal and belief d,+ is concentrated on the true model, is a self-confirming equilibrium.

The optimality condition (4) can be written in predictive form as R (a*,0,+) > R (a,0,+)
for each a € A. Relatedly, the data confirmation condition (5) implies that the predictive
probability o~ belongs to Sa+ (0*) if it belongs to X.1® In this case, (a*,00,.) is a self-
confirming equilibrium too. Hence we have the following certainty equivalence principle:

"For condition (5) to reduce to (7) it is actually enough that the equilibrium action a* be fully revealing,
a weaker property than perfect feedback (see Corollary 2 below).

8The conjectural equilibrium conditions, stated for games by Battigalli (1987), are written in predictive
form.
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Proposition 1 Given a true model o* € %, if (a*,u*) is a self-confirming equilibrium
and oy« € X, then (a*,0,,.) is a self-confirming equilibrium as well, with V (a*,p*) =
V(a*,dou*).

More generally, even if o, ¢ 3, we have

far (0) = far (07) (8)

that is, the predictive probability and the true model both assign the same probability to
messages. Condition (8) is an alternative data confirmation condition in terms of predictive
distributions, weaker than (5).

Finally, consider
o =0" 9)

a much stronger data confirmation condition than (8). If (a*, u*) is a self-confirming pair in
which p* satisfies condition (9), then a* is easily seen to be objectively optimal. Any belief
that satisfies condition (9) is thus equivalent, in terms of actions, to the belief p* = d,+
concentrated on the true model. It does not matter how “accurate” is the belief, as long as
its predictive probability coincides with the true model. If so, objectively optimal actions
arise.

4.2 Steady state interpretation

To give perspective on the self-confirming equilibrium concept, we discuss in more detail its
steady state interpretation by adapting to our framework some results in stochastic control,
as found in the classic work of Easley and Kiefer (1988). To ease matters, throughout this
subsection we assume that the sets M, S, and ¥ are finite.

The distribution f, (c,,) € A (M) identifies, by assigning them a positive probability, the
messages that the decision maker deems possible to receive when p is his prior and a is the
action he selected. If m € supp fa (0u),it is possible to compute the posterior probability

u(0|a,m):u(U)M:u(a)M Vo € X.

0 (fa=m) fa (o) (m)

The next result (cf. Lemma 2 in Easley and Kiefer, 1988) shows that priors and posteriors
are equal under the data confirmation condition (5). Updating thus no longer operates when
beliefs satisfy this condition, a property that clarifies the steady state rationale of the self-
confirming equilibrium notion as a rest point of a learning process (about which our steady
state analysis is silent).

Lemma 3 Let a € A and supppu N Sq(0*) # 0. Then p € A(X,(c*)) if and only if
i (-lasm) = i () for all m € supp fu (0.

Consider a decision maker who faces a problem with feedback (D, f) for infinitely many
periods. The state process is i.i.d. with unknown marginal measure o € ¥; the corresponding
product measure on S* is denoted o*>°. The decision maker starts with a prior belief yg €
A (X) at the beginning of period ¢ = 1 and holds updated posterior belief i, € A () at the
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end of each period ¢t > 1 and the beginning of period t + 1. If action a; is chosen in period ¢
and message m; is observed at the end of the same period, then

o (0 Jas ) = gy (o) 22 e s (10)

fai () (me)

is the Bayes update of u,_; given (at,m¢). The decision maker carries out a stationary
st]rautegy19

ot ARX)— A
o = ar=a" ()
that maximizes the discounted expected utility

[e.o]

/E (Z 5“R<at,a>> iy (0).

t=1

where 8 € (0,1) is the discount factor. We call such o* an optimal stationary strategy for
the repeated decision problem (D, f, 3, ug)-

Every stationary strategy a* yields a corresponding stochastic process of actions and
beliefs (a* (u,;‘_l) , ,u;‘_l) i>1 defined on probability space (S°°,0°°) and adapted to the fil-
tration on S induced by feedback f, where pu§ = pg and p (s*°) is the Bayes update
of pj 1 (s*) given action a* (u;_; (s*°)) and message f (o (uj_; (s>)),s¢). Next we pro-
vide simple sufficient conditions for such an active learning process to converge to a self-
confirming equilibrium. Of course, since the realized history of states (s;),~; is random,
the limit of the process is , in general, also random. With this, we say that a random pair
(a*, pu*) : S*° — A x A(X) is a random self-confirming equilibrium given model o* if, o*°°-
almost surely, the pair (a*, u*) is a self-confirming equilibrium given o*.

Proposition 2 Let (D, f, 3, po) satisfy the following assumptions:

(i) A is a compact and convex subset of an Euclidean space;
(ii) a— f, is continuous, and fu(c)(m) > 0 for every (a,o,m) € Ax X x M;
(iii) 7 : A x S — R is continuous and strictly concave on A;

(v) po (o) >0 for every o € 3.

Then an optimal stationary strategy o exists and, for every o* € %, the induced ac-
tive learning process (a* (“?71) ,,u;:l)pl converges, o*>°-almost surely, to a random self-
confirming equilibrium (o (u2.) , 1) given model o*.

19 A strategy is stationary if it depends only on updated beliefs about the model. As the set of optimal
strategies always contains a stationary strategy, the stationarity restriction is without substantial loss of
generality.
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The proposition is, essentially, a self-confirming interpretation of stochastic control re-
sults of Easley and Kiefer (1988) and so we omit its proof. Heuristically, the existence of
an optimal stationary strategy follows from standard results in dynamic programming. The
martingale convergence theorem implies that there exists a random belief p’  : S®° — A (%)
such that, o**-almost surely, pu; — pk  (cf. Theorem 4 in Easley and Kiefer, 1988).
The Bayesian updating function, which via (10) associates p; to p,_; given actions and
messages (a¢,my), is continuous on A (X). Hence, for every sample path s = (s¢),5,
such that pf (s®) — uX (5°) (hence, by o*>-almost sure convergence, every s> such
that Hthl o*(s¢) > 0 for all T') and for every action as in the set of limit points of
(o (pf (5°°)))4>1 (which is not empty, by compactness of A), it must be the case that
pl, (5%°) is aso-invariant, that is, p?, (s) (- |aeo, m) = i, (s°°) (-) for every possible m. In
view of Lemma 3, this is equivalent to the confirmed beliefs condition (5). Since the value of
experimentation vanishes in the limit, every such action a., maximizes the one-period sub-
jective expected value V (-, u’ (s*°)) (cf. Lemma 4 in Easley and Kiefer, 1988). By assump-
tion (iii), V (-, pk, (s°°)) has a unique maximizer, therefore lim;_,o (a* (pf (s*)), pf (s>°)) =
(argmaxgea V (a, pk, (s)), pho (7)), which is a self-confirming equilibrium (cf. Theorem
5 in Easley and Kiefer, 1988).

Can any self-confirming equilibrium action be interpreted as a limit point of an active
learning process? We can provide a simple, but partial, answer by recalling that if (a*, u*) is

self-confirming and o« € 3, then also (a*, 5%*> is self-confirming. With this, if the initial

belief is pg = 5%*, then the resulting active learning process is constant at (a*, (5%*).

4.3 Value
4.3.1 Equilibria

The true model anchors the decision problem (D, f). The self-confirming (equilibrium)

correspondence
[y — 24%A%)

associates to each possible true model o* the collection I" (0*) of its self-confirming equilib-
ria (a*, p*). Through this correspondence we can characterize the value of self-confirming
equilibria.

Proposition 3 V (a*, u*) = R (a*,0%) for each (a*,p*) € ' (o).

The result is based on the following lemma of independent interest, based on Battigalli
et al. (2015), which shows that observationally equivalent models share the same expected
utility.

Lemma 4 Let a € A and o € . We have R (a,0') = R (a,0) for every o’ € $4(0).

In turn, the last two results easily imply the following characterization of self-confirming
equilibria.

Corollary 1 A pair (a*,u*) € A x A(X) belongs to I' (c*) if and only if R(a*,0%) >
V (a,pu*) for every a € A and the data confirmation condition (5) holds.
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Under the data confirmation condition, the optimality condition (4) thus amounts to
assuming that the “true value” of the self-confirming (equilibrium) action is higher than the
subjective value, under the equilibrium belief, of all alternative actions. This interplay of
objective and subjective features shows that the substantial bite of the data confirmation
condition.

4.3.2 Model uncertainty

A basic subjective assessment of the decision maker is about which models in ¥ he deems
actually possible; if ¥ is finite, these are the models with strictly positive mass according
to his prior.?? Next we show that self-confirming equilibria with sharper basic subjective
assessments have higher values. Formally, u* is absolutely continuous with respect to v*,
denoted p* < v*, if and only if, for every Borel set B C %, p* (B) > 0 implies v* (B) > 0.
This means that p* rules out more models than v*.

Proposition 4 If (a*,pu*), (b*,v*) € I'(6*) and p* < v*, then V (a*,u*) > V (b*,v%).

Priors p* and v* that are mutually absolutely continuous are called equivalent, denoted
w* ~ v*; they share the same possible and impossible models. By the previous result, if p* ~
v* then V (a*, p*) = V (b*,v*) for all pairs of self-confirming equilibria (a*, u*), (b*,v*) €
I' (6*). The value of self-confirming equilibria is thus pinned down by what the decision
maker deems possible, whereas the specific shape of the prior is value-irrelevant. But more
is actually true: actions can be exchanged across such self-confirming equilibria.

Proposition 5 If (a*, u*), (b*,v*) € I'(0*) and p* ~ v*, then (a*,v*), (b*,u*) € T (c*).

The prior captures the decision maker’s subjective model uncertainty, which in a self-
confirming equilibrium must be consistent with the objective model uncertainty f]a*(a*)
via the relation p*(3q+(0*)) = 1.21 The results on the value that we just established for
subjective model uncertainty extend to objective model uncertainty. In particular, self-
confirming (equilibrium) actions with better identification properties have higher values,

regardless of which confirmed beliefs support them.

Proposition 6 If (a*,;*), (b*,v*) € T (0*) and Sq=(0*) C Bye(0*), then V (a*,p*) >
V (6%, v%).

This result implies that V (a*,u*) = V (b*,v*) whenever g (0*) = 3p-(0*); that is,
two self-confirming actions have the same value when they determine the same collection of
probability models that are observationally equivalent with the true model. In this case, dif-
ferences between the confirmed beliefs justifying the two actions are immaterial; the reason
is that in each equilibrium the decision maker correctly predicts the distribution of conse-
quences of both actions, which implies that they must yield the same objective expected
reward, hence the same value (Proposition 3), otherwise at least one of them would not be a
subjective best reply. In particular, the “exchangeability” thesis of Proposition 5 continues to

20A (well known) measure theoretic caveat: if S is infinite, not single models but sets of them have to be
considered.
*'Which implies that all possible sets of models are essentially contained in g+ (0*).
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hold even under the belief-free hypothesis 34+ (0*) = 33+ (0*): if a* and b* are self-confirming
equilibrium actions that identify the same set of models, then the sets of confirmed beliefs
supporting a* and b* coincide.

4.4 Welfare

In order to do welfare analysis it is convenient to consider the (equilibrium) action corre-
spondence
DI 24

that associates to each possible true model o* the collection 7y (c*) of its self-confirming
(equilibrium) actions, that is, actions a* such that (a*,u*) € I' (0*) for some belief p*.

Let o* be the true model. Since V (a*, u*) = R (a*,0*) < maxqea R (a,0%), the decision
maker incurs a welfare loss

l(a*,0") =max R (a,0") — R(a",0")
acA
when he selects the self-confirming action a*. In particular, ¢ (a*,0*) = 0 if and only if a* is
objectively optimal.
The loss is caused by the decision maker’s ignorance. By Proposition 6,

S (0%) C Sy (07) = £ (a*,0%) < L(b*,0%)  Va*,b* € y(0¥).

That is, self-confirming actions with better identification properties exhibit lower losses. In
this regard, the next result shows that for an action a with the best identification properties
(one that is optimal from a purely statistical viewpoint) to be self-confirming amounts to
being objectively optimal. An action that allows the decision maker to know the truth (or
to get as close as possible to it) has to be optimal in light of the decision maker’s objective:
Truth is ancillary to the decision maker pursuit of his goals (and so of his happiness).

Proposition 7 Given a true model oc* € 33, suppose there is an action a such that f]a(a*) C
Yo (0*) for each o' € A. Then this action is self-confirming if and only if it is objectively
optimal.

In sum, the decision maker is not purely a statistician: he is not interested per se in
discovering the true model unless the action that allows the discovery is optimal in the
decision problem. In this sense, there is no separation between estimation and decision in
the present setup.

Example 7 Consider the decision problem

A\S S1 S92
ap |1 |1 (11)
az

where r = p = f and ¥ = A (S). Here the decision maker is risk neutral, has no structural
information, and the (monetary) consequences are the messages that he receives. Given any
o € %, for the constant action a; we have ¥,, (0) = X, while for the non-constant action as
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we have ﬁ)@(a) = {o}. Action a; has no information value, and so no statistical interest,
but it is not affected by state uncertainty. The opposite is true for action ag, which is fully
revealing but subject to uncertainty.

It holds that R(a1,0) = 1 and R (a2,0) = 20 (s2) for all 0 € ¥. Hence, az is a self-
confirming equilibrium action when o is the true model, i.e., as € ~ (o), if and only if
o (s2) > 1/2, that is, if and only if ay is objectively optimal (in accordance with the previous
result). On the other hand, a; € (o) for all ¢ € ¥. In fact, a; is a best reply to every
belief p such that p (o (s2) < 1/2), e.g., the belief d5, € ¥ is concentrated on state sj.

In sum, the constant action is always self-confirming, independently of the true model,
while the non-constant one is self-confirming only when the true model makes it objectively
optimal. A

The next result further illustrates the point by showing that fully revealing actions are
self-confirming if and only if they are objectively optimal.

Corollary 2 A fully revealing action is self-confirming if and only if it is objectively optimal.

Under own-action independence of feedback, we have a stronger result. Remark 1 and
Lemma 4 imply (cf. Battigalli et al. 2015, Proposition 1):

Corollary 3 Under own-action independence of feedback, an action is self-confirming if and
only if it is objectively optimal.

Self-confirming actions are thus always objectively optimal when information does not
depend on choice. The reason is that, given our structural assumption of observability
of consequences, in equilibrium the decision maker correctly predicts the distribution of
consequences implied be each action, even if the true model is not identified. In this case
partial identification becomes welfare irrelevant and so the analysis of feedback, the main
topic of the paper, loses much of its interest. From a decision perspective, own action
independence amounts to perfect feedback.

We close with some simple comparative statics. The extent of the partial identification
loss that arises when o* is the true model is described by the set L (0*) = {{ (a*,0%) : a* € v (c*)}.
It is a singleton if and only if every self-confirming action is objectively optimal; in this case
L(0*) = {0}. Otherwise it is a set that accounts for different losses that different self-
confirming actions in 7 (¢*) may cause.

In a decision problem with feedback (D, f), we are interested in carrying out comparative
statics results in f, that is, in information. The next result, a simple consequence of Lemma
2, shows that the set of self-confirming equilibria increases as feedback becomes coarser. The
same behavior is featured by the partial identification loss.

Proposition 8 Given decision problems with feedback (D, f) and (D, f"), if f' is coarser
than f, then TV (¢) DT (o) and L' (¢) D L (o) for all o € X.
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5 Phillips curve exploitation example

We now illustrate our machinery in the context of a 1970’s U.S. policy debate about whether
a trade-off between inflation and unemployment can be systematically exploited by a benevo-
lent policy maker. We adopt and extend a formulation of Sargent (1999, 2008), who presents
a self-confirming equilibrium in which a policy maker believes a model asserting an ex-
ploitable trade-off between unemployment and inflation while the truth is that the trade-off
is not exploitable.

5.1 Steady state model economies

We study a class © of model economies 6 at a (stochastic) steady state in which unem-
ployment u and inflation 7 are affected by random shocks ¢ and w and by a monetary
policy variable a. Unemployment and inflation outcomes are connected to shocks and the
government policy according to

u =00+ 01xm+ O1aa + Oow (12)
T =a+ 03¢ (13)

The vector parameter § = (0o, 017, 01a,02,03) € RS specifies the structural coefficients of
an aggregate supply equation (12). Coefficients 01, and 601, are slope responses of unem-
ployment to actual and planned inflation,?? while the coefficients 65 and 03 quantify shock
volatilities (see Sargent, 2008, p. 18). Finally, the intercept 6y is the rate of unemployment
that would (systematically) prevail at a zero inflation policy a = 0.

Throughout the section we maintain the following assumption about structural coeffi-
cients.

Assumption 1 0y > 0, 01, <0, 82 > 0 and 63 > 0.

In words, we posit a strictly positive intercept, as well as strictly positive shock coeffi-
cients (nontrivial, possibly asymmetric, shocks affect both the inflation and unemployment
equations). Finally, we assume that inflation and unemployment are inversely related.

The reduced form of each model economy is

u==00+ (01x + 01a) a + 01703 + O2w (14)
T =a+ 03¢ (15)

The coefficients of the reduced form are ¢ = (6o, 015 + O1a, 01203, 02,03) € R>. It is conve-
nient to rewrite the reduced form through a bivariate random variable (u, ) defined by??

u(a,w,e,0) =0y + (O1x + 01a) a + 01503 + Oow
7 (a,w,e,0) = a+ 03¢

22The economic interpretation is that planned inflation a affects agents’ expectations to an extent parame-
trized by 01a.
Formally, (u,7): AXx W x Ex @ — U x IT where A = [0,40c0) and E=W =U =1 =R.
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Since 63 # 0 (Assumption 1), it is easy to check that different structural parameter vectors
6 € © correspond to different reduced form parameter vectors &, that is, 6 # 6" implies

£#E.

The policy multiplier {5 = 011 + 01a quantifies the impact of planned inflation on un-
employment. It is the sum of the direct and indirect impact of planned inflation on unem-
ployment quantified, respectively, by 61, and 61,;. There is a systematic trade-off between
unemployment and inflation when the multiplier is strictly negative, that is, {5 < 0. If so,
the model economy is Keynesian; otherwise, it is new-classical. In the rest of the section we
make the following hypothesis on the multiplier.

Assumption 2 &, <0.

In words, we assume that an increase in planned inflation never increases unemployment.
To ease matters we will tacitly maintain this assumption on the multiplier, though our
analysis can be extended beyond it (Section 7.5).

Be that as it may, in what follows

©={0€R:0)>0, 01a < —0Oix, 1x <0, 62 >0, 03 >0}

Our analysis will pay special attention to the following two competing model economies.

5.1.1 The Lucas-Sargent model
The first model, based on Lucas (1972) and Sargent (1973), is

u:90+ﬁ(ﬂ'—a)+¢92w:00+ﬁ935+02w
T =a+ 03¢

where f = 017 = —01a, and so 0 = (0y, 5,—0,02,03) and & = (09,0, 03, 602,03). In this
new-classical model the policy multiplier £, is zero, and so the systematic part of inflation a
has no effect on unemployment; only the unsystematic part 63 does.

5.1.2 The Samuelson-Solow model

A second model economy, based on Samuelson and Solow (1960), is

u =00+ 017 + 0w =0y + 01ra + O1:03¢ + Osw
T =a+ 03

where 01, = 0 and so 0 = (0y, 01x,0,02,03) and £ = (0o, 017, 01203, 02,03). In this Keynesian
model, the policy multiplier {5 = 61 is strictly negative: monetary policies affect, at steady
state, unemployment rates.
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5.2 The policy problem: setup and identification
5.2.1 Setup

The monetary authority chooses policy a. The state space is the Cartesian product S =
W x E x ©, which expresses that the monetary authority is uncertain about both shocks and
models.?* The consequence space C consists of unemployment and inflation pairs (u,7), so
we set C'= U x II. The outcome function p: A x (W x E x ©) — C'is

p(a,w,e,0) = (u(a,w,e,b),m(a,w,e, b))

which is the unemployment /inflation pair (u,7) determined by policy a and state (w, e, ).
Note that p is the reduced form of the model economy, with matrix representation

pla,w,e,0) = [ 900 ] +a[ 91"41_013 ] + [ 902 915303 ] [I:} (16)

5.2.2 Factorization

We assume that the messages received by the monetary authority are their policies’ conse-
quences, that is, f = p. Hence, a message m = (u, 7) consists of an unemployment and infla-
tion pair. When it chooses policy a and receives message (u, ), the monetary authority can
infer a set of possible states (w, €, 6) through the inverse correspondence p; ! : C — 2W*xF X8,
In particular,

~

fa (o) (u,m) =0 ((w,e,0) : u(a,w,e,0) =u and 7 (a,w,e,0) =) (17)

and
S (0) = {a' ex:fu(d) = fa (a)} Vo ex (18)

At this point, it is convenient to enrich this setup. Within a state s = (w,¢e,6) the
pair (w,e) represents random shocks, while f parametrizes a model economy. This suggests
factoring the probability models 0 € ¥ C A (W x E x O) as

o=qXdg (19)

where ¢ € A (W x E) is known and dy € A (0) is a Dirac probability measure concentrated
on a given economic model § € ©. We thus parametrize probability models with 6 and write
agg.

The assumption that, at a steady state, the distribution ¢ of shocks is known is common
in the rational expectations literature since Lucas and Prescott (1971) and Lucas (1972).
The resulting factorization (19) has two modelling consequences: (i) it establishes a one-to-
one correspondence between model economies and probability models (in particular, a true
economic model #* corresponds to a true probability model ogy+); (ii) since ¢ is known, it
allows us to identify ¥ with © via the relation

S ={gxdpcA(S):0¢c 0},

24GQection 6.2 further discusses the Cartesian structure of the state space.
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and so to define the prior x on .25
A first dividend of the factorization is that the objective function (1) takes the simpler
form

Viaw= [ ([ raweodws) i), (20)

where r (a,w,e,0) = v (p(a,w,e,0)) is the utility of outcome/message (u,7) = p (a,w,e,0).
In the rest of the section we tacitly maintain the following assumption on the known
shock distributions.?6

Assumption 3 E, (¢) = E, (w) = Eq (cw) = 0 and E, (¢?) = E, (v?) = 1.

In words, shocks are uncorrelated and suitably normalized.

5.2.3 Identification

In this richer “factorized” setup, we can shift our focus from observationally equivalent prob-
ability models ¢ to observationally equivalent model economies 6. The partially identified
set becomes:

A

S (0) = {e’ €S fo(og) = fa (09)} Vo € ©.
With this, a sharp identification result holds.

Proposition 9 The partial identification correspondence S0 — 29 s given by
Sa (0) = {9’ €0 : 0+ 01,0 =00+ 01aa, 01 = 015, 05 = 05, 05 = 93} (21)

Given the true model 0, the shock coefficients 82 and 63 are thus identified, along with
the slope 01, of the Phillips curve, independently of the chosen policy a. As we discuss
below, the intercept of the curve is also identified, but it depends on the maintained policy a
through the unidentified parameter 61,. This important identification result is made possible
by some moment conditions, formally spelled out in the proof. We can, however, heuristically
describe them via the bivariate random variable (uq, 7,) : W x E x © — C that, for a given
policy a, represents the unemployment and inflation rates determined by the state (w, ¢, 8).27
The monetary authority observes in the long run the following moments:

o [y (ua) =0+ (6171' + gla) a

o Eg(ﬂ'a> =a

Varg (ug) = 0103 + 63

Varg (m,) = 9%

o Covg(ug,mg) = 91,r9§

25The map 0 — ¢ X g is bijective and measurable. See Corollary 5 in the appendix.

20Whenever convenient, in what follows we will use the shorthand notation E for integrals, for example
Eq () = [iy«p €dq (w,€).

*"Formally, u, and 7, are the sections u (a,-) and 7 (a,-) at policy a of the random variables w and 7r,
respectively.
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Therefore,
_ Covy (ug,m4)

O =
! Varg (7,)

is the beta coefficient of the Phillips regression of unemployment over inflation,?®

02 = (1 — Corrg (uq, 7ra)) Varg (ug)

is the residual variance of u, (unexplained by the regression), and 3 is the standard deviation
of inflation.
Finally, though the two structural coefficients fy and 61, remain unidentified even in the
long run, it holds
Covg (ug, m,)
Varg (7,)

where the right hand side is the alpha coefficient of the Phillips regression. In the long run,
the alpha coefficient is observed by the monetary authority, but what is observed depends
on the policy a that the authority chose. What the authority learns depends on what it does
in ways that it doesn’t appreciate .

0o + 01aa = Ey (ua) — g (ﬂ'a) (23)

5.2.4 Estimated model economy

The moments that identify the three coefficients 61, 02, and 03 do not depend on the chosen
policy a but only on the true model 8. To emphasize this key feature, we denote by B the
beta regression coefficient that identifies 01,2 by Oyl the residual standard deviation that
identifies A5, and by &, the standard deviation of inflation that identifies 3. In contrast, the
alpha regression coefficient that identifies the sum 6y + 61,a depends on policy a; we denote
it by & (a).

In terms of this notation we can write

S, (0) = {9/ €0 :0) +0haa =& (a), O1n = B, Oh = i, 0 :&u}

As aresult, the long-run estimated version of the model economy (12)-(13) that the monetary
authority considers is

u=d(a) + B + Gyprw (24)
T =a+6re (25)
a (a) = 0o + O1aa (26)

In particular, (24) is the estimated aggregate supply equation and (25) is the estimated
inflation equation. The intercept of the former equation depends on the policy a via the
equality (26), which only partly identifies the two coefficients 6y and 01,. In turn, this makes
the policy multiplier &5 = B + 014 unidentified. We will momentarily address this key partial
identification issue.

28 The Phillips regression v = a + 8 is run by the monetary authority using long run data.
29By Assumption 2, the beta coefficient of the Phillips regression is negative, that is, 8 < 0. This negative
sign will be tacitly assumed when interpreting our findings.
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5.2.5 Partial identification line

The monetary authority is uncertain, also in the long run, about the two structural co-
efficients 6y and 61,. The former is the average unemployment at zero planned inflation,
0o = By (up); the latter is the “direct” impact of policy on unemployment.

The parameter space of the estimated model economy (24)-(26) reduces to © = © x
{(-5, Oujms Ou)}, Where O =R, x (—00, —f] is the collection of all possible values (Ao, 01a)
of the two remaining unidentified coefficients. To ease notation, in what follows we will
consider directly O as the parameter space. As a result, the parameter space is now a subset
of the plane. By (21), the partial identification correspondence 3, 1 © — 2° becomes

S (0) = {( 0,00a) €0 :0) = 00+ 00 + Qlaa} (27)

In words, S (0) is a straight line in the plane, with slope —a and intercept 6y + 61aa
(determined by the policy a taken and by the true economic model §). We thus have a
partial identification line that defines a linear relationship between the two unidentified
coefficients, given a true model. In other words, partial identification is unidimensional.

Given a true model 6 = (6, 61a), the set {34 (0) : a € A} of partial identification lines is
the collection of all straight lines in the plane that pass through the true model (6, 61a) and
have slope —1/a. In each such line there is a unique Lucas-Sargent model, characterized by

' = —3, as well as a unique Samuelson-Solow model, characterized by ¢}, = 0. In other
words, partial identification lines feature a unique specimen of each class of models.

/
010.

The figure illustrates the previous analysis. In particular, LS stands for Lucas-Sargent model
and SS for Samuelson-Solow model, while the red (resp., blue) line is the partial identification
line that correspond to policy a = 0 (resp., a > 0)
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5.3 The policy problem: value, equilibria and welfare

5.3.1 Value and equilibrium

As much of the literature, we assume a quadratic von Neumann-Morgenstern utility function
v:C — R given by v (u,7) = —u? — 72, so that the reward function r : A x S — R becomes:

r (CL, w, &, 0) = _u2 (CL, w, &, 9) - 7T2 (CL, w, &, 9)

The linear model economy and quadratic utility together form a classic linear quadratic
policy framework a la Tinbergen (1952) and Theil (1961).

Lemma 5 For every (6,a) € © x A, we have R (a,0) = v (Bg (us) , By (74)) + cost.

The linear quadratic framework thus allows us to express the expected reward as the
utility of expectations. As a result, the objective function (20) becomes

V(@) = [ (B (). Bo (m.0) du (6) + cost. (28)

As for equilibria, we begin with a piece of notation: throughout the rest of the section
we fix a true model economy 6* € O, while  denotes a generic element of ©. With this
notation, the partial identification line is

S0 (07) = {(80,01a) € © : 0 = 05 + (61 — Ora) 0}

Hence, a policy and belief pair (a*, u*) € A x A(O) is self-confirming if and only if

* V *
a” € arg max (a, ™)

and
u (za* (9*)) —1
Next we characterize self-confirming equilibria of the estimated model economy (24)-(26).

In both equilibrium conditions the true multiplier £5 = B* + 07, and its conjectured value
E,+ (&) = B + Eux (01a) play a key role.

Proposition 10 A policy and belief pair (a*, ") € A x A(©) is self-confirming if and only
if
05 (B + By (610)
a* = — — — (29)
1 (B +05) (B + B (01))

03 (5" + e (010)
1+ (B* v 9’{a> (B* + By (61a)

1 | { (00,01a) €O : 0y =6 — ) (07, —01a) p | =1. (30)

30Recall that B* is the beta regression coefficient of unemployment over inflation (given the true model ™).
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The result can be heuristically derived in the special case of dogmatic beliefs, that is,
when p is concentrated on a single parameter 6. By (28), up to a constant the monetary
authority’s value function is

V(a ) = — /@ v (Bo (1a)), Ep (0)) djs (0)

which depends only on the expected values of inflation and unemployment under the au-
thority’s beliefs. Suppose, by way of example, that such beliefs are dogmatic: there is some
model economy 0= (90, 91a) € O such that W= 59.31 The conjectured multiplier is therefore
£y = B* + 01a. For instance, a new-classical authority that believes that there is no system-
atically exploitable trade-off between inflation and unemployment assumes 014 = — B* (and
so the conjectured multiplier is zero). In contrast, a Keynesian authority that believes in a
trade-off may assume, for instance, 615 = 0 (the conjectured multiplier is then B*, and so
strictly negative).

Based on the estimated model economy (24)-(26), a dogmatic authority conjectures that,
according to the chosen policy a, the expected values of inflation and unemployment are
constrained by the equation

By (ua) = O + (B1a + 57) By (ma)

This conjectured constraint is the version of the estimated aggregate supply equation (24)
that the authority expects to face systematically given its dogmatic belief. So the authority’s
decision problem is

2 2

Ic}lel,{ll B3 (ua) + Ej (14)

sub Eé (ua) = é() + (éla + B*> E@ (7Ta) .
With this, the Lagrangian is

B (w0) + B3 () + A (Bp (wa) = (B0 + (B1a + ") By (7))

and so the first-order conditions are
2y (ua) = A 5 2B (ma) = —A(Bo+ (Ora+57)) 5 By(ua) =0+ (Ora+5) By (ma).
By solving them we get
éO (B* + éla)

1+ (B* +é1a>2.

By (ma) = B (0) = -

Since Ej (7,) = a, the monetary authority’s best reply is thus the policy a = B (@) As a
result, a policy and belief pair (a*,dz) is a self-confirming equilibrium if and only if

a* =B () (subjective best reply) (31)

31 Recall that 07 (B) = 1 if and only if B 3 6 for every Borel subset B of ©.
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and

0o = 05 + (074 — b1a) a* (confirmed beliefs). (32)
Simple algebra shows that this is the case if and only if
a* = (33)

14 (B* + e*{a) (B* + é1a>
and
93 (B* + 913)
1+ (B* + Hia) (B* +01a

which are the equilibrium relations (29) and (30) in the case of dogmatic beliefs.?

éo = 93 — ) ( Ta - éla) 5 (34)

The following figure illustrates the previous heuristic argument when the Lucas-Sargent
model is true, so that € is the natural rate of unemployment and 07, = —B" (and so
the true policy multiplier &5 is zero). Under this true model, policy a induces average
unemployment Eg« (u,) = 0 and average inflation Eg+ (7,) = a. But a monetary authority
with dogmatic belief d; expects to observe the pair of long-run averages (Ej (u,),a). This
dogmatic belief is confirmed, and so condition (32) is satisfied, if Eg (u,) = 05, that is, if the
pair of average unemployment and average inflation lies on the vertical partial identification
line with abscissa 6. The subjective best reply condition (31) is represented by the tangency
between the (red) indifference curve and the (green) conjectured constraint, according to
which an increase Aa in average inflation yields a —£,Aa decrease in average unemployment,
where &, = B* + 6014 is the conjectured multiplier.

Ep[ma] =a

Partial identification line

SCE

Phillips regression given a*

. Indifference
—(B*+ 61a) Curve

New-classical %f '

SCE Ep[u,]

32Note that, with the dogmatic value 01a Of 015 in place of its expectation B, (f1a), the dogmatic equilib-
rium relations are identical with the general ones. This is a consequence of the certainty equivalence principle
stated in Proposition 1.
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When the dogmatic belief is such that 61, = 0 so that &, = B* becomes the conjectured
multiplier, the monetary authority is “orthodox” Keynesian and the figure becomes:

By[mo) =a
Partial identification line
— ﬁ*
o Keynesian SCE
Conjectured constraint
Phillips regre;siou given a*
_ ﬁ*
k-
o ] Eglu]

The conjectured constraint is Ej (u,) = 6o + B*Eg (mq). Its slope is the beta coefficient of
the Phillips regression, which represents the trade-off between inflation and unemployment
that the Keynesian authority believes to be systematically exploitable.

5.3.2 Policy activism and welfare

To complete our equilibrium analysis we need to compare the self-confirming equilibrium
action with the objectively optimal one and to compute the resulting welfare loss.

To this end we need to consider the estimated policy multiplier &, = B + 01a. The
authority underestimates the multiplier when E,«(£,) > &5 and overestimates it when
E,- (&) < €5.33 In structural terms, B+ (&) 2 &5 if and only if By« (61a) = 07,. For instance,
when 07, and E,« (01a) are positive this means that the multiplier is under/overestimated if
and only if the direct impact of planned inflation on unemployment is over/underestimated.

The objectively optimal policy is

. (3" +01) | )

1+ (B* + 9’{3)2

It is immediate to see that a* = a° if and only if Ey« (01a) = 07,, (and so E,« (&) = &3).
The equilibrium action is objectively optimal when the monetary authority has a correct
expected value of the estimated policy multiplier &,. More generally, next we show that

33 Both &5 and B~ (&,) are negative (Assumption 2), and so B« (£,) = €5 if and only [E.«(&,)] < |€5).
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policy hyperactivism characterizes authorities that overestimate the policy multiplier, while
hypoactivism characterizes authorities that underestimate it.3*

Proposition 11 Given a true model o*, for every self-confirming equilibrium (a*, u*),
(1) By (01a) < 014 if and only if policy a* is hyperactive, i.e., a* > a® > 0;
(it) By (01a) = 014 if and only if policy a* is objectively optimal, i.e., a* = a°;
(i) 01, < Bux (01a) < —B* if and only if policy a* is hypoactive, i.e., 0 < a* < a°;
() By (61a) = —ﬁ* if and only if policy a* is zero-target-inflation, i.e., a* = 0.

For the monetary authority, both kinds of deviations from objective optimality, hyper-
activism and hypoactivism, cause the same welfare loss. In fact:

Proposition 12 The welfare loss is  (a*,0%) = (1 + (B* +60%,)?) (a* — a°)%.

In the next section we will illustrate this result with a few examples.

5.4 Policy dogmatism and its welfare consequences
5.4.1 Equilibria

Assume that the ‘monetary authority has dogmatic equilibrium beliefs p* = 0. A pair
(a*,05) € A x A(O) is self-confirming if and only if it satisfies relations (33) and (34). Two
special cases are noteworthy.

(i) When 61, = —B* so that the conjectured policy multiplier is zero, we have the self-
confirming equilibrium a* = 0 and 0 = (6}, —B*) of a new-classical authority (Propo-
sition 11-(iv)). Here the conjectured constraint is vertical at the natural rate 6;: the
new-classical authority does not believe in any systematically exploitable trade-off be-
tween inflation and unemployment. A zero-target-inflation equilibrium policy results.

(ii) When 614 = 0, and so the conjectured policy multiplier E; = ﬁ* is strictly negative, we

obtain the self-confirming equilibrium

058" _ 1

a* = — — OAﬁ* and 0= |6; +AB

1+ (B +01a) 1+ (B +01a)

of a Keynesian authority that believes that there is a systematically explmtable trade-

off between inflation and unemployment (given by the beta coefficient ﬁ of the Phillips

regression). Now a positive-target-inflation equilibrium policy results. By Proposition

11, such a policy is hyperactive if 67, > 0, hypoactive if 67, < 0, and objectively
optimal if 67, = 0.

~ %2
0 (36)

The two equilibria feature, respectively, new-classical nonintervention a la Friedman-
Hayek and Keynesian activism. Regardless of the true model economy, such policy prescrip-
tions emerge through suitable dogmatic beliefs.

#Being £€5 < 0 (Assumption 2), the four cases it considers exhaust all possibilities. Appendix 7.5 will
generalize the result to the case when Assumption 2 does not hold. Note that, being E,+ (61a) < 8", in (iv)
it holds B, (012) = —B" if and only if p*(f1a = -3 ) =1, i.e., pu* = 5(90’73*).
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5.4.2 A new-classical world

So far we did not fix a specific economic model. Now, by way of example, assume that a
Lucas-Sargent model economy 6* = (6, —B*) € O is the true model economy, without any
systematically exploitable trade-off between inflation and unemployment. The pair (a*, d3)
is a self-confirming equilibrium if and only if a* = —65(3" +01a) and 6y = 5(1— (8" +61a)?).
Hence, the policy and belief pair

(225 (5" + ) 8557y

is the dogmatic self-confirming equilibrium in a Lucas-Sargent model economy. By Propo-
sition 11 policy a* is hyperactive when 01, < 67, and objectively optimal when 01, = 67,.
The welfare loss is £ (a*,0%) = 052(B" + 61a)2.

Next we consider two different equilibria in this new-classical world according to the
monetary authority’s dogmatic beliefs.

New-classical authority Suppose the monetary authority correctly believes that there
is no exploitable trade-off between inflation and unemployment, that is, u* = § (B0,-5"): The

pair (a*, (5(90 5 ) is a self-confirming equilibrium if and only if a* = 0 and 6y = 6. As a

result, the policy and belief pair

(0, 5(937—6*)) (37)

is the new-classical self-confirming equilibrium. It features a zero-target-inflation policy,
which is the objectively optimal policy (and so there is no welfare loss) as well as the fully
revealing one (that allows the authority to learn, in the long run, the true coefficient 6;).

Keynesian authority Suppose the monetary authority wrongly believes that there is an
exploitable trade-off between inflation and unemployment, with say p* = ¢ (50,0)" The pair

(a*, 5(90 0)) is a self-confirming equilibrium if and only if a* = —083* and 6y = 05(1 — 3*2)

(57 a0 o

is thus a Keynesian self-confirming equilibrium. It features an hyperactive positive-target-

inflation policy. Since it is not the objectively optimal policy, the monetary authority suffers
Ak

a welfare loss £ (a*,0%) = (055 ).

The policy and belief pair

5.4.3 Welfare consequences

What are the welfare implications of incorrect beliefs under dogmatism? By way of exam-
ple, we consider a new-classical authority in a Keynesian economy, as well as a Keynesian
authority in a new-classical economy. The loss of a new-classical zero inflation policy in a
Keynesian economy, with 67, = 0, is 932ﬁ*2. It is the same loss of a Keynesian nonzero
inflation policy (36) in a new-classical economy: A mistaken new-classical authority has the
same lower welfare as a mistaken Keynesian one. Both mistakes result in the same welfare
loss.
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5.5 Policy secularism and a curious interplay
5.5.1 Equilibria

Suppose that the monetary authority is not dogmatic, but has instead a two-models belief.
Specifically, it is uncertain whether the true model is Lucas-Sargent or Samuelson-Solow,
so that the belief support consists of two points: a Lucas-Sargent model (965, —B*) and a
Samuelson-Solow model (65°,0).%% If uf € [0,1] is the belief in the latter model, we can write
belief p* as

po= (= ) 8 gy + HES(057,0) (39)

Since B+ (01a) = — (1 — p) B, the conjectured multiplier is E,~ (&) = MZ;B* and the pair
(a*, p*) is a self-confirming equilibrium if and only if

o = — A*QO/B A/ik (40)
L+ 5 (B +01)
and o
l 4 0 (1+5"nt)
ol = oy = . (a1)

Ak [ %
1+ 5 (5 +0%)
As a result, in this case the pair

038" i, \ .
T o o N THEO (g (4)
(o) ) (s

L% (B 01, )it 15" (B 07, )u

is a self-confirming equilibrium for every pj € [0,1]. We thus have a continuum of equilibria
parametrized by the belief p} in the Samuelson-Solow model (and so by the conjectured
multiplier [LZB*) In particular, the equilibrium policy a* is increasing in p;: the higher the
belief in a Keynesian model, the higher the planned inflation. If 4} = 0 we get back to the
dogmatic new-classical equilibrium, while if 7 = 1 we get back to the dogmatic Keynesian
equilibrium (Section 5.4.1).

In equilibrium, the coefficients (41) of the Lucas-Sargent and Samuelson-Solow models de-
pend on the authority’s belief i} : different such beliefs correspond to different Lucas-Sargent
and Samuelson-Solow equilibrium specifications. Though the support of the equilibrium be-
lief (39) always contains a specimen of both classes of model economies, that specimen
changes as the belief ;7 changes.

This curious interplay between self-confirming equilibrium models and beliefs is the main
finding of the two-models belief case. Finally, the welfare loss is

0 (B ui+ 5 +01,)

(1 + B (B* + 9;1))2 (1 + (3* + efa)2>

35 Cogley and Sargent (2005) and Cogley, Colacito, and Sargent (2007) study dynamic Bayesian policy
problems where beliefs assign positive probability to three model economies (dynamic specifications of the
two models we consider here and a third related model).

0(a*,0%) =

(42)
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5.5.2 A new-classical world

To study two-models beliefs further, let us posit a true model. As we did in our study
of dogmatism, assume that a Lucas-Sargent model economy 6* = (65, —fF ) is the true
model. If so, by (40) and (41) the pair (a*, ©*) is a self-confirming equilibrium if and only if

a* = —93,@’*”2, 065 =0 and 05° = 05(1 + 3*2/@). Hence, in this case, the pair
* 0¥« * *
(—905 P (1= 1) O g =y + Nk5(93(1+5*2%),0)>
is a self-confirming equilibrium for every ;. € [0, 1]. The welfare loss is £ (a*, §*) = (083* 1i)2

As implied by the analysis of Section 5.5.1, we have a continuum of equilibria parame-
trized by the belief 1 in the Samuelson-Solow model: if pj > 0 the equilibrium policy is
hyperactive, if puy = 0 we get the dogmatic new-classical equilibrium (37). Moreover, if
py, = 1 we get back to the dogmatic Keynesian equilibrium (38). Now, however, the equilib-
rium coefficient 965 is pinned down by the true natural rate of unemployment 6;. In contrast,

the equilibrium coefficient 65° = 65(1 — B*2MZ) still depends on belief p: different such be-
liefs correspond to different Samuelson-Solow equilibrium specifications. In other words, the
support of the equilibrium belief always contains a specimen of the Samuelson-Solow model;
it, however, changes as belief 17 changes.

The following figures illustrate. The monetary authority is uncertain about the true
economic constraint (the vertical line at the natural rate of unemployment) or the Phillips
regression line. At a self-confirming equilibrium, the average unemployment expected by
the monetary authority must be the natural rate 6;; the subjective best reply condition is
expressed by the tangency between the (red) indifference curve and a (green) line describing
the conjectured constraint, the slope of which is intermediate between the vertical line at
the natural rate 0j and the Phillips regression line (which, in turn, depends on the belief 1}
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A %2 %

via the equilibrium relation 0g = 05(1 — 8 p3)).

Eg[ms) = @

Partial identification line

Constraint under § = 6*

Phillips regression

Constraint under 6 = (5 (1 + ﬁ*zu;), 0)

—ui B

o | o

]Eg ['u,a]

The second figure gives an alternative geometrical representation. Every policy a induces
a pair of (objectively) expected rewards, the reward under model 0*, R(a, 8*), and the reward
under model 0, R(a,f). By changing a one obtains the locus of possible pair of rewards.
If R(a,0") # R(a,), the monetary authority can infer which of the two models is true
by looking at its long-run average payoff. Therefore, the partial identification condition is
that R(a,0%) = R(a,0). At a self-confirming equilibrium (a*, 4*) with supp pu* = {0*, 0}, this
belief-confirmation condition must hold; therefore, the equilibrium point (R(a*,0), R(a*,0))
is at the intersection of the main diagonal in the (R(-,0%), R(-, 8))-space, the “partial identi-
fication line,” with the locus of pairs {(R(a*,6%), R(a*,0)) : a € A}, the constraint. At this
intersection point, the constraint curve must be tangent to the indifference, constant-SEU
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line with slope (1 — pj)/p-

R(B(9),6%) R(B(6%),6%)
R(-,G*)
PO b g R(B(6), 6)
SCE (=g 3
__}—— Indifference
e Line
PN RBE),0
\_)90
‘{&
2
Y
X
Q&

Note that R (B (0*),0") =V (B (0%),0¢+) > V (B (u*), u*), which illustrates Proposition 4:
since the support of self-confirming belief g+ is included in the support of self-confirming
belief p*, then the value of the former equilibrium is larger than the value of the latter.

6 Steady state policies

The analysis of the Phillips curve example suggests a general form of the policy problem
that extends to our steady state setup the classic policy Tinbergen-Theil framework. This
is the subject matter of this final section that builds upon, and sums up, what we did so far
in the paper.

6.1 Setup

A steady state model economy is described via the structural form relation

¢ (z,y,n,0)=0 (43)

where z € X is a (specified) exogenous variable, y € Y is an endogenous variable, n € H
is a shock variable (that is, an unspecified exogenous variable), and # € © is a structural
parameter that indexes the model economy. All variables can be multidimensional (more
generally, they can live in vector spaces).

The endogenous variable is determined within the model, given the values that the other
variables take on (outside the model); that is, the endogenous variable y solves equation
(43). To ease matters, suppose that the solutions of this equation are always unique, so that
we can write the solution function

Z/:Z/J(ﬂ«"a"?af)
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which is called the reduced form of the model economy, where { = ¢ () is a reduced form
parameter.36

Example 8 A simple model economy consists of a system of linear equations 61x + 0oy =
7. The entries of the (square, for simplicity) matrices #; and 02 are the parameters, and
o (z,y,0) = 012 + Oy — n. If matrix 0, is invertible, the reduced form is y = ¢ (z,n,§) =
€12 + &1, where £ = g (01,02) = (—0;101,60 ). A

Suppose that the exogenous variable can be decomposed as x = (a,() € A x Z, where
the variables a and ( are, respectively, under and outside the control of the policy maker.
The policy maker chooses policy a in order to affect the value of the endogenous variable,
which we assume to be payoff relevant, and so we denote it by ¢. The reduced form becomes

= w (a7 Cﬂ%f)

The state space is S = Z x H x O, the consequence space is C, and p: A x § — C'is the
consequence function, with p (a,¢,0) = 9 (a,(, g (9)).>” Policy multipliers correspond to the
derivative of ¢ with respect to a (partial derivatives if a is multidimensional).

Example 9 In the Phillips curve example the structural form is (12)-(13), with ¢ = (u, ),
n = (e,w), and § = (0y, 017, 01a,02,03). The function ¢ is linear, given by

ptwmamed == O [F] e[S ]ea[ ]+ [% 8 ][]

There are no exogenous variables (e.g., government expenditures). The reduced form is
(14)-(15), with 1 linear and given by
3 €4 &3 w
[ 1 + 0 &5 €

Finally, g (6) = (6o,01x + 01a,01x03,02,03), p is given by (16), and &5 is the policy multi-
plier.38 A

Y (a,w,e, &) = [ 601 } +a

The rest of the decision problem specification is standard. The physical uncertainty about
the states’ realizations is described by probability models o € A (S). Policy makers posit a
collection 3 C A (5) of these distributions and, given any o € 3, evaluate policy a via its
expected utility R (a,0) = [4r g7 (a,8)do, where is r = vop is a reward function based on a von
Neumann-Morgenstern utility function v : C — R. Given his subJective prior u over models
o, the policy maker then ranks actions according to the criterion V' (a, u) fz (a,0)du (o).

36We do not discuss here the conditions that, along with the uniqueness of solutions, ensure the existence of
the reduced form representation (see, e.g., Rothenberg, 1971). The economic relevance of multiple solutions
is discussed by Jovanovic (1989); in this case, we have a solution correspondence, and so a reduce form
correspondence.

3THere we tacitly assume that 1) and g are such that p satisfies Savage’s Consequentialism.

38 Assumption 1 of the example here amounts to requiring that the function g : © — Z be one-to-one, s0
that distinct structural parameters correspond to distinct reduced form parameters.
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6.2 Economic and stochastic model uncertainties

In the Phillips curve example we considered a state s = (w,,6) in which we distinguish a
shock pair (w,¢) and a model economy 6. The key factorization (19) builds on that distinc-
tion. This distinction also applies to the general policy problem, which features two types
of model uncertainties. First, there is uncertainty about the economics of the phenomenon
under consideration, and so about the economic models that explain it. Second, there is un-
certainty about the statistical performance of such economic models, due to the errors that
affect measurements and shocks; the latter represent the unexplained variation caused by,
possibly many, minor explanatory variables that the policy maker is “unable and unwilling
to specify”, as Marschak (1953) p. 12 remarks.?

We can call, respectively, economic model uncertainty and stochastic model uncertainty
the two types of uncertainty. The former is more fundamental than the latter since it reflects
the economic views of policy makers.*® This is why, by assuming ¢ known, in the Phillips
curve example we focused on economic model uncertainty.

In general, the state spaces relevant for policy problems can be represented as Cartesian
products of factors that represent the two types of uncertainty. In this case, versions of
the factorization (19) would apply with a twist: uncertainty about the probability model
that describes the exogenous variable, absent in the Phillips curve example, must also be
considered. We thus factor the probability models o € ¥ C A(Z x H x ©) as 0 = ¢ X dg,
where — to focus on economic model uncertainty — we assume that the joint probability
model ¢ € A(Z x H) for the exogenous and shock variables is known and that dz € A (©)
is a Dirac probability measure concentrated on a given economic model § € ©. As in the
example, we can identify ¥ with © without loss of generality. In particular, R (a,0) =

[r(a,¢,n,0)dg (¢, n).

6.3 Partial identification and equilibrium

The analysis of partial identification and the notion of self-confirming equilibrium presents
no any novelties for the generalized policy problem. But for the sake of completeness, here
we briefly discuss them.

We assume that the messages that the policy maker receives are the values of the en-
dogenous variable ¢, that is, f = p.*! Since we identify ¥ with O, the distribution map
and the partial identification correspondence are given here by f, (9) (E) = q(p;é (E)) and
$.00)={0 €2 : fa (¢) = fa (0)}.42 In particular, 3, (6) is the collection of all model
economies that are observationally equivalent when 6 is the true model and a is the chosen
policy.

Moment conditions based on lung-run observed values of the endogenous variable may

39Tn a similar vein, Koopmans (1947) p. 169 writes that “... stochastic ... in that the behavior of any group
of individuals, and the outcome of any production process, is determined in part by many minor factors,
further scrutiny of which is either impossible or unrewarding.”

10 A main instance of what Denzau and North (1994) and, more recently, Rodrik (2014) call “ideas”. Note
that economic model uncertainty subsumes the parametric uncertainty considered by Friedman (1953) and
then Brainard (1967) in policy problems.

“Inter alia, this assumption implies that own-action independence of feedback cannot hold in nontrivial
policy problems (recall our discussion at the end of Section 3.2).

42%,9 : Z x H — C is the section of p at (a,0) and E C C is any measurable subset.
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allow the policy maker partially to identify the structural parameter 6, regardless of the
chosen action. For instance, in the Phillips curve example the three coefficients 01, 62 and 03
were identified via suitable moment conditions (see Section 5.2.3). In this case, the parameter
space can be factored as © = © x {9}, where 6 is the sub-vector estimated through long-run
observations, independently of the chosen action (i.e., any learning dynamics should ensure
the knowledge of @) A lower dimensional parameter space © results and, consequently, the
partial identification correspondence can be reduced to . : 0 — 29 In the Phillips curve
example 0 = {B, Oulm Ou} and O =Ry, x (—oo0, —B]

In view of all this, the notion of self-confirming equilibrium is easily stated for the policy
problem: a policy and belief pair (a*,u*) € A x A(O) is self-confirming if and only if
a* € argmaxaea V (a, p*) and p*(Sq- (0%)) = 1.

6.4 Steady state policy rules

A natural question is whether a notion of a steady state policy rule emerges in our setup.
When ¥ is a singleton, that is, when structural information allows the policy maker to know
the true model, such a rule is given by the best reply correspondence B (0) = arg max,c4 R (a, 0)
for each § € ©. A policy maker who knows the true model economy best replies to such
knowledge by taking the objectively optimal policy. Since ¢ is known, this corresponds in
our steady state setup to the case originally studied by Tinbergen (1952) and Theil (1961).43

The interplay between policies and information substantially complicates matters when
> is nonsingleton. For simplicity we study the case, often considered in applications, when
best replies to beliefs are unique. If so, self-confirming equilibria can be stated as equilibria
in beliefs. Formally, say that a policy problem is nice if the best reply correspondence is a
function B : A (X) — A, with B () = argmaxgea V (a, ). In words, there is a unique best
reply to each belief, as standard concavity conditions on reward functions would ensure. For
instance, linear quadratic problems (like the Phillips curve example) are nice.

In a nice policy problem, given a true model * € ¥, a pair (a*, u*) € Ax A (X) of actions
and beliefs is a self-confirming equilibrium if and only if «* = B (¢*) and

w (iB(H*) (0*)) — 1. (44)

Hence, there is a unique equilibrium condition (44), which is cast in terms of beliefs (actions
being pinned down by the best reply function). For this reason in nice policy problems we
can view self-confirming equilibria as fixed points in the space of beliefs. To this end, define
the correspondence Ty : A (X) — 22() by

Ty (1) = A (S (67))

Any belief v € A(2 B(w) (0%)) is consistent with the long-run frequency distribution of ob-
served values of the endogenous variable. This suggests the following notion.

Definition 2 Given a true model 6* € X, a belief p € A (X) is self-confirming if p € Ty« (1).

43In the terminology of Brainard (1967), a singleton ¥ means a nonrandom parameter 0 (see also Blinder,
1998, p. 11). A nonrandom 0 is assumed, for example, also by Poole (1970) in his classic IS-LM policy
analysis under uncertainty (see, e.g., Poole, 1970, p. 215).
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In words, self-confirming beliefs are consistent with the long-run data — that is, the
observed values of the endogenous variable — gathered through the optimal policy that they
induce.

Let M (0*) = {p€ A(X): € Ty (u)} be the collection of all self-confirming beliefs
when 6% is the true model. The steady state policy rule hg« : M (0*) — A is the restriction
of the best reply function on M (0*), that is, hg= (u) = B (u) for all p € M (0*). According
to this rule, policy makers best reply to beliefs that, in the long run, are consistent with the
data that they collect through their policies.

6.5 Brainard conservatism?

When the monetary authority knows the true model 6%, the policy rule is
x [ ¥ *
00 (6 + 91a>

1+ (5 +9’{a>2'

B(6*) =— (45)

For each #* the rule prescribes the objectively optimal policy. When, instead, the monetary
authority does not know the true model 6*, by Proposition 10 the set M (6*) consists of the
beliefs u € A (X) such that

03 (3" + By (012)
14 (B +01a) (8" + By (01a)

K (00,01a) € R? 390:93— > (01a — 1a) =1

This leads to the following characterization of steady state policy rules.

Proposition 13 The steady state policy rule hg« : M (0*) — R satisfies the certainty equiv-
alent principle, that is,
B (00) (5 + B (01a)
he- (1) = — o 2 - (46)
1+ (ﬁ + Eu (ela)>

If 1 is not dogmatic, then

selfolif Cov,, (8o, 01a) # 0
hg- (1) =

0 Zf COVM (90, 913) =0

Our steady state policies thus do not feature the “Brainard conservatism principle,” that
is, they are not more prudent than what the certainty equivalent principle would prescribe.*?
The partial identification caused by the authority’s limited structural information does not

" This fixed point characterization is easily seen to hold in full generally in our setup (beyond the policy
case considered here) when best replies are unique.

*Blinder (1997) names this principle after the classic finding of Brainard (1967) that, even in linear
quadratic problems, parametric uncertainty may make policies more prudent in this sense. See also Soderstrom
(2002) and Bernanke (2007) for a discussion of the principle.
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translate into a policy conservatism a la Brainard: but the long-run data confirmation con-
dition that characterizes our policy rules puts the certainty equivalent principle back in
business.

The policy rule depends on the ratio of standard deviations /Var, (6o) /Var,, (f1a) when
beliefs are not dogmatic (and so such deviations are not zero). Higher conjectured variabil-
ity in 0, the (systematic) rate of unemployment in absence of policy interventions, leads to
higher policy activism. The opposite is true when it is the conjectured variability in 014,
and so in the policy multiplier, that becomes higher. However, within the certainty equiva-
lent principle, in our steady state setup different types of parametric uncertainty determine
different policy responses, some more aggressive and some more conservative. In particular,
higher multiplier uncertainty makes policies more conservative; in this different sense, a form
of Brainard conservatism does hold in steady state.

7 Appendix

7.1 Additional mathematical preliminaries

Since several sigma algebras may be involved in the proofs, given a Borel space (S5,S),
we sometimes write Bg instead of S to denote its Borel sigma algebra. For every Borel
set B € Bg, we let B¢ N B = {B’' € Bg: B’ C B} denote the relative sigma algebra on B
determined by Bg. Berberian (1997) reviews the properties of Borel spaces.*6

The next result completes Lemma, 1.

Lemma 6 Let X and Y be Borel spaces and ¢ : X — 'Y be measurable. Then:
(i) ¢ : A(X) — A(Y) is measurable;
(ii) ¢ is one-to-one if and only if ¢ is one-to-one; in this case:

e (X)€Y, hence (p(X),YNe(X)) is a Borel space;
e v: X — ¢(X) is a measurable isomorphism;
o X =1 (), that is, ¢ generates X;

e 0 : A(X) — A(p (X)) is a measurable isomorphism (under the identification of
@(&) on Y with its restriction to Y Ny (X)).

Proof The Borel sigma algebra B (y) of A(Y') is generated by the sets of the form {r € A(Y) : v (C) < ¢}
for all C € By and ¢ € R. Now, for all such sets

pH{reAY):v(O)<cl) = {£eAX): @) e{reA(Y): v (0)<c}}
= {€eaX): (e ) (@) =}
= {€€AX): (¢ () <}
46 A terminological caveat: Berberian (1997) and other authors use Borel space as a synonymous of mea-

surable space; they always specify the adjective standard when they assume Polish metrizability (as we do
here).
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which belongs to Ba(x) because 0 1(C) € Bx and Ba(x) is generated by the sets of the
form {¢€ € A(X): &(B) <b} for all B € By and b € R, that is, ¢ is measurable.*”

If ¢ is one-to-one, then ¢ (X) € By and ¢ is a measurable isomorphism between (X, By)
and (¢ (X),By N (X)) (Mackey, 1957, Theorem 3.2, see also Berberian, 1997, Theorem
3.2.7). Denote by ¢’ : ¢ (X) — X the inverse isomorphism. For every B € By, ¢ (B) €
By Ny (X) C By andso B = ¢ (¢ (B)) = ¢ (o (B)) € o~ (By), then Bx C ¢! (By) and
the converse inclusion follows from the measurability of ¢. Now ¢ (§) = ¢ (¢') if and only if
(e (C) =¢ (¢ (C)) for all C € By, which implies & (B) = ¢ (B) for all B € By, thus
¢ is one-to-one. Conversely, for each € X, we have ¢(0,)(C) = 0, (¢! (C)) = 0y (O)
for all C' € By. Therefore, if ¢ is not one-to-one, ¢ is not one-to-one.

Finally, if ¢ is one-to-one, since it is measurable, then ¢ (A (X)) is a Borel subset of A (V)
and ¢ is a measurable isomorphism between (A (X), Ba(x)) and (¢ (A (X)), Bar) N @ (A (X))).
Now every element v = £ 0 ! of ¢ (A (X)) is a probability measure on By, ¢ (X) € By,
and v (¢ (X)) = {(¢ 1 (p(X))) = £(X) = 1. Thus, when the standard Borel space
(¢ (X),By N (X)) is considered, the restriction of v to By Ny (X) is an element of A(p (X))
denoted v,(x), that is,

v (AX) = Alp(X))
v V)
is a well defined map (which coincides with the inclusion when ¢ is onto). We want to show
that, indeed, ¢ is a measurable isomorphism between (¢ (A (X)),Bar)N@(A(X))) and
(A(¢ (X)), Ba(p(x)))- It is sufficient to prove that it is bijective and measurable (since both
spaces are Borel).

First notice that Ba(,(x)) is generated by the sets of the form {\ € A (¢ (X)) : A(D) < d}

forall D € By Ny (X) (C By) and d € R. Now, for all such sets

TR EA(R(X) i A(D) <dY) = {rep(A(X)):v(D) <d}
= {ved(Y):v(D)<diN@(A(X)) € Bay) N (A (X))

that is, ¢ is measurable.
Now assume that v,1' € ¢ (A (X)) and v,x) = VZP(X), then for all C' € By

v(CNe (X)) <v(C) =v(CNe(X))+r(CNe (X)) <v(Cne(X))+r (e (X)) =v(Cne (X))
that is, v (C) = v (CNe (X)) and CN ¢ (X) € By N9 (X) = B,(x)- It follows that

v(C)=v(CNe (X)) =rex) (CNe (X)) =,y (Cne X)) =V (Cne X)) = (C)

and so ¢ is one-to-one.

In order to prove surjectivity of ¢, next we show that, for every A € A(p (X)), the set
function defined by £ (B) = A (¢ (B)) for all B € Bx belongs to A (X) and ¢ (¢ (§)) =
First observe that £ : Bx — [0, 1] is well defined because ¢ : (X, Bx) — (¢ (X),By N (X))
is a measurable isomorphism. Moreover, for every B € Bx, ¢ (B) = (¢/) (B) = (¢') " (B),
thus £ (B) = A(p (B)) = ((ap’ ) (B)) is a probability measure on X. Finally, for every

);

DeBynep(X
L@ (€) (D) = ¢ (&) yr) D) =2() (D) =€ (071 (D) =X (v (¢ (D)) = A (@ (¢ (D)) = A(D)

4TNotice that this part of the statement does not rely on the fact that the measurable spaces (X,Bx) or
(Y, By ') are Borel, but rather on the choice of the natural sigma algebras on A (X) and A (Y).
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as wanted. [ |

Corollary 4 Let (©,Bg) and (S,Bs) be Borel spaces and fit p : © — A(S). Then p is
measurable if and only if

{0 €0 :py(B) <b} €Bg VB € Bg,Vb € R

that is, @ — p (B | 6) is measurable for all B € Bg. If moreover, p is one-to-one, then:

* {Po}gco =P (O) € Bacsy;
® p:0 — {pglyco is a measurable isomorphism;

e p:A(O)— A ({pg}gee)) defined by p (1) = (u opfl)p(@) is a measurable isomorphism
and, for every A € A ({po}peg). the inverse image of X is Ao p.

Proof Since Ba(g) is the sigma algebra generated by the functions ¢p : A (X) — R defined
by ¢ () = &(B) for all B € Bg, amap p: © — A (S) is measurable if and only if ¢gop
is measurable for all B € Bg (see, e.g., Berberian, 1997, Proposition 1.3.8). But, given any
B € Bs, p(B|60) =pg(B) = (¢pgop)(0) for all § € O, thus p(B|:) = ¢g o p, proving
the first part of the statement.*® The rest follows from the statement of Lemma 6 setting
X =06,Y =A(SY), and ¢ = p, with the exception of the explicit expression 5! (\) = Aop,
for which the last paragraph of the proof of Lemma 6 has to be inspected. |

Corollary 5 Let (©,Bg) and (T, Br) be Borel spaces and fix g € A(T). Then
p: © — AT x0)
0 — qXxdg=py

18 measurable and one-to-one.

Proof Injectivity is obvious, we only have to show that
{0 €0 :py(B)<b} €Beg VB € Bryo,Vb € R
that is, 6 — ¢ x dg (B) is measurable for all B € By x Bg. Now for each 6 € O,

0 80(B) = [ a8 s (o) = a (B°)

where B? = {t € T : (t,0) € B}, and a crucial step in the proof of the Fubini-Tonelli Theorem
(see, e.g., Billingsley, 2012, p. 246) consists precisely in showing that the map 6 — ¢ (Be) is
measurable for all B € By x Bg. [ |

Corollary 6 Let (S,Bg) be a Borel space and 6 : S — A (S) the embedding s — 65. Then:
{0s}ses € Basy, 0+ S — {0s}4¢g is a measurable isomorphism, and X — \od is a measurable
isomorphism between A ({8s},cq) and A (S).

Proof In order to apply the previous Corollary 4 with ©® = S and p = 4, we only have to
verify that {s € S:d5(B) <b} € Bg for all B € Bs and b € R; but this follows from the
fact that {s € S:05(B) <b} = {s€ S:1p(s) < b} and indicators of measurable sets are
measurable functions. |

8 Notice that this part does not rely on the fact that the measurable spaces (©,Be) or (S, Bs) are Borel,
but rather on the choice of the natural sigma algebra on A (.5).
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7.2  On the long-run interpretation

As we remarked in (2), if the decision maker chooses action a and observes a message
in B € M, he can infer that the (unobservable) realized state s* belongs to f; ! (B) €
Fu. Assume now the decision maker chooses action a in n identical copies of the decision
problem. If the (unobservable) realized states are (s7,s3,...,s»), he observes the messages

(fa (s1), fa(s3), ..., fa(s))) and he can compute the empirical frequency

1 n
—> ps) (B) (47)
t=1

of every B € M, which corresponds to the empirical frequency of f;! (B) € F, C S.*
Next we address the question of the convergence of the sequence (1/n)> /" 0y, (s1) €
A (M) of empirical frequencies. In this perspective, it is convenient to consider:

e on M any metric d such that (M, d) is separable and M is its Borel sigma algebra (for
example, if M is a Borel subset of a Polish space (P,dp), then the restriction dj; of
dp to M has these properties, even if (M, dys) is not necessarily complete);

e on A (M) the weak convergence of probability measures, according to which a sequence
() n>1 converges to p if and only if [, vdu, — [,,¥dp for every continuous and
bounded function ¢ : M — R.

For each model o € A (S), denote by (Z, Z,(,) the “i.i.d.” product space (§°°,S8%,0%)
with generic element z = (St)tzl- The coordinate random variables z; : Z — S, given by

z; (2) = s, are independent with law ¢, o z; ' = o for all t > 1. By setting x; = f, 0 2; :
Z — M for all t > 1, (47) becomes

o (B) (%) = =3 by (B) VB EM. (48)

The random variables x1,X2,... take values in M and are independent, with law p, =
C,0(fao z,g)f1 = oo fl forall t > 1. By a version of the Glivenko-Cantelli Theorem due
to Varadarajan (Dudley, 2002, Theorem 11.4.1) applied to the sequence®

Wi 4 — A(M)
z o= i (2)

we have that (, ({z € Z : p, (2) — p,}) = 1. That is,

1 n
CU <{(st)t>1 € 85%: n;éfa(&) — O'Ofa_l}> =1. (49)

YFor every t = 1,...,n, we have 5f'a(s:) (B)=1% fa(si) € B& s; € fi'(B) & 6. (fa " (B)) =1, ie,

6fu(sz) (B) = ‘Sst* (f(;l (B))
*’Note that, for all n > 1, and for all B € M, p, (B |2) = (1/n) Y7, 6x,(») (B) = (1/n) Y7, 15 (x¢ (2))
defines a measurable function from Z to R; Corollary 4 implies that p,, : Z — A (M) is measurable too.
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If o* € A(S) is the true model, a decision maker that has been choosing action a “many
times” is able to estimate the messages’ distribution lim,, e (1/1) Y {2 05, (sr) S0 that he
¢, +-almost surely identifies o* o £, 1.5

In the paper we assume this is the case, i.e., lim,—c0 (1/1) 312 0, (sr) = 0™ © f.t. The
decision maker, conditional on choosing action a, can thus infer the true distribution o* o f; !
of f,, as well as that the true model belongs to the set

Yo(0)={oeX:ioof,t=0"0f '}

under the structural assumption o* € 3.

7.3 Feedback and identification

First recall that, for each a € A4, f, : S — M is measurable and so is f, : A(S) — A (M).
Since ¥ € Ba(s), and points are measurable in standard Borel spaces, then for every v €
A (M) the set

{UIGZZfa(U/) :V} = {U’GA(S):fa(U/) :V}HZEBA(S)HE:BE
and so 3, (0) = {J’ eX: fulo) = fa (0)} is a measurable subset of both ¥ and A () for
all o € .

Lemma 7 Let f and [’ be feedback functions for a decision problem D. Then:

(i) p is coarser than f;
(1) if fo is one-to-one for every a € A, then f’ is coarse than f;

(iii) if ' is coarser than f, then X, (o) C X, (o) for all (a,0) € A x X.

Proof (i) Recall that we assume that consequences are observable, thus for each action
a € A, there exists a measurable function g, : M — C such that p, (s) = ga (fa (s)) for all
s € S. (ii) For each a € A, f, : S — M is Borel measurable and one-to-one, by Lemma 6,
fa (S) is a Borel subset of M and f, : S — f, (S5) is a Borel isomorphism. Then the inverse
function f;1: f, (S) — S is Borel measurable.”® Arbitrarily choose 5 € S and set

C(fNm) mefu(S)
ka(m)Z{s m ¢ fa (5)

it is easy to see that k, defines a Borel measurable map from M to S such that for every
sesS

fa(s) = fu(fa* (fa () = fa (ka (fa (5))) = (fa o ka) (fa ().

?!Specifically, he correctly identifies o* o f; ' if and only if (1/n) > 7, (Sfa(s;‘) — ¢* o f7! which happens
with ¢_. probability 1. ’

%2 Caweat: In the proof of Lemma 6, the inverse isomorphism f; ' : f, (S) — S is denoted fi, here f, is a
section of the feedback function f’ which in no way is an inverse of f.
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Setting hq = f; 0 ka : M — M’ yields the desired result. (iii) Let (a,0) € A x X. For every
o' € Ba(0), o' (fi1 (Bm)) = o (f; ' (Bu)) for all By € By But hy' (Byy) € By for all
By € Byyr, then

o (1) (Bu)) =o' ((hao fu) ' (Bar)) =o' (f* (h* (Barr)
=0 (£ (" (Br)) =0 ((hao fu) " (Bar)) = ((£2) ™" (Bar)

and o’ € 3! (o). [ |
7.4 Proofs

Proof of Lemma 1 See Lemma 6. [ |
Proof of Lemma 2 See Lemma 7. [ |

Proof of Lemma 3 Suppose p € A(Z, (6%)), Le., suppp C 34 (0%). Let o € X It
p(o) =0, then p(ola,m) = p(o) for all m € supp fo (o,). If (o) > 0, then o € X, (%)
and so f, (o) (m) = fo (6*) (M) = fo (5,) (m) for all m € M. Therefore

Jam:aM:U Vm € supp fa (0,,).
p (o la,m) M()fa(ou)(m) 1 (o) € supp fo (o)

Conversely, assume p (- |a,m) = p (+) for all m € supp fo (04). Let o € supp p. If fa (o) (m) >
0, then
fa(o) (m) _
MO oy

and so f, (0) (m) = fa (0,,) (m). Since supp pN3, (0*) # 0, we have f, (o) (m) = fa (*) (m).
If f, (o4) (m) = 0, we have fa(o)(m) = 0 as well as f, (¢*)(m) = 0 because supp g N
34 (6*) # 0. Summing up, if o € supp p then f, (o) (m) = fa (0*) (m) for all m € M. We
conclude that 1 € A(S, (0)). [

Proof of Lemma 4 Fix a € A. Observability of consequences implies that p, (s) =
9a (fa (8)) for each s € S, where g, : M — C is By — Bo-measurable; as f, : S — M
is F, — Bys-measurable, then p, : S — C is F, — Bo-measurable. Moreover, v : C — R is
Bc — Br-measurable and bounded above, and so v, =vop,: S — R is F, — Br-measurable
and bounded above. Thus

R, (o) = / rodo = / rado| £, Vo e A(S). (50)
S S
In particular, if o € ¥ and ¢/ € $4(0), then R, (o) = Jsrador, = [g radaifa =R, (c'). N

Proof of Proposition 3 If (a*,1*) € A x A(X) and p* (i]a*(a*)) =1, then

Vi(a*,u*) = /ER(a*,a) du* (o) = /2 R(a*,0)dp” (o) = R(a",0")

a* (U*)
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because, by Lemma 4, R (a*,0) = R (a*,0*) for all 0 € 4+ (c*). |

Proof of Proposition 4 Since p* (f}a* (J*)) = 1 and v* (f]b* (0'*)) = 1, then p* < v*

implies p* (f]b* (O'*)) =1 and so pu* (f]b* (0%) N S (o*)) = 1. The optimality condition (4)
for a* and Proposition 3 deliver

R(a*,0") =V (a*,u*) > /

RV, o) dyi* (o) = / R(b*,0) dy* (o)
£ (%)

2[1* (U*)mib* (0’*)
but, by Lemma 4, R (b*,0) = R (b*,0*) for all o € S« (0*), it follows that V (a*, u*) >
R (b*,0*) =V (b*,v*), where the last equality follows from Proposition 3. |

Proof of Proposition 5 As observed, R (a*,0*) =V (a*, u*) =V (b*,v*) = R (b*,0*), but
then

e R(b*,0%) =V (a*,u*) >V (a,u*) foralla € A and p* (f]b* (a*)) = 1 since v/* (f]b* (a*)) =
L;

e R(a*,0%) =V (b*,v*) >V (b,v*)forallb € Aandv* (ﬁ)a* (U*)> = 1 since p* <f]a* (a*)) =
1.
|

Proof of Proposition 6 The optimality condition (4) for a* and Proposition 3 deliver

R(a’,0%) =V (", ") z[

R(b",0)du* (0) = / R(b*,0) du* (o)
Yox(0%)

Lpx (™)
but, by Lemma 4, R (b*,0) = R (b*,0*) for all 0 € Sy« (0*), it follows that
V(a*,pu*) > R(b*,0%) =V (b*,v")

where the last equality fol}ows from Proposition 3.
Also observe that, if Y4+ (0%) = Yp« (0*), then R (a*,0%) = V (a*,p*) = V (b*,v*) =
R (b*,0%), but then

e R(b*,0") =V (a*,u*) >V (a,p*) foralla € Aand p* (f)b* (J*)) = 1 since p* (fla (a*)) =
L;

e R(a*,0%) =V (b*,v*) >V (b,v*)forallb € Aandv* (ﬁ)a* (a*)) = 1 since v/* (f]b* (J*)) =
1.

Proof of Proposition 7 We already observed that if a is objectively optimal, then (a, d,+) €
I'(0*) and a € vy (0*). As for the converse, let u* € A (X) be such that (a, p*) € I' (¢*). Since
3q(0*) C Sy(0*) for each b € A and, by Lemma 4, for each b it is true that R (b, 0) = R (b, 0*)
when ¢ € 3(0*), then R (a,0*) > fﬁla(a*) R (b,0)du* (¢) = R(b,0*), as wanted. [
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Proof of Corollary 2 Given a true model o* € ¥, the result follows from Proposition 7
since if a is fully revealing, then X,(c*) = {o*} C Xy/(c*) for every a’' € A. [

Proof of Corollary 3 Given a true model o* € X, the result follows from Proposition 7
since own-action independence of feedback implies Y, (0*) = X/ (c*) for every a,d’ € A.
Hence, v (0*) = argmax,ca R (a,0"). [

Proof of Proposition 9 First recall that a is fixed. Let F|, denote the bivariate cumulative
distribution function of ¢, that is

Fy(w,e) = q((—o0,w] x (—00,¢]) V(w,e) e W x E.

Some simple algebra shows that, for each 8 € ©, the set 3, (9) is

_ _ _ _ —_n _p _n _
{9'6@:E1<u 0o — O1aa 01,,7r’7r a>:Fq<u 0y — 01,0 917T7r’7r a> V(’LL,ﬂ')GC}

0, 0 A 7,

We first prove the inclusion C. Consider 8’ € 3, (8). Recall that ¢ € 3, (0) if and only if
/A)a(q X 69') :pa(q X 69)

In particular, we have

[ neataxsn) = [ n)diaxb) (51)
for all h: R x R — R for which the integral is defined. Next observe that

1. For h(u,7) =7 and §” € ©, we have that [y mwd(q x dgv) = a.

2. For h(u,7) = 7% and 0" € ©, we have that [ 7?d (g x dgv) = a® + (0g)2.

3. For h(u,m) = u and §” € ©, we have that [qud (g x 647) = 607 + (67, + 07,) a.

4. For h(u,m) = u? and 6" € ©, we have that [¢ u?d (g x dgv) = (08)24-( Te + '1'a)2 a’+
(0)" (65)" + (65)" + 26 (01 + 61) a.

5. For h (u,m) = um and §” € ©, we have that [y umwd (¢ x dgr) = a (65 + (67, + 015) a)+
Te (05)°.

Given (51), note that point 2 gives 05 = 63, then points 3 and 5 give 0}, = 015, then
point 4 gives 05 = 2, finally point 3 again yields 6f + 6},a = 0y + 01aa. This concludes the
proof of the first set inclusion and formalizes the moments heuristics described in the main
text.

For the opposite inclusion, consider 8 € © such that ) + 01,0 = 0 + 01aa, 01, = 011,
L, = 0q, 05 = 03. We have that

u—eo—elaa—elﬂ-ﬂ' T™T—a
0 T 03

<u—96— a0 — 01 .m T™—a

, V(u,m) € C,
03 03 )
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which implies

w—00— 0100 — O1xm T —a u—0h—0a—07 T—a
F, =F, T .
(=5 )= n (g ey ) Twmee

Hence, 0’ € 3, (). This proves the statement. [
Proof of Lemma 5 Some simple algebra shows that

R0) == [ waweddg@e)— [ a(we0)dgoe
X X

= — (90 + (917r + 91a> G)Z - a2 - 9% - 930%71' - 9%
= —Ej (ua) — B (ma) — 065 — 0361, — 63
=0 (Eg (ua) , Bg (74)) + &

where, being © = {(Ag, f1a)} = R?, we set k = —03 — 6262 — 02 since this polynomial can
be regarded as a constant term. |

Proof of Proposition 10 It holds
R(a,0) = — ((91,, 4 01a)? + 1) a2 — 200 (015 + 01a) a + cost.

and so V (a, pu*) is, up to a constant, equal to
<< B+ 91a i 1) a® + 20, (B* + 91a) a) dy* ()

/ << F) 1> @+ 2(05 + (012 — 01a) 0*) (8" + 01a) a> dp* (61a)
]R
L (5 +0)" +1) a4 2005+ 0101 ) (3 + 01a) ) " 010
_ _/ ((5 03, + 2B 014 + 1) a? + 20} (B* + 013) a+ 2a* (0%, — 01a) (B* + 013) a) dp* (01a)
R
22 2 ¥ 2 x [ n* * x ¥ * ¥ 2 *
= (5 + G 287010 1) 2 4205 (54 01a) 20 (015 + 01810 — 010" — 622 0) i (00
R
- (5*2 + By (02) + 28 Bye (01a) + 1) a? — 207 (B* + B, (ela)) a
= 20" (675" + B1aByr (1) — By (010 B — By (634)) a
The first order condition 9V (a, u*) /0a = 0 thus implies
“ (3*2 + EM* (Q%a) + QB*EM* (gla) + 1) +a < Tag* + OTaEM* (013) - Eu* (ela) B* - Eu* (%a))
= 05 (5" + By (01a))
Putting a = a* we get
% A %2 ~ %k x HF % s
@ (B + BBy (1) + 1+ 018" + 01aBy (610)) = 0 (5" + By (61a))
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and so
05 (B + By (012))
B 4 BBy (01a) + 1+ 0308 + 075+ (O1a)
05 (5 + Bye (61a)
1+ (B* + 9”{a) (B* + Eye (Gla))

a* =

As a result, S« (6%) is equal to

o 05 (5" + By (010) *
((9(), 91a> e R*: 90 = 90 — " . = (91a — 913)
1+ (57 +67) (57 + By (010)
as desired. ]
Proof of Proposition 11 It holds
05 (3 +01a) 05 (B + By (610)

a* —a’ =

1+ (5 + 9’;a>2 1+ (B +01a) (5" + B (610)
05 (5" +010) (1+ (5" +02) (5" + B 0)) = (5 + B 010) (14 (5" +01) ) )
. (1 + (5 + %)2) (1+ (5" +65) (5" + By (010)))

96((5*+0*{a)+([3*+9’{a)2(3*+m  (Bra)) - ((g By (010) + (5 + By 020)) (5 +01,)
(”(B*Wla) )( (5" +01a) (B +Ep (010))
0; (eia+ (B*+9’{a>2(3*+Ew (010)) = B (010) — (3" + By (010)) (5" + 1) )
<1+(B*+9’{a)2) (14 (5" +0) (5 + By (010)))

_ 05 (01a — By (01a))
(1 + (B* + eia)2> (1 + (B* + 0’1:,) (B* + By (Gla)))

Hence, if a* # 0 it holds

a* 01a — Eux (01a)
~ 2 x
14 (B +01) F B (01a)

and so .
91a - EM* (913)

a* 2 a° <= a"
B+ Eu* (Qla)

<0 (52)
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Having established this relation, we can now prove points (i) and (iii) (points (ii) and
(iv) being obvious).

(i) Suppose a* > a® > 0. By (29) E,« (61a) # —3" and so B~ (61a) < ~B". By (52),
(00 — By (012)) /(B" + By (01a)) < 0, which in turn implies By (01a) < 0},. Conversely,
suppose By (01a) < 07,. Since Ex (01a) < —B", by (29) it follows a* > 0. Moreover, being
(00 — By (61a)) /(B" + By (61a)) < 0, by (52) it holds a* > a°. (iii) Suppose 0 < a* < a°.
By (52), (0in — By (612)) /(B + By (01a)) > 0, that is, By (01a) € (05, —3 ). Conversely,
suppose B« (612) € (050, —3"). By (29), a* > 0. Moreover, being (6%, — By~ (61a)) /(8" +
E,+ (61a)) > 0, by (52) it holds a* < a®. [

In nice problems the loss function can be defined in terms of beliefs by setting ¢ (u, o) =
¢(B(p),0). For instance, next we show that for the Phillips curve example it holds

082( la — Eu* (gla))z

la

1+ (5 + 9;)2) (1+ (5" +61) (5" + B (ala)))2

0, 0%) = (

There is a zero welfare loss if and only if E,« (61a) = 67,, that is, if and only if the monetary
authority’s expected value of the coefficient 015 is correct. Otherwise, the loss is nonzero, as
(53) shows.

Proof of Proposition 12 and eq. (53) First note that
R(a.0%) = 02— (3" +01,) a” — (B'03) — 052 205 (B + 01,) a” — 0 — 6
and
R(a*,0") = —0%2 — (B* + 9’{3)2 (a*)? - ([3*9;)2 — 02— o (B* + 9’{3) a* — (a*)? — 022
Hence,
(a*,60%) = r;leach (a,0) — R(a*,0%) = R(a®,0") — R(a",0%)
= (,@’* + GTa)Q (a — a*?) — 20 (B* + 9’{a> (a° —a*) — (a*® — a*?)

Suppose a® = 0, that is, 65 <B* + 0’{a> = 0. Then

02 (5" + B (012))

e (o) o (o))

If 65 # 0, then B+ 07, = 0 and so

(1+ (5" +65) (5 + By (ela)))2

0 0%) =03 (B4 By (0ra)) = 062 (B (610) — 61)° (54)
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If 3 + 6%, # 0, then 6% = 0 and so
0(a*,6%) =0 (55)
Ak 2 Ak
Next suppose a® # 0. It holds —2a <1 + (B + 9’{.{1) > = 26; (B + Gfa), and so 1+
~ % 2 Ak
<ﬂ —i—HIa) = —0; (B + 9%) /a®. Hence
Ak 2 Ak
l(a*,0%) = — (ﬁ + 0>{a> (a® — a*?) — 26 (B + 6’*{a> (a°—a*) — (a02 - a*z)
=—(a®—a") | (B (a° + a*) + 20 (B* +9§a) +ao+a*}
s 2

(a® +a*) — 24 (1—1— (,3 —l—@’{a) > —i—a"—i—a*}

=~ -a)

(
= —(a"—a") | (3" + 0
(

)
)

3+ GTa) (a®+a*) — 24— 2a (B* + Hi‘a)z +a°+ a*}
)

:_@mwwkﬁ+ﬁa<m_fwmnmﬂ:—m%wwﬁﬁ+ﬂgﬂﬂyf—f>

— (a° - a*)? [(5* +99{a)2 + 1} = (a* — a%)? {(5* +9Ta>2 + 1]

= — (0" — a°)? AP * i) ¢ :ey{a) =05 (8" + 01a)

a

* n* * 2
- (1+ (B*+9’{a)2> (a*+ % (8 +913)2)

1+ (B* + 91;,)

(a* — )

aO

In the next section we show that

05 (07 — By (1))

(14 (5 01)") (1 (5" + ) (5" + B (0

a* —a’ =

Hence,

(0 = a®)?

0w, 0%) = =05 (B + 01,

oy (3 +01) 0 (010~ By (012))° 1+ (5 o)

<1 (' 97&)2>2 (14 (5 +61a) (5" +Bpe (913)))2 05 (B +05)
02 (030 — By (010))

(14 (7 +01)") (14 (5 +01) (7 + B 0))

It is easy to check that, along with (54) and (55), this completes the proof. [
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Proof of eq. (42) It holds

((a*,0%) = <1+(B*+6Ta>2) - A SB*MZ N 93<B*+0Ta>

1+ 3 (3* + Hi‘a) 1+ <B* + 9’{3)2

2

—055" <1 + (B* + 91,)2> + 63 (B* + 9’{3) (1 + 58 (B* + 9’1‘3))

= (1 + (B + 91‘3>2)

(+6uk6+9 (1 B+, )
(5" +

AR I CEY AN

= <1+(B*+9* >2> —963*% 053 ”k(ﬁ +9) 0y
) (148" (B + 01 )< (5" + ot )

02 (i + 0 v on,)

(18 (5 +0n)) (1 w (B4 H’Ia)2>

as desired. [ |

Proof of Proposition 13 Given any u € A (X), the best reply is easily seen to take the
form

- B, (90 (B* + ela))  Eu(0) (B* +E, (ela)) + Cov,, (60, 01a)
a 1+, (B* + Hla)Q - 1+ (B* +E, (91.61))2 + Var, (61a)

If 41 is dogmatic, then (46) holds. Suppose p is non-dogmatic, so that both Var, (fg) and

Var, (61a) are not zero. Set k = B* + E, (01a) and C. () = —E, (6o) &/ (1+n2). The
following holds:

EM (90) K+ COVM (00, Hla) > EM (90) K

1+ K2+ Var, (01a) — 142
E,, (60) & + Cov, (80, 01a) + (B, (80) & + Cov,, (69, 01a)) K°
E, (60) k + B, (00) &* + B, (60) xVar, (01a)

B () Ce (1) <=

EM ((9()) KR < COVM (00, 913)

2
Cov,, (00, 01a) (1 trK ) > By, (00) kVary, (61a) <= 1+x%2 = Var,(61a)

I 0 I~vl nw

COVM (90, 91a)

Ce (1) = = Var,, (01a)

o1

Covy, (0, 01a) + B, (00) &% 4+ Cov,, (0o, 01a) K> > B, (60) kK> + By, (60) kVar,, (A1a)
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If pw € M (0*), then

Gy = 2lr o (596:9 ey i B0 o
05 + 0 (Zﬁ + 603 ) =06k (010 — Eu (01a))
B 1+ (B +01a) Lt
05+ 60 (B + 05— 01a + By (B1)) 4
) 14 (B +01a) & Lt
N I 0k Covy(00.01a)

1+ (B* +9’{a> Rl+r2 14 (B* +0*{a) x  Varu(01a)

We conclude that hg« (u) = B (u) = Ce (1 ) = —Covy, (0o,01a) /Var, (01a) if p € M (6%).
Hence, Cov,, (6o, 01a) = 0 implies hg+ (1) = 0. If Cov,, (Ag, 01a) # 0, we can write

Cov,, (0p,01a) Var,, (6o) Var,, (6p)
hos (p) = ———+~—"-2% = —Corr, (09, 01a £ = a
o (1) Var, (61a) p (B0, 01 )\/Varu (f1a) Var, (61a)

where the last equality holds because p € M (6*) implies Corry (6p,01a) = —1 (recall As-
sumption 2). |

7.5 Beyond Assumption 2

The only result of Section 5 that depends on Assumption 2 is Proposition 11. Without such
assumption, the result takes the following more general form.

Proposition 14 Consider a self-confirming equilibrium (a*, u*).

(1) By (01a) € [07a A (—B*), laV (—B*)] if and only if policy activism results in hyperac-
tivism (i.e., a* > 0 implies a* > a°);

(it) By (01a) € (014 A (=B7), 0%,V (=B7)) if and only if policy activism results in hypoac-
tiwism (i.e., a* > 0 implies a* < a°).

The proof relies on a lemma.

Lemma 8 Consider a self-confirming equilibrium (a*, p*). The following conditions are
equivalent:

1. a* > 0 implies a* > a° (resp., a* < a°);

2. (010 — By (012)) /(B" + Epus (01a)) < 0 (resp., > 0);

3. a* <0 implies a* < a® (resp., a* > a°).
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Proof (1.) implies (2.): Suppose that a* > 0 implies a* > a°. By (52), a* > 0 implies

a* :{a - Eu* (91a> <0

B+ By (01a)
and 50 (01q — Bye (612)) /(5 +Ey- (612)) < 0. (2.) implies (1.): Suppose (61 — By- (61a)) /(5 +
B, (61a)) < 0. If a* > 0, then a* (07, — Eyux (01a)) /(B + Eux (61a)) < 0, and so, by (52),
a* > a° (2.) implies (3.): Suppose (07, — E,* (01a)) /(BT + E.+ (61a)) < 0. If a* < 0,
then a* (07, — Eu (01a)) /(B + E,~ (61a)) > 0, and so, by (52), a* < a°. (3.) implies (2.):
Suppose that a* < 0 implies a* < a°. By (52), a* < 0 implies
i By (0ha)

~ >0
B+ Eux (01a)

and s0 (0], — Byr (612)) /(B + Bye (01a)) < 0. m

N

Proof of Proposition 14 By Lemma 8, a* > 0 implies a* < a° if and only if (67, — E,* (61a)) /(B +
E,+ (61a)) < 0. In turn, this happens if and only if 67, Vv (—B*) < B+ (61a) or Epx (01a) <

£ A (—[3*). By Lemma 8, a* > 0 implies a* < a° if and only if (0%, — B, (1a)) /(3" +

E,+ (61a)) > 0. In turn, this happens if and only if 67, V (—B*) > By (01a) > 074 A (—B*)
|
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