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Abstract

This paper provides a general framework for the analysis of self-confirming policies.
We first study self-confirming equilibria in recurrent decision problems with incomplete
information about the true stochastic model. Next we illustrate the theory with a char-
acterization of stationary monetary policies in a linear-quadratic setting.
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1 Introduction

Perspective Policies often persist. Absent switching costs, the reason must be that the
goals and beliefs of the policy maker also persist, which is possible only if long-run data
coincide with what the policy maker expected. This belief-confirmation property does not
imply that a persistent policy is justified by correct beliefs: a policy maker’s expectations
about the consequences of alternative policies might be incorrect. This paper provides a
framework for the analysis of such self-confirming policies. We first develop a general analysis
of self-confirming equilibria in recurrent decision problems with incomplete information about
the true stochastic model. Next we illustrate the theory with a characterization of stationary
monetary policies in a linear-quadratic setting.

Consider an agent who makes recurrent decisions under uncertainty. In each period he
takes an action a that, via a feedback function f, delivers an observable outcome m = f (a, s)
depending upon an unobservable state of nature s. A fixed, unknown stochastic model
o* (that is, a probability measure over the states) determines state realizations. The agent
knows the feedback function f, but not the stochastic model o*. There are no structural links
between periods, but the agent observes the realized outcome in each period ¢ and therefore
updates his subjective belief u, about the fixed unknown model o*. Over time, given a
true model ¢* and a prior belief, the intertemporal subjective expected utility maximizing
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and the participants to conferences and seminars at Bocconi University, CISEI-2015 (Capri), D-TEA 2015
(HEC, Paris), LUISS (Rome), New York University, Scuola Normale Superiore (Pisa), and the University of
Vienna for useful comments. Pierpaolo Battigalli and Massimo Marinacci gratefully acknowledge financial
support from ERC grants 324219 and 670337.



strategy yields a convergent active learning process, i.e., a stochastic process of actions and
updated beliefs (ay, ;) that converges almost surely.! The realized stochastic limit (a*, u*)
almost surely satisfies two properties:

o (confirmed beliefs) p* assigns probability 1 to the set of models o that are observation-
*.2

ally equivalent to the true model ¢* given action a*;
o (subjective best reply) action a* maximizes the agent’s one-period subjective expected
utility given belief p*.

We take “confirmed beliefs” and “subjective best reply” to be the characterizing proper-
ties of stationary actions and beliefs. We call self-confirming equilibrium an action-belief pair
(a*, p*) with these properties. The key observation is that the confirmed belief ©* need not
assign probability one to the true stochastic model o* and, therefore, action a* may differ
from the objective best reply to ¢*. In other words, although equilibrium beliefs are disci-
plined by long-run empirical frequencies of observations, they do not necessarily concentrate
on the true model ¢*, so the long-run action a¢* may be objectively sub-optimal.

In a self-confirming equilibrium, decision makers might well be best replying to empiri-
cally confirmed, but wrong views about the actual data generating model. They may thus
get trapped in self-confirming behavior that differs substantially from the objectively optimal
behavior postulated by rational expectations models.> This trap and the resulting welfare
loss is, at the same time, especially relevant and disturbing for policy making. It is relevant
when policy makers cannot experiment thoroughly but instead have to rely on evidence that
is a by-product of their actual policies; it is disturbing because welfare in self-confirming
equilibria can be lower than in rational expectations equilibria. The main contribution of
the present paper is to provide a formal steady-state framework in which this important
policy issue can be rigorously studied. We then illustrate the macroeconomic relevance of
our analysis in the context of a 70’s U.S. policy debate about whether there is a trade-off
between inflation and unemployment that can be systematically exploited by a benevolent
policy maker.*

Illustrative Application We consider a stylized model economy in which a policy maker
chooses average inflation a and observes an unemployment /inflation outcome (u, 7) = f (a, s)
that depends on the unobservable state s of the economy. This model economy can be
interpreted as reflecting an aggregate response function of a continuum of market agents.
Assuming a standard quadratic loss function, we completely characterize the self-confirming
equilibrium map that associates each conceivable model economy with a corresponding set of

!See, e.g., Easley and Kiefer (1988) and the references therein. Battigalli et al. (2016) describe the exact
relationship between our framework and the stochastic control framework of Easley and Kiefer, showing that
they are essentially equivalent.

2That is, to models that induce the same distribution of outcomes as o* when a* is chosen.

3In order to remove pervasive inconsistencies of pre-rational-expectations models, rational-expectations
models often assume that decision makers know the true data generating process, thus making decisions
objectively optimal. Hence, rational-expectations models feature a Nash-type notion of equilibrium, where
equilibrium choices are best replies to correct beliefs.

1But the scope of our analysis goes well beyond that. For example, similar considerations of the im-
possibility of thorough experimentation and of its consequences in terms of welfare naturally also apply to
environmental policies.



self-confirming beliefs and monetary policies. Given a fixed policy, the monetary authority
infers from long-run data the moments of the joint distribution of v and =, and hence the
slope of the Phillips curve; but it cannot infer the true policy multiplier. We show that
observing the moments of the distribution of (u,7) leaves the monetary authority with a
residual one-dimensional uncertainty about the model economy, parameterized by the direct
impact of policy on unemployment (i.e., neglecting the impact on u through 7).

For example, even if the true model is a rational expectations augmented Phillips curve,
in equilibrium the monetary authority may believe that its policy does not shift the Phillips
curve and hence that there is an exploitable trade-off given by the slope of the Phillips regres-
sion; the (Keynesian) monetary policy is optimal given a (falsely) conjectured trade-off, the
subjectively expected unemployment rate coincides with natural rate, and average inflation
is (objectively) excessive. But we do not take a stand on what the true model is and we also
consider self-confirming equilibria where the monetary authority pushes average inflation to
zero falsely believing that there is no exploitable trade-off. Whatever the case, our analy-
sis shows how partial identification may trap policy makers in inferior, yet self-confirming,
policies that result in significant welfare losses compared to the objectively optimal policies.

Manifesto Partial identification pervades economic policy debates: despite the use of
sophisticated econometric techniques, economists disagree about how the economy works.
Therefore, at least some economists must be wrong, but all of them should hold beliefs
consistent with the data, which indeed only partially identify the relevant unknowns. The
agents that inhabit our models — in particular, policy makers — are in a similar position,
but their partial identification problem is exacerbated because what they can infer about
the relevant unknowns depends on their own behavior, so it is endogenous. Thus, differ-
ent policies justified by different beliefs — so, ultimately, by different (possibly conflicting)
economic views — may be self-confirming. Such beliefs may even be dogmatic, for example
because they assign probability one to a parameter vector resulting from observed long-run
frequencies and untested, possibly false, identifying hypothesis.

To escape the partial identification trap more experimentation may be advisable. But
we do not see an easy way out: large-scale social experiments may have huge costs, while
small-scale ones may have little external validity.

Be that as it may, this paper provides an analysis of these situations that is at the same
time general enough to be portable to many policy decisions problems and sufficiently specific
to yield useful characterizations and welfare-relevant implications.

Roadmap As anticipated, the first part of this paper (Sections 2-4) develops an abstract
analysis of self-confirming choices. The general contribution of this part is to provide a
theoretical framework that is:

e broad enough to include the finite setting in which self-confirming analysis was origi-
nally developed within game theory as well as the infinite setup relevant for macroeco-
nomic policy analysis;

e specific enough to provide welfare implications for relevant policy questions with the
backdrop of a neat learning foundation.



The main questions that we address at this abstract level concern the scope of partial
identification (Section 3), equilibrium values, and the resulting effects on welfare (Sections
4.2 and 4.3).

The second part of this paper (Section 5) builds on the abstract analysis to gain a bet-
ter perspective and novel results on the classical debate on the possibility of systematically
exploiting unemployment /inflation trade-offs. In particular, the scope of partial identifica-
tion is characterized in Section 5.2, while equilibria, their values, and the welfare effects of
model uncertainty are analyzed in Section 5.3. Sections 5.4 and 5.5 illustrate the analysis
by considering two important special cases.

The Appendix collects some more technical material and all the formal proofs.’

Related literature Our analysis provides a bridge between two strands of literature, one
in game theory and the other in macroeconomics, that are concerned with related issues, but
have so far proceeded with limited cross fertilization and very different languages.

In the game-theoretic literature, a strategy profile that satisfies the properties of con-
firmed beliefs and subjective best reply has been called “conjectural equilibrium” (Battigalli,
1987, Battigalli and Guaitoli, 1988), “self-confirming equilibrium” (Fudenberg and Levine,
1993a) and “subjective equilibrium” (Kalai and Lehrer, 1993, 1995). Here we adopt the more
self-explanatory terminology of Fudenberg and Levine. We refer the reader to Battigalli et
al. (2015) for an up to date discussion of this literature. The latter paper is focused on the
interaction between ambiguity aversion and self-confirming equilibria in games. Here instead
we consider a decision maker who maximizes his subjective expected utility (i.e., he is ambi-
guity neutral). This simplifies the general analysis analysis without affecting the illustrative
application.

The macroeconomic literature focuses on policy making and learning dynamics. Sargent
(1999) explains the rise and fall of US inflation assuming that the monetary authority se-
quentially estimates a Phillips curve, ignoring its impact on expectations, and best replies
to updated beliefs. Standard OLS estimation leads to a Keynesian self-confirming equilib-
rium, but if instead recent observations are given more weight, because the monetary policy
maker’s decisions make the Phillips curve slowly shift and rotate over time, the process first
approach a neighborhood of this equilibrium, but then abandons it, as the Phillips curve
looks “more vertical” and after some time inflation is lowered.® Cho et al. (2002) and Sar-
gent and Williams (2005) sharpen the theoretical analysis of such learning dynamics.” Cho
and Kasa (2015) notice that the low inflation outcome at the end of Sargent’s (1999) nar-
rative — according to the postulated learning model — cannot persist either; therefore, they
consider an alternative stochastic learning dynamic in which the policy maker best responds
to the current estimate of an aggregate supply model, out of a set of conceivable functional
forms, as long as the model passes a statistical test; when the model is rejected, a new model
is selected at random and the process is restarted. Also, in their model the Keynesian self-

®Some further topics are analyzed in the working paper version.

5See also, Cogley and Sargent (2005), Sargent et al. (2006), and Cogley et al. (2007).

"The phrase “escaping Nash inflation” in the title of Cho et al. (2002) deserves an explanation. When the
decision model is interpreted as a game between the monetary authority and a representative agent, a self-
confirming equilibrium outcome is also a (possibly subgame imperfect) Nash equilibrium outcome. Battigalli
(1987) and Fudenberg and Levine (1993) provide sufficient conditions for the realization-equivalence between
Nash and self-confirming equilibrium. Such conditions are satisfied in the model of Cho et al.


Battigalli
Highlight


confirming equilibrium cannot persist, because, in the very long-run, the monetary authority
adopts a vertical Phillips curve model.® In our paper, we focus only on the set of possible
limit points of learning dynamics. Furthermore, in our monetary policy application, we fol-
low Sargent (2008) and assume that the monetary authority allows for the possibility of a
direct impact of target inflation on unemployment. Unlike the cited papers, we do not take
a stand on the true model economy, i.e., we characterize the self-confirming equilibrium set
for every conceivable model, instead of necessarily assuming that the true model economy
features a rational expectations augmented Phillips curve.

Other papers in the literature focus, like ours, mainly on self-confirming equilibrium
policies rather than learning dynamics. In particular, Battigalli and Guaitoli (1988) ana-
lyze the rationalizable self-confirming equilibria of a stylized policy game with incomplete
information, showing that there are equilibria with Keynesian features and equilibria with
new-classical features. Fudenberg and Levine (2009) discuss the Lucas critique through the
analysis of refined self-confirming equilibria in some insightful illustrative examples; they
emphasize the role of rationalizable beliefs and of robustness to experimentation. In a series
of papers, Saint Paul (e.g., 2012, 2013) considers an expert who knows the true model and
advises the policy maker while pursuing his own policy agenda; the policy maker and the
market agents fully trust the expert as long as the data are consistent with his advice. With
this, the expert manipulates the policy maker and market agents under a self-confirmation
constraint. Finally, Gaballo and Marimon (2015) analyze a directed search model of the
credit market where lenders post excessively high interest rates because of confirmed pes-
simistic beliefs about returns on investments, but the monetary authority can break the spell
by easing credit.”

2 Preliminaries

2.1 Mathematics

Finite setup To fix ideas, the reader can assume that the spaces considered in the paper
are finite. In particular, if X is a finite set with n elements, the collection A (X) of all
probability measures on X can be identified with the simplex {f eRY Y &= 1} of
R™. Moreover, integrals reduce to sums, that is, [y f(2)d¢ (z) = Y cx f ()& () for all
EeA(X)and f: X — R.

General setup In general, however, we need to consider both finite and infinite spaces.!?
A pair (X, X) is a (standard) Borel space if there exists a metric that makes the space X

®In his work on rational belief equilibria, Kurz (1994a,b) analyzes stochastic dynamics where agents’
beliefs may be incorrect, but are eventually consistent with the long-run frequencies of observables. The most
important difference with the self-confirming equilibrium literature is that, although Kurz analyzes multi-
agent systems, he does not use a game theoretic framework. This makes it difficult to compare rational-belief
equilibrium with self-confirming equilibrium.

9The model is not explicitly represented as a game. Therefore the connection to the traditional self-
confirming equilibrium concept is not immediate. Furthermore, the self-confirming policy analyzed in this
paper is the one of creditors (banks), not of the monetary authority.

0For instance, action spaces are often assumed to be infinite in order to solve optimization problems
through differential methods. The Phillips curve exploitation example studied later in the paper features,
indeed, an infinite action space.



complete and separable (that is, a Polish space), and X is its Borel sigma algebra. The
elements B of X are called Borel sets; they are Borel spaces themselves, with the relative
sigma algebra. When X is finite, X is its power set 2% .11

We denote by A (X) the collection of all (Borel) probability measures on X. We endow
A (X) with the natural sigma algebra,'? which in turn makes it a Borel space. It is then
natural to endow any Borel subset ¥ of A (X) with the relative sigma algebra; we denote by
A (X) the collection of all probability measures on 3. Finally, we denote by ¢, € A (X) the
Dirac measure concentrated on =z € X, that is, , (B) =1if v € B and §, (B) =0ifx ¢ B.

Given any two Borel spaces X and Y, their product X x Y is a Borel space with respect
to the product sigma algebra.

Each measurable function ¢ : X — Y induces a measurable distribution map ¢ : A(X) —
A(Y) defined by ¢(&) = £ o ¢! for each probability measure ¢ € A(X); that is, p(€) (B) =
£(p~Y(B)) for all sets B in the Borel sigma algebra ) of Y.

The following routine lemma describes a key feature of ¢.

Lemma 1 If X and Y are Borel spaces and ¢ : X — Y is measurable, then O is one-to-one
if and only if ¢ is one-to-one.

Unless otherwise stated, throughout the paper spaces are assumed to be Borel spaces, as
usual in stochastic optimization (see, e.g., Puterman, 2014).

2.2 Classical subjective expected utility

Let S be a space of states of nature, A a space of actions available to the decision maker, C' a
space of consequences, and p : A xS — C a measurable consequence function that associates
a consequence p (a,s) € C to each pair (a,s) € A x S of action and state; in particular, C
becomes a subset of the real line when consequences are monetary.

The quartet (A, S, C, p) is the basic structure of the decision problem.

The inherent randomness that characterizes states’ realizations — often called physical
uncertainty — is described by probability models o € A (S) that can be regarded as possible
generative mechanisms. For each probability model o, each action a is evaluated through
its expected utility [gv (p(a,s))do (s), where v : C'— R is a von Neumann-Morgenstern
(measurable and bounded above) utility function. It is often convenient to write the criterion
in the expected payoff form

R(a,0) = /Sr(a, s)do (s)

where r : A x S — R is the payoff (or reward) function r = v o p. The payoff function is
measurable and bounded above since the utility function has these properties; so, all our
integrals are well defined. For every action a € A, the section R (a,-) : A(S) — [—00,00) is
measurable and bounded above too.

"' The power set 2%, which is the collection of all subsets of X, is the Borel sigma algebra of X under the
discrete metric.

2 That is, the sigma algebra generated by the functions ¢z : A (X) — R defined by ¢ (¢) = € (B) for all
B € X (cf. Theorem 2.3 of Gaudard and Hadwin, 1989).



We assume, a la Neyman-Pearson-Wald, that decision makers do not know the true
probability model, but that they know a (measurable) collection ¥ C A (S) of probability
models that contains the true one (we thus abstract from misspecification issues). We call
structural the kind of information that allows decision makers to posit the collection 3. When
> is not a singleton, decision makers face model uncertainty. They rank actions according
to the classical subjective expected utility (SEU) criterion:

vwmzéwaww> (1)

where p € A(X) is a subjective prior probability over models in ¥ that reflects personal
beliefs about models that decision makers may have, in addition to the structural information
behind 3.1

Representation (1) admits the reduced form [, R (a,0) dp (0) = [g7 (a,s)do, = R (a UM)
where o, € A (S) is the subjective predictive probability, deﬁned by 0, (E) = [50( (o)
for each £ € S. This reduced form is the original representation of Savage (1954), Who
elicited o, from betting behavior.

The decision problem can be summarized by the sextet
D = (A’S7C7p727v)

that combines the basic structure (A, S, C, p) with the information and taste traits ¥ and v.
A few special cases are noteworthy.

(i) When the support of p is a singleton {c}, that is, u = d, the decision maker believes
(maybe wrongly) that o is the true model. The predictive probability trivially coincides
with o and criterion (1) reduces to the Savage expected payoff criterion R (a, o). Being
a predictive probability, o here is a subjective probability measure, albeit one derived
from a dogmatic belief.

(ii) When X is a singleton {o}, the decision maker has maximal structural information and,
as result, knows that o is the true model. In this case, there is only physical uncertainty,
quantified by o, without any model uncertainty. Criterion (1) again reduces to the
expected payoff criterion R (a,o0), now interpreted as a von Neumann-Morgenstern
criterion. For instance, if the decision maker either observed infinitely many drawings
from a given urn, or if he just were able to count the balls of each color, he would
learn/know the urn composition, so ¥ would be a singleton.

(iii) When ¥ C {ds: s € S}, there is no physical uncertainty; there is only model uncer-
tainty, quantified by ;. We can identify prior and predictive probabilities: with a slight
abuse of notation, we can write u € A (S) and so (1) takes the form R (a, j1).'*

3See Marinacci (2015) for a discussion of this setup; classical SEU is proposed by Cerreia-Vioglio et al.
(2013).
14See Corollary 4 in Appendix A.1.



3 Partial identification

3.1 Feedback

We assume that the decision maker faces problem D recurrently in a stationary environment
with an i.i.d. process of states determined by an unknown probability model ¢*. To deter-
mine what actions and beliefs can be stable given ¢*, we have to specify the information
obtained ex post by the decision maker for each action a and state s. We model such infor-
mation through a (measurable) feedback function f : A x S — M, where M is a space of
messages. By selecting action a € A the decision maker receives a message

m = fo (8)

when s occurs.!®> The decision maker’s information about the state is thus endogenous: if

M is finite, the information is represented by the partition { fot(m):meM } of the state
space S that the messages induce, which depends on the choice of action a; if M is infinite,
this partition is replaced by the sigma algebra

Fo={fi'(B):BeM}CS

When information does not depend on a, we say that there is own-action independence of
feedback about the state; formally, F, = F, for all a,a’ € A. The most important instance
of own-action independence is perfect feedback, which occurs when each section f, of the
feedback function f is one-to-one. In this case, messages reveal to the decision maker which
state obtained, regardless of the chosen action. When this is not the case, feedback about
the state is imperfect (maximally imperfect when each section f, is constant).

An action a is fully revealing if f, is one-to-one, that is, if it allows the decision maker
to learn which state obtained. Under perfect feedback, all actions are fully revealing. The
existence of fully revealing actions is thus a weak form of “endogenous” perfect feedback.

We assume throughout that consequences are observable. Formally, we require that for
each action a € A, there exists a measurable function g, : M — C such that

Pa (S) = Ya (fa (3)) Vse S

In words, messages encode consequences. In particular, when the consequences of the actions
are the only observed messages, we have

C=Mand f=p

This is the most common and important case, and it will be the case in our macroeconomic
application.

Example 1 Consider a decision maker who is asked to bet on the color of a ball that will
be drawn from an urn that contains 90 black, green, or yellow balls. After the draw, he is

YHere f, : S — M denotes the section f (a,-) of f at a.



told whether he won (in which case he receives 1 euro) or not (in which case he receives 0
euros). We have S ={B,G,Y}, A={b,g,y}, and C = M = {0,1}. Moreover,

p(b,B)=p(y,Y)=p(9,G) =1

and
p(0,Y)=p0,G)=py,B)=py,G) =p(g,B)=p(g.Y)=0

The feedback function coincides with the consequence function, that is, f = p. Thus, the
decision maker observes the realized color if he wins, but not if he loses. In particular, if he
chooses action b, then

5 ={B}, £, (0)={Y.G}
that is, betting on b yields the algebra
Fb = {@757{B}7{Y7G}}
of S. Similarly,
fy = {®757 {Y}’{BaG}}
and
Fg= {@,S,{G},{B,Y}}

Therefore, own-action independence of feedback about the state (color) does not hold. A

3.2 Partial identification correspondence

In our steady state setting a message distribution v € A (M) can be interpreted as a long-run
empirical frequency of messages received by the decision maker. If M is finite, v (m) is the
empirical frequency of message m. Given an action a € A, consider the distribution map

fa: 2 — A (M) given, for each o € X, by
fa (o) :Uofa_l

that is, f, (0) (B) = o (s € S: fu(s) € B) for each B € M.'6 If M is finite, f, (¢) (m) is
the empirical frequency with which the decision maker receives message m when he chooses
action a and ¢ is the true model.!” The inverse correspondence f; ! partitions X into classes

f(;l(y):{an:fa(O—):y}

of models that are observationally equivalent given that action a is chosen and that the
frequency distribution of messages v is observed in the long-run. In other words, f, ! (v) is
the collection of all probability models that may have generated v given a.

If action a is fully revealing, then f, is one-to-one (Lemma 1), and so f; ! (v) is either a
singleton or empty for every v. In this case the decision problem is identified under a since
different models generate different message distributions, which thus uniquely pin down

In the literature f, (¢) (B) is sometimes denoted by fu (B | o), interpreted as the frequency of B given
o. Also note that here the distribution map f, is restricted from A (S) to X.
'"In the working paper version we make rigorous the long-run interpretation which we rely upon.



models. Otherwise, fa_ 1 (v) is nonsingleton for some v, so we have partial identification
under action a. In the extreme case when f, is constant — that is, all models generate the
same message distribution — the decision problem is completely unidentified under action a.

For each action a € A, consider the correspondence

A

So=folofa: D —2"

For any fixed o € ¥, its image

A

Za(0) = {0’ €21 fu(0') = fu (o)} 2)

is the collection of models that are observationally equivalent given the long-run frequency
distribution v = f, (o) of messages that action a generates along with model o. In other
words, ¥, (0) is the partially identified set of models given action a.'®

Remark 1 The partially identified set can be written as 3, (¢) = {0’ € & : 01 5, = O|F. )
that is, partial identification is determined by the information sigma algebra F,. Therefore,
own-action independence of feedback also implies that the partial identification correspon-
dence is action independent: 3, (0) = Sy (o) for all (a,d’,0) € A x A x .

We can regard $q as the partial identification correspondence determined by action a. It
is easy to see that 3, has convex values if the collection X is convex. Moreover, if f, is one-to-
one, then 3, is the identity: 3, (¢) = {0} for all o € ¥. In this case, message distributions
identify the true model. In contrast, when S (o) is nonsingleton there is genuine partial
identification.

Summing up: the collection {i]a(a)}geg of images is a measurable partition of ¥ and each
element of this partition consists of probability models that are observationally equivalent
under action a.

Example 2 Consider the decision problem with feedback of Example 1. If the decision
maker bets on Blue, his action prevents him from obtaining any evidence on the frequency
of G and Y. In particular,

fo(0) (1) =0 (B) and f,(0)(0)=1—0o(B) Voex

where ¥ C A ({B,G,Y}) is the (finite) set of possible urn compositions that he posits.
Hence, the evidence gathered through bet b only partially identifies the true model:

Yy (o) = {a’ ex: fy (o) = fy(o } {o'ex:0'(B)=0(B)}

For instance, if the true model o is uniform, then

Eb(a):{a'EE:cr’(B):;}

18We show in the next section that coarser feedback implies a coarser partition of 3, that is, a lower degree
of identification.
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that is, all probability models ¢’ that assign probability 1/3 to B are observationally equiv-
alent. More generally, if we denote by o, any model that assigns probability n/90 to B,
then the partition {i}b (0)}oex = {ib (0n) }n=0....00 has 91 elements, each consisting of the
probability models that assign probability n/90 to B. All models in the same cell P} (on)
are observationally equivalent. A

Example 3 Suppose now that the decision maker observes ex post the color of the ball:

f(bys)=f(g,8) = f(y,s) =s Vs € {B,G,Y}
Then there is perfect feedback and ¥y (o) = i]g (o) =3, (0) = {0} for each o € 3. Regard-
less of the chosen action, the true model is identified. A
3.3 Comparative statics

We now show that the extent of model identification naturally depends on the underlying
feedback function. To this end, given any two feedback functions f and f’, say that f’ is
coarser than f if, for each a € A, there exists a measurable function h, : M — M’ such that

fo(s)=ha(fa(s) VseS

Our assumption that consequences are observable implies that p is the coarsest possible
feedback, while perfect feedback is the least coarse (finest).

Lemma 2 If f' is coarser than f, then, for each a € A, 3, (0) C 3 (o) for allo € %,

Coarser feedback functions thus determine, for each action, coarser partial identification
correspondences: worse information translates into a lower degree of identification.

4 Self-confirming actions and beliefs

4.1 Definition

A decision problem with feedback can be described by the pair (D, f). The partial identifi-
cation issues discussed in the previous section motivate the following definition.

Definition 1 A pair (a*, p*) € A X A(X) of actions and beliefs is a self-confirming equilib-
rium given o* € ¥ if

Vi(a*p*) 2 Vi(a,p")  VaecA (3)

and R
i A (09) (4)

The definition relies on two pillars: the optimality condition (3) that ensures that action
a* is subjectively optimal under belief p*, and the belief confirmation condition (4) that
guarantees that belief y* is consistent with the data that action a* reveals.'® Thus, the pair

YHere, since ¥, (0*) is a measurable subset of ¥, the set A(Sa+ (6%)) is identified with the family of
elements of A (X) that assign probability 1 to Xax (o).

11



(a*, u*) of actions and beliefs determines the message distribution v* = Far (o) that is the
evidence that disciplines the subjective belief p*.2

Example 4 In the urn setting of Example 1, suppose that ¥ = {0*, 01,02} C A ({B,G,Y}),
where the three possible models are described in the table below:

B|G|Y
x | 1 2
AT B
0'1550
T | 1T |1
9213|313

Impose the normalization u (0) = 0 and u (1) = 1, so that

R(b7 0'*) = R(b, 0'2) R(b, 0'1) = R(yjo'Q) = R(g’0-2) — % (5)
2

R(yaa ) R(9701) R(y701):R(gaa*):O

3

(i) Consider a uniform belief p* on X: p*(0*) = p*(01) = p*(o2) = 1/3. The pair
(b, u*) is self-confirming. Since V (b, u*) = V (g,p*) = V (y,n*) = 1/3, the opti-
mality condition (3) is satisfied. It is easy to check (cf. Example 1) that ¥ (0*) =
{oceX:0(B)=1/3} = . Hence p* € A(X;(0*)), and so the data confirmation
condition (4) is also satisfied. The self-confirming equilibrium (b, u*) generates the
message distribution v* € A ({0,1}) with v* (1) = 1/3, that is, a one-third frequency
of wins.

(ii) Consider the belief * = d,+ concentrated on the true model. The action and belief
pair (y, u*) is self-confirming. The optimality condition (3) is easily seen to be satisfied,
while the data confirmation condition (4) holds since f]y (c")={oceX:0(Y)=2/3}=
{o*}. The self-confirming equilibrium (y, u*) generates the message distribution v* €
A ({0,1}) with v* (1) = 2/3, that is, a two-thirds frequency of wins.

(iti) Since 3, (0*) = {0 € ¥ : ¢ (G) = 0} = {o*}, action g is not part of any self-confirming
equilibrium.

Actions b and y can be thus part of self-confirming equilibria. Since 3 (
they differ in their identification properties. In particular, 3 (0*)N3 y (0%) = E (c* ) {o*}.
They also have different values: R (b,0*) =1/3 #2/3 = R (y,0%). A

The next simple variation on the previous example shows the importance of structural
information.

Example 5 If, in the previous example, we suppose that only actions b and g are available,
e., A = {b,g}, then action g is still not part of any self-confirming equilibrium. But
if we further suppose that the all-yellow urn belongs to the posited set of models, i.e.,
dy € X (as, for example, when there is no information about the urn), then this is no

20 As mentioned in the Introduction, our steady-state interpretation of self-confirming equilibrium is justified
by convergence results a la Easley and Kiefer (1988). See the working paper version of this paper for details.
Battigalli el al. (2016) analyze the case of an ambiguity averse decision maker.
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longer the case: the pair (g, ds, ) is self-confirming. In fact, V' (b,ds, ) = V (g,d5,) = 0 and
Sy €%, (0*) ={o € A({B,G,Y}): 0 (G) = 0}. In words, the decision maker believes that
he cannot win with either b or g, and he happens to choose the bet that truly gives him no
chance. A

Under own-action independence of feedback (that is, actions do not affect information
gathering), the data confirmation condition (4) becomes u* € A(X (%)), where 3 (%) is
exogenously posited. We thus return to a traditional optimization notion with a purely
exogenous data confirmation condition. In particular, under perfect feedback — and so full
identification — the optimality condition (3) becomes

R(a*,0%) > R(a,0™) Va e A (6)

since condition (4) requires p* = d,+. In this case, common in the rational expectations
literature, the decision maker has a correct belief about the true model and confronts only
physical uncertainty (that is, risk).?!

Action a* is objectively optimal if it satisfies condition (6). Objectively optimal actions
are the ones that the decision maker would select if he knew the true model, that is, under full
identification. As such, they provide an important benchmark to assess alternative courses
of action, as the next section will show.

Remark 2 In Example 4, bet y is the objectively optimal action.

Of course, each “rational expectations” pair (a*,d,+), where action a* is objectively
optimal and belief §,« is concentrated on the true model, is a self-confirming equilibrium.

The optimality condition (3) can be written in predictive form as R (a*,0,+) > R (a,0,+)
for each a € A. Relatedly, the data confirmation condition (4) implies that the predictive
probability o~ belongs to Sa+ (0) if it belongs to X.22 In this case, (a*,00,.) is a self-
confirming equilibrium too. Hence we have the following certainty equivalence principle:

Proposition 1 Given a true model o* € %, if (a*,u*) is a self-confirming equilibrium
and o+ € X, then (a*,égu*) is a self-confirming equilibrium as well, with V (a*,p*) =
V(a*,do,.)-

4.2 Value

Given a true model o*, the values of all self-confirming equilibria (a*, ©*) sharing the same
equilibrium action a* coincide with the expected payoff of a* with respect to o*.>* Formally:

Proposition 2 If (a*,u*) € A x A(X) is a self-confirming equilibrium given o* € ¥, then
V (a*,pu*) = R (a*, 0%).

21 For condition (3) to reduce to (6) it is actually enough that the equilibrium action a* be fully revealing,
a weaker property than perfect feedback (see Corollary 5 below).

22The conjectural equilibrium conditions, stated for games by Battigalli (1987), are written in predictive
form.

2 Trrespective of the supporting belief.
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The result is based on the following lemma of independent interest, in turn based on
Battigalli et al. (2015), which shows that observationally equivalent models share the same
expected utility.

Lemma 3 Let a € A and o € £. We have R (a,0") = R (a,0) for every o’ € 34(0).

In turn, the last two results easily imply the following characterization of self-confirming
equilibria.

Corollary 1 A pair (a*,p*) € A x A(X) is a self-confirming equilibrium given o* € X if
and only if R (a*,0*) >V (a,u*) for every a € A and the belief confirmation condition (4)
holds.

Given the data confirmation condition, the optimality condition (3) amounts to assuming
that the “true value” of the self-confirming (equilibrium) action is higher than the subjective
value, under the equilibrium belief, of all alternative actions. This interplay of objective and
subjective features shows the substantial bite of the data confirmation condition. In Appen-
dix A.4, we show that self-confirming equilibria with sharper basic subjective assessments
(smaller supports) have higher values.

4.3 Welfare

We say that an action a* is a self-confirming (equilibrium) action given o* € X, if there
exists a belief p* € A (X) such that (a*, u*) is a self-confirming equilibrium given ¢*. Since
in this case V (a*, u*) = R (a*,0*) < maxges R (a,0%), the decision maker incurs a welfare
loss

l(a*,0%) = maj(R(a,a*) —R(a*,0") >0
ac

when he selects the self-confirming action a*. In particular, ¢ (a*,0*) = 0 if and only if a* is
objectively optimal.
The loss is indeed caused by the decision maker’s ignorance.

Proposition 3 If a* and b* in A are self-confirming actions given o* € ¥ and i]a*(a*) C
Yo (0%), then £(a*,0%) < £(b*,0%).

That is, self-confirming actions with better identification properties exhibit lower losses.
In this regard, the next result shows that for an action a with the best identification properties
— thus, optimal from a purely statistical viewpoint — to be self-confirming amounts to being
objectively optimal. Truth is ancillary to the decision maker’s pursuit of his goals (and so
of his happiness).

Proposition 4 Given a true model o* € 33, suppose there is an action a such that ia(a*) -
Y (c*) for each o’ € A. Then action a is self-confirming if and only if it is objectively
optimal.

In sum, the decision maker is not purely a statistician: he is not interested per se in
discovering the true model unless the action that allows the discovery is subjectively optimal.
In this sense, there is no separation between statistical estimation and decision in the present
setup.
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Example 6 Consider the decision problem

A\S S1 S92
al 1 1 (7)
a2

where r = p = f and ¥ = A (S). Here the decision maker is risk neutral, has no structural
information, and (monetary) consequences are the messages that he receives. Given any
o € X, for the constant-payoff action a; we have i?al (o) = X, while for the risky action as
we have 3,,(c) = {0}. Action a; has no information value, and so no statistical interest,
but it is not affected by state uncertainty. The opposite is true for action ag, which is fully
revealing but subject to uncertainty.

It holds that R(a1,0) = 1 and R (a2,0) = 20 (s2) for all 0 € X. Hence, az is a self-
confirming equilibrium action when o is the true model, i.e., ay € (o), if and only if
o (s2) > 1/2, that is, if and only if ay is objectively optimal (in accordance with the previous
result). On the other hand, a; € (o) for all o € ¥. In fact, a; is a best reply to every
belief 1 such that p (o (s2) < 1/2), e.g., the belief d5, € ¥ is concentrated on state sj.

In sum, the constant-payoff action is always self-confirming, independently of the true
model, while the risky one is self-confirming only when the true model makes it objectively
optimal. A

5 Phillips curve exploitation example

We now illustrate our machinery in the context of a 1970’s U.S. policy debate about whether
a trade-off between inflation and unemployment can be systematically exploited by a benev-
olent policy maker. We extend a formulation of Sargent (1999, 2008), who presents a self-
confirming equilibrium in which a policy maker believes a model asserting an exploitable
trade-off between unemployment and inflation while the truth is that the trade-off is not
exploitable.?*

5.1 Steady state model economies

We study a class © of model economies 6 at a (stochastic) steady state. We assume that
unemployment v and inflation 7, beyond depending on the unknown 6, are affected by
random shocks w and ¢ and by a monetary policy variable a. Specifically, unemployment
and inflation outcomes (u,7) are connected to the state of the economy (w,e,f) and the
government action a according to

U =0+ 017 + O01aa + Oow (8)
T =a+ 03¢ 9)
The vector parameter 6 = (0, 01, 01a, 02,03) € R®, that is, the last component of the state

vector, specifies the structural coefficients of an aggregate supply equation (8) and an inflation
determination equation (9). Coefficients 01, and 61, are slope responses of unemployment

24 The working paper version contains a more general analysis of self-confirming economic policies.
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to actual and planned inflation,?® while the coefficients #5 and #3 quantify shock volatilities
(see Sargent, 2008, p. 18). Finally, the intercept 6y is the baseline rate of unemployment
that would (systematically) prevail at a zero inflation policy a = 0.

Throughout the section we maintain the following assumption about structural coeffi-
cients.

Assumption 1 05 > 0, 01 <0, 82 > 0 and 63 > 0.

In words, we posit a strictly positive intercept, as well as strictly positive shock coefficients
(nontrivial, possibly asymmetric, shocks thus affect both the inflation and the unemployment
equations, their unknown values form the first component (w, ) of the state vector). Finally,
we assume that inflation and unemployment are inversely related.

The reduced form of each model economy is

u = 0o+ (1r + 01a) @ + O1x03¢ + 2w (10)
T =a+ 03¢ (11)

The coefficients of the reduced form are £ = (0o, 015 + 01a, 0103, 02,03) € R5. Since 3 #
0 (Assumption 1), it is easy to check that different structural parameter vectors § € ©
correspond to different reduced form parameter vectors &, that is, @ # 6’ implies & # £'.
Since momentarily we will assume that only realized unemployment and inflation are
observable by the monetary authority, the reduced form above, will give us the feedback
function (u,7) = f (a, s) of the previous sections. Specifically, rewriting (10) and (11) as

u(a,w,e,0) = 0o + (01x + 01a) a + O1x03¢ + Ow

7 (a,w,e,0) = a+ 03¢
will make the dependence of observables (u,7) from chosen actions a and (unobservable)
realized states (w, &, 0) explicit and it will allow us to study the present policy problem within

our framework. Formally, the message space M = R? now consists of unenployment /inflation
pairs, and the feedback function is f = (u,m) : A x (R2 X @) — R2.

The policy multiplier £, = 011 + 01a = 61a — |01x| quantifies the impact of planned
inflation on unemployment. It is the sum of the direct and indirect impact of planned
inflation on unemployment quantified, respectively, by 61, and 61,. There is a systematic
trade-off between unemployment and inflation when the multiplier is strictly negative, that
is, €5 < 0. If so, the model economy is Keynesian; otherwise, it is new-classical. In the rest
of the section we make the following hypothesis on the multiplier.

Assumption 2 ¢, <0.
Thus, we assume that an increase in planned inflation never increases unemployment.

To sum up, the set of parameters is
@:{96R5:90>0,Hlag—9171-,91ﬂ-<0,92>0,93>0}

Our analysis will pay special attention to the following two competing model economies.

25The economic interpretation is that planned inflation a affects agents’ expectations to an extent parame-
trized by 01a.
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5.1.1 The Lucas-Sargent model
The first model, based on Lucas (1972) and Sargent (1973), is

u="0p+ (7 —a)+ 0w =0y + BOse + Ow
7T=CL+936

where 8 = 015 = —01a, and so 0 = (00,5, —05,02,03) and & = (6,0, £03,02,03). In this
new-classical model the policy multiplier £, is zero, and so the systematic part of inflation a
has no effect on unemployment; only the unsystematic part 03¢ does.

5.1.2 The Samuelson-Solow model
A second model economy, based on Samuelson and Solow (1960), is

u=0g+ 017+ 0w =0y + 01ra + O1x03c + Oow
T=a+ 938
where 61, = 0 and so 6 = (0, 01x,0,02,03) and £ = (0p, O1x, 01703, 02, 03). In this Keynesian

model, the policy multiplier {5 = 61 is strictly negative: monetary policies affect, at steady
state, unemployment rates.

5.2 The policy problem: setup and identification
5.2.1 Setup

The monetary authority chooses policy a. As anticipated, the state space is the Cartesian
product S = W x E x O, which expresses that the monetary authority is uncertain about
both shocks and models. The consequence space C consists of unemployment and inflation
pairs (u, ), so we set C' = U x II. The consequence function p: A x (W x E x ©) — C'is

p(a7 w7 67 9) = (u(a7 w? 67 0) 77T (a7 w7 67 9))

which is the unemployment/inflation pair (u,7) determined by policy a and state (w,¢, ),
with matrix representation

0 O1r + 014 0y 01,0
p(a,w,e,e):[oo]—l—a[ ! 1 ! ]—I—[OQ 1933][1;} (12)

5.2.2 Factorization

As anticipated, we assume that the messages received by the monetary authority are their
policies’ outcomes. Hence, a message m = (u, 7) consists of an unemployment and inflation
pair, and the feedback function

f=p= (u7 ﬂ-)
corresponds to the reduced form of the model economy. When the monetary authority
chooses policy a and in the long run observes a distribution over (u,7) pairs, it can partially
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infer the underlying stochastic model o. For example, if o has finite support, the induced
probability of outcome (u, 7) is?®

fa (o) (u,m) =0 ({(w,&,0) : (u(a,w,e,0),m(a,w,e,0)) = (u,m)}) (13)

The partially identified set 3, (o) of stochastic models indistinguishable from o is the set of
o’ that induce the same joint distribution on unemployment /inflation outcomes.

At this point, it is convenient to enrich this setup to provide a sharp characterization
of the partially identified set corresponding to each policy a and model o. Within a state
s = (w,¢e,0), the pair (w, e) represents random shocks and 6 parametrizes a model economy.
This suggests factorizing the probability models 0 € ¥ C A (W x E x O) as

a:qxé(; (14)

where the marginal distribution of shocks ¢ € A (W x E) is known and dy € A (©) is a Dirac
probability measure concentrated on a given economic model 6§ € ©, a permanent feature of
the environment. We thus parametrize probability models with 6 and write oy.

The simplifying assumption that, at a steady state, the distribution ¢ of shocks is known
is common in the rational expectations literature since Lucas and Prescott (1971) and Lucas
(1972). The resulting factorization (14) has two modelling consequences: (i) it establishes a
one-to-one correspondence between model economies and probability models (in particular,
a true economic model 6* corresponds to a true probability model oy« ); (ii) since ¢ is known,
it allows us to identify 3 with © via the relation

Y={gxdpecA(S):0c0}

and so to define the prior 4 on ©.27
A first dividend of the factorization is that the objective function (1) takes the simpler
form

V= [ ([ reweodws) o) (15)
(C] WxE
where 7 (a,w,€,0) = v (p(a,w,e,0)) is the utility of outcome/message (u,7) = p (a,w, e, ).
In the rest of the section we maintain the following assumption on the known shock
distributions.?

Assumption 3 E, (¢) = E, (w) = Eq (ew) = 0 and E, (¢?) = E, (w?) = 1.

In words, shocks are uncorrelated and normalized.

20Tn the general case, for any measurable set of outcomes O C U x II,
fa(0)(0) = (o0 fa") (0) = 0 ({(w,&,0) : (u(a,w,e,0),7 (a,w,¢,0)) € O}).

2TThe map 0 — ¢ X 8y is bijective and measurable. See Corollary 3 in the appendix.
28 Whenever convenient, in what follows we will use the shorthand notation E for integrals, for example

Eq (e) = foEEdq (w,e).
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5.2.3 Identification

In this “factorized” setup, we can shift our focus from observationally equivalent probabil-
ity models o to observationally equivalent model economies . The partially identified set
becomes:

S (0) = {e’ €S fulog)=fo (09)} ¥ € 0
With this, a sharp identification result holds.

Proposition 5 The partial identification correspondence SO — 29 s
S (0) = {0' €0 : 0+ 01,0 =00+ 01aa, 0 = 015, 05 = 0y, 05 = 93} (16)

Given the true model 0, the shock coefficients 02 and 63 are thus identified, along with
the slope 01, of the Phillips curve, independently of the chosen policy a. As we discuss
below, the intercept of the curve is also identified, but it depends on the maintained policy a
through the unidentified parameter 61,. This important identification result is made possible
by some moment conditions, formally spelled out in the proof. We can, however, heuristically
describe them via the bivariate random variable (uq,7,) : W x E x © — U x II that, for
a given policy a, represents the unemployment and inflation rates determined by the state
(w,¢,0).22 The monetary authority observes in the long-run the following moments:

o Ey(u,) =00+ (017 + 01a) a,
Eg (ﬂ'a) =a,
Varg (u,) = 63,03 + 63,

Varg (7,) = 9%,

Covy (Ug, ) = 91,r9§.

Therefore,
Covy (g, 4)

Varg ()

is the beta coefficient of the Phillips regression of unemployment on inflation,?

0% = (1 — Corrg (uq, Tl'a)) Varg (u,)

9171' =

0

is the residual variance of u, (unexplained by the regression), and €3 is the standard deviation
of inflation.

Finally, though the two structural coefficients 6y and 01, remain unidentified even in the
long-run, they satisfy
Covg (g, 4)

Varg (7,)

where the right side is the alpha coefficient of the Phillips regression. In the long-run, the
alpha coefficient is observed by the monetary authority, but what is observed depends on

the policy a that the authority chose. What the authority learns depends on what it does
in ways that it does not appreciate.

0o + 01aa = By (us) — Eg (7q) (18)

29Formally, u, and 7, are the sections u (a,-) and 7 (a,-) at policy a of the random variables u and 7r,
respectively.
30The Phillips regression u = o + B is run by the monetary authority using long run data.
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5.2.4 Estimated model economy

The moments that identify the three coefficients 61, 02, and 03 do not depend on the chosen
policy a, but only on the true model 6. To emphasize this key feature, we denote by B the
beta regression coefficient that identifies 61,,3' by Oyl the residual standard deviation that
identifies 65, and by 6 the standard deviation of inflation that identifies 3. In contrast, the
alpha regression coefficient that identifies the sum 6y + 61,a depends on policy a; we denote
it by & (a).

With this, we can write

Sa(0) = {0 €0:0)+ 0laa=(a), Ohr = B, 05 = Gupr, 05 = Gu )

As a result, the long-run estimated version of the model economy (8)-(9) that the monetary
authority considers is

u=d(a) —I—Bﬂ'—FOA'u‘ﬂ.’w (19)
T=a+0ge (20)
& (a) = 0o + O1aa (21)

In particular, (19) is the estimated aggregate supply equation and (20) is the estimated
inflation equation. The intercept of the former equation depends on the policy a via the
equality (21), which only partly identifies the two coefficients 6y and 01,. In turn, this makes
the policy multiplier £, = B + 014 unidentified. We will momentarily address this key partial
identification issue.

5.2.5 Partial identification line

The monetary authority cannot identify — even in the long-run — the two structural co-
efficients 0y and 61,. The former is the average unemployment at zero planned inflation,
0o = Eg (up); the latter is the “direct” impact of policy on unemployment.

The parameter space of the estimated model economy (19)-(21) reduces to © = © x
{(B, Oujms Ou)}, Where O =Ry, x (—o0, —B] is the collection of all possible values (6, 61a)
of the two remaining unidentified coefficients and {(B ; Oulm> Ou)} is the singleton containing
the identified vector (01,602,03). To ease notation, in what follows we will consider directly
O as the parameter space. As a result, the parameter space is now a subset of the plane. By
(16), the partial identification correspondence 3, : © — 2° becomes

S (0) = {( 0,00a) €010 = —0a+0) + 91aa} (22)

In words, 3, (0) is a straight line in the plane, with slope —a and intercept 0y + 61aa
(determined by the policy a and by the true economic model ). We thus have a partial
identification line that defines a linear relationship between the two unidentified coefficients,
given a true model. In other words, partial identification is unidimensional.

31By Assumption 2, the beta coefficient of the Phillips regression is negative, that is, B3 < 0. This negative
sign will be tacitly assumed when interpreting our findings.
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Civen a true model 6 = (0, 01a), the collection {3, () : a € A} of partial identification
lines is the family of all straight lines in the plane that pass through the true model (6g, 01a)
and have slope —1/a. In each such line there is a unique Lucas-Sargent model, characterized
by 6}, = — 8, as well as a unique Samuelson-Solow model, characterized by 0}, = 0. In other
words, partial identification lines feature a unique specimen of each class of models.

0’10,
a=0
(60,014)
a>0
/ * \
0

b

The figure illustrates the previous analysis. In particular, LS stands for Lucas-Sargent model
and SS for Samuelson-Solow model, while the red (resp., blue) line is the partial identification
line that correspond to policy a = 0 (resp., a > 0).

5.3 The policy problem: value, equilibria and welfare

5.3.1 Value and equilibrium

As much of the literature, we assume a quadratic von Neumann-Morgenstern utility function

v:C — R given by v (u,7) = —u? — 72, so that the reward function r : A x S — R becomes:

r(a,w,e,0) = —u? (a,w,e,0) — 72 (a,w,e,0)

The linear model economy and quadratic utility together form a classic linear quadratic
policy framework.

Lemma 4 For every (6,a) € © x A, we have R (a,0) = v (Bg (uq), By (74)) + const.

The linear quadratic framework thus allows us to express the expected reward as the
utility of expectations. As a result, the objective function (15) becomes

Via,p) = /év (Eg (uq)),Eg (7)) die (8) + const. (23)

As for self-confirming equilibria, we begin with a piece of notation: throughout the rest
of this section we fix a true model economy 6* (rather than 6) in ©, while 6 (rather than 6')
denotes a generic element of @. With this notation, the partial identification line is

S (0%) = { (00, 610) € ©: 00 = 0 + (012 — 01a) 0}
Hence, a policy and belief pair (a*, u*) € A x A(O) is self-confirming if and only if

a* € argmaxV (a, u¥)
acA
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and
o (za* (9*)) =1
Next we characterize self-confirming equilibria of the estimated model economy (19)-(21).

In both equilibrium conditions, the true multiplier {5 = B* + 07, and its conjectured value
B, (&3) = + By« (61a) play a key role.32

Proposition 6 A policy and belief pair (a*, i*) € A x A(©) is a self-confirming equilibrium
giwen 0 if and only if

. 98 <B* + EM* (ela))
o = — — — (24)
L+ (B +0ta) (B + B (010)

and
o ([3* + B (ela))
1+ (B +61a) (B + B (610)

p* [ < (00,01a) €O : 0 =0 — (05, —01a) p | =1 (25)

The result can be heuristically derived in the special case of dogmatic beliefs, when p* is
concentrated on a single parameter vector 6 = (90,«91a) € O, that is, u* = d3. By (23), up
to a constant the monetary authority’s value function is

V (a, 1) = B2 (uq) — B2 (m,)

The conjectured multiplier is &, = B* + 014. For instance, a new-classical authority that
believes that there is no systematically exploitable trade-off between inflation and unem-
ployment assumes 601, = —B* (and so the conjectured multiplier is zero). In contrast, a
Keynesian authority that believes in a trade-off may assume, for instance, 615 = 0 (the
conjectured multiplier is then B*, and so strictly negative).

Based on the estimated model economy (19)-(21), a dogmatic authority conjectures that,
according to the chosen policy a, the expected values of inflation and unemployment are
constrained by the equation

Ej (uq) = 00 + (91a + B*> Ep (7a)

This conjectured constraint is the version of the estimated aggregate supply equation (19)
that the authority expects to face systematically given its dogmatic belief. So the authority’s
decision problem is

: 2 2
Erg‘l E7 (uq) + Ej (m4)
sub Ep (u,) = 0o + (@13 + B*) Eg (7q)
With this, the Lagrangian is

E2 (uq) + EZ (ma) + A (Eg (uq) — (90 + (91a + 5*) Eg (Wa)))

32Recall that B* is the beta regression coefficient of unemployment over inflation (given the true model 6%).
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and the first-order conditions are

2By (ua) = ~A 2By (ma) = A (Ora+B)  Ep(ua) =0+ (Bra+ 5") By (ma)
By solving them we get
0o (5* + §1a>

By (mq) = B (0) = — D)
14 (B* +91a>

Since Ep (7,) = a, the monetary authority’s best reply is thus the policy a = B (9) As a
result, a policy and belief pair (a*, d3) is a self-confirming equilibrium if and only if

a* = B (0) (subjective best reply) (26)

and
b0 = 04 + (074 — b1a) a* (confirmed beliefs) (27)

Simple algebra shows that this is the case if and only if
at = — — N (28)
1 (B +01a) (5" + 01a)

and
(93 (B* + éla)
1+ ([3* + QTa) (B* + 01

which are the equilibrium relations (24) and (25) in the case of dogmatic beliefs.?

Bo — 07 —

] (010 — 01a) (29)

The following figure illustrates the previous heuristic argument when the Lucas-Sargent
model is true, so that 6 is the natural rate of unemployment and 07, = —B" (and so
the true policy multiplier &5 is zero). Under this true model, policy a induces average
unemployment Ey« (u,) = 0 and average inflation Eg+ (7,) = a. But a monetary authority
with dogmatic belief d; expects to observe the pair of long-run averages (Ej (uq),a). This
dogmatic belief is confirmed, and so condition (27) is satisfied, if Ej (u,) = 6, that is, if the
pair of average unemployment and average inflation lies on the vertical partial identification
line with abscissa 6. The subjective best reply condition (26) is represented by the tangency
between the (red) indifference curve and the (green) conjectured constraint, according to
which an increase Aa in average inflation yields a —£,Aa decrease in average unemployment,

¥ Note that, with the dogmatic value 614 of 014 in place of its expectation E,« (1a), the dogmatic equilib-
rium relations are identical with the general ones. This is a consequence of the certainty equivalence principle
stated in Proposition 1.
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where £, = B* + 014 is the conjectured multiplier.

Eg(ma) =a

Partial identification line

—B
. SCE
a
Phillips regression given a*
N Indiffere
—(B*+ 61a) Gurve
New-classical
= b B

SCE

When the dogmatic belief is such that 61, = 0 so that &, = B* becomes the conjectured
multiplier, the monetary authority is “orthodox” Keynesian and the figure becomes:

Eg(me) =a

Partial identification line

B
Keynesian SCE

Conjectured constraint
Phillips regression given a*

—B*

% | B (110)

The conjectured constraint is Ej (u,) = 6o + B*Eg (mq). Its slope is the beta coefficient of
the Phillips regression, which represents the trade-off between inflation and unemployment
that the Keynesian authority believes to be systematically exploitable.

5.3.2 Policy activism and welfare

To complete our equilibrium analysis we need to compare the self-confirming equilibrium
action with the objectively optimal one and to compute the resulting welfare loss.

To this end we need to consider the estimated policy multiplier &, = B + 01a. The
authority underestimates the multiplier when E,-(§,) > &5 and overestimates it when
E,+ (&) < €531 In structural terms, B+ (&) = &5 if and only if B+ (61a) = 07,. For instance,
when 07, and E,« (A1a) are positive this means that the multiplier is under/overestimated if
and only if the direct impact of planned inflation on unemployment is over/underestimated.

#Both ¢4 and By« (£,) are negative (Assumption 2), and so B« (&,) = &5 if and only B« (&,)] S |£5)-
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The objectively optimal policy is
05 (5" +07a)
x 2
14 (5" +01a)

a® = —

(30)

It is immediate to see that a* = a° if and only if E,x (01a) = 07,, (and so E,« (&) = &£3).
The equilibrium action is objectively optimal when the monetary authority has a correct
expected value of the estimated policy multiplier {,. More generally, next we show that
policy hyperactivism characterizes authorities that overestimate the policy multiplier, while
hypoactivism characterizes authorities that underestimate it.%°

Proposition 7 Given a true model 0%, for every self-confirming equilibrium (a*, u*),
(i) By (01a) < 014 if and only if policy a* is hyperactive, i.e., a* > a® > 0;
(it) By (01a) = 014 if and only if policy a* is objectively optimal, i.e., a* = a°;
(iit) 01, < By (61a) < —B" if and only if policy a* is hypoactive, i.c., 0 < a* < a°;
(i) By« (61a) = B if and only if policy a* is zero-target-inflation, i.e., a* = 0.

For the monetary authority, both kinds of deviations from objective optimality, hyper-
activism and hypoactivism, cause the same welfare loss. Indeed:

Proposition 8 The welfare loss is £ (a*,0%) = (1 + (3" + 07.)%) (a* — a®)>.

In the next section we will illustrate this result with a few examples.

5.4 Policy dogmatism and its welfare consequences
5.4.1 Equilibria

Assume that the monetary authority has dogmatic equilibrium beliefs p* = d5. A pair
(a*,05) € A x A(O) is self-confirming if and only if it satisfies relations (28) and (29). Two
special cases are noteworthy.

New-classical authority Suppose the monetary authority believes that the policy multi-
plier is zero, i.e., 61a = —O15. Slnce in equilibrium 61 is identified by the slope of the Phillips
regression, we have O1a = —B Here the conjectured constraint is vertical at the natural
rate 6;: the new-classical authority does not believe in any systematically exploitable trade-
off between inflation and unemployment. A zero-target-inflation equilibrium policy results
(Proposition 7-(iv)).

% Since €5 < 0 (Assumption 2), the four cases considered exhaust all possibilities. Also note that, since
Eux (01a) < —B*, in (iv) it holds Eu= (014) = —B* if and only if p* (01, = —B*) =
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Keynesian authority Suppose the monetary authority believes that there is a fully ex-
ploitable trade-off between inflation and unemployment i.e., 015 = 0. Then, in equilibrium,
the conjectured policy multiplier §2 = ﬂ is strictly negatlve A positive-target-inflation
equilibrium policy results:

~ %2
1+5

148" (B +65)

at = — b05 and 0= |6

1+ 57 (8" +01a)

0 (31)

By Proposition 7, such a policy is hyperactive if 67, > 0, hypoactive if 07, < 0, and objec-
tively optimal if 67, = 0.

To sum up, the two equilibria feature new-classical nonintervention a la Friedman-Hayek
and Keynesian activism, respectively. Regardless of the true model economy, such policy
prescriptions emerge through suitable dogmatic beliefs.

5.4.2 A new-classical world

So far we did not fix a specific economic model. Now, by way of example, assume that a
Lucas-Sargent model economy 6* = (6, —B*) € O is the true model, with no systematically
exploitable trade-off between inflation and unemployment. Then, the pair (a*,d3) is a self-
confirming equilibrium if and only if a* = —05(3* +61a) and Oy = 05(1 — (8" +61a)?). Hence,
the policy and belief pair

(—93 (5" +01a) .0 (13— B*+ela)2),ela)>

is the dogmatic self-confirming equilibrium in a Lucas-Sargent model economy. By Propo-
sition 7, policy a* is hyperactlve When 01a < 03, and objectively optimal when 61, = 673,
The welfare loss is ¢ (a*,0%) = 6; (ﬁ +01a)%

Next we consider two different equilibria in this new-classical world according to the
monetary authority’s dogmatic beliefs.

New-classical authority Suppose the monetary authority correctly believes that there
is no exploitable trade-off between inflation and unemployment, that is, u* = ¢ (B0,-5"): The

pair (a*,¢ (B0, ﬁ*)) is a self-confirming equilibrium if and only if a* = 0 and 0y = 6. As a

(0.5 (32)

is the new-classical self-confirming equilibrium. It features a zero-target-inflation policy,
which is the objectively optimal policy (so, there is no welfare loss) as well as the fully
revealing one that allows the authority to learn, in the long-run, the true coefficient 6;.

result, the policy and belief pair
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Keynesian authority Suppose the monetary authority wrongly believes that there is
a fully exploitable trade-off between inflation and unemployment, with say p* = § (50,0

The pair (a*,5(90 0)) is a self-confirming equilibrium if and only if a* = —GSB* and 0y =

05(1 — 3*2) The policy and belief pair

(055" 3 o)) )

is thus a Keynesian self-confirming equilibrium. It features an hyperactive positive-target-

inflation policy. Since it is not the objectively optimal policy, the monetary authority suffers
~ %

a welfare loss £ (a*,0%) = (055 ).

5.4.3 Welfare consequences

What are the welfare implications of incorrect beliefs under dogmatism? By way of exam-
ple, we consider a new-classical authority in a Keynesian economy, as well as a Keynesian
authority in a new-classical economy. The loss of a new-classical zero inflation policy in a
Keynesian economy, with 67, = 0, is (933*)2. It is the same loss of a Keynesian nonzero
inflation policy (33) in a new-classical economy: a mistaken new-classical authority has the
same lower welfare as a mistaken Keynesian one.

5.5 Policy secularism and a curious interplay
5.5.1 Equilibria

Suppose that the monetary authority is not dogmatic, but has instead a two-models belief.36
Specifically, it is uncertain whether the true model is Lucas-Sargent or Samuelson-Solow,
so that the belief support consists of two points: a Lucas-Sargent model (65, —B*) and a
Samuelson-Solow model (63%,0). If uj € [0,1] is the belief in the latter model, we can write
belief p* as

= (1 — ) 5(95;7_[3*) + 1150 05°,0) (34)
Since Eyx (01a) = — (1 — pf) B, the conjectured multiplier is B« (&) = MZB* and the pair
(a*, u*) is a self-confirming equilibrium if and only if
Q*A* *
O (35)
L B (B + 1)
and o
ok = 0 05 = (36)

1+ 3" ([3*+9’{a) e - (3*+0>{a> e

36 Cogley and Sargent (2005) and Cogley et al. (2007) study dynamic Bayesian policy problems where
beliefs assign positive probability to three model economies (dynamic specifications of the two models we
consider here and a third related model).
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As a result, in this case the pair

053" it
B Kk Ak ’(]‘_/'[;;:)6 * N +/’LZ;6 * B*2
L B (B + 1) (‘90 —ﬁ*) (90(1” i) 70>

1+B*(B*+9“fa)uz’ 1+B*([3*+6{a)uk

is a self-confirming equilibrium for every p; € [0,1]. We thus have a continuum of equilibria
parametrized by the belief 47 in the Samuelson-Solow model (and so by the conjectured
multiplier MZB*) In particular, the equilibrium policy a* is increasing in p: the higher the
belief in a Keynesian model, the higher the planned inflation. If p; = 0 we get back to the
dogmatic new-classical equilibrium, while if ;7 = 1 we get back to the dogmatic Keynesian
equilibrium (Section 5.4.1).

In equilibrium, the coefficients (36) of the Lucas-Sargent and Samuelson-Solow models de-
pend on the authority’s belief i} : different such beliefs correspond to different Lucas-Sargent
and Samuelson-Solow equilibrium specifications. Though the support of the equilibrium be-
lief (34) always contains a specimen of both classes of model economies, that specimen
changes as the belief 17 changes. This curious interplay between self-confirming equilibrium
models and beliefs is our main finding for the two-models belief case.

Finally, the welfare loss is

0 (B i+ B+ 0%,)
(1458 ([—3* + 9;))2 <1 + (B* + 9;,)2)

5.5.2 A new-classical world

l(a*,0%) =

To study two-models beliefs further, let us posit a true model. As we digl in our study
of dogmatism, assume that a Lucas-Sargent model economy 6* = (65, —fF ) is the true
model. If so, by (35) and (36) the pair (a*, u*) is a self-confirming equilibrium if and only if

a* = —HSB*MZ, 0k = 6% and 05° = 05(1 + B*2u2). Hence, in this case, the pair
(—Qoﬂ frge (1 = pag,) 5(9377[3*) + Mk5(93(1+5*2uz),0))
is a self-confirming equilibrium for every . € [0, 1]. The welfare loss is £ (a*, 0) = (HSB*MZ)Q-

As implied by the analysis of Section 5.5.1, we have a continuum of equilibria parame-
trized by the belief . in the Samuelson-Solow model: if pj > 0 the equilibrium policy is
hyperactive, if puy = 0 we get the dogmatic new-classical equilibrium (32). Moreover, if
1y, = 1 we get back to the dogmatic Keynesian equilibrium (33). Now, however, the equilib-
rium coefficient 968 is pinned down by the true natural rate of unemployment 6;. In contrast,
the equilibrium coefficient 6;° = 65(1 — B*zu}';) still depends on belief p}: such different be-
liefs correspond to different Samuelson-Solow equilibrium specifications. In other words, the
support of the equilibrium belief always contains a specimen of the Samuelson-Solow model;
it, however, changes as belief y}, changes.
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The following figures illustrate. The monetary authority is uncertain about the true
economic constraint (the vertical line at the natural rate of unemployment) or the Phillips
regression line. At a self-confirming equilibrium, the average unemployment expected by
the monetary authority must be the natural rate 63; the subjective best reply condition is
expressed by the tangency between the (red) indifference curve and a (green) line describing
the conjectured constraint, the slope of which is intermediate between the vertical line at
the natural rate 6j and the Phillips regression line (which, in turn, depends on the belief 11}

~ %2
via the equilibrium relation 6g = 05(1 — 5 p3)).
Eo(m) = a

Partial identification line

Constraint under 6 = 6*

et

Phillips regression

Constraint under 6 = (63(1 + A*2p), 0)

—uif*

&

)
Ep(ua)

The second figure gives an alternative geometrical representation. Every policy a induces
a pair of (objectively) expected rewards, the reward under model 8*, R(a, 6*), and the reward
under model 0, R(a,f). By changing a one obtains the locus of possible pairs of rewards.
If R(a,0") # R(a,0), the monetary authority can infer which of the two models is true
by looking at its long-run average payoff. Therefore, the partial identification condition is
that R(a,0") = R(a,0). At a self-confirming equilibrium (a*, u*) with supp p* = {6, 0}, this
belief-confirmation condition must hold; therefore, the equilibrium point (R(a*,0*), R(a*,0))
is at the intersection of the main diagonal in the (R(-,6%), R(+,0))-space, the “partial identi-
fication line,” with the locus of pairs {(R(a*, 6%), R(a*,0)) : a € A}, the constraint. At this
intersection point, the constraint curve must be tangent to the indifference, constant-SEU
line with slope (1 — puj)/p;.

R(,0)

R(B(6),6*) R(B(6*),6")

R(-,6%)

R(B(0).6)

|— Indifference
ine

R(B(),6)

Note that R (B (0%),0%) = V (B (0%),0¢«) > V (B (p*),p*). Indeed, V (B (6%),d¢+) >
V(B (u*),d¢) = R(B(p*),0") because B (p*) is not a best reply to #*. On the other
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hand, R (B (p*),0%) = V (B (u*), p*) because R (B (u1*),-) is constant on the support of
self-confirming belief p* (see Lemma 3). This is an instance of a more general result relating
the values of equilibria with sharper or coarser self-confirming beliefs (see Proposition 9 in
Appendix A.4).

A Appendix

A.1 Additional mathematical preliminaries

Since several sigma algebras may be involved in the proofs, given a Borel space (S5,S),
we sometimes write Bg instead of S to denote its Borel sigma algebra. For every Borel
set B € Bg, we let Bs N B = {B’' € Bg: B’ C B} denote the relative sigma algebra on B
determined by Bg. Berberian (1997) reviews the properties of Borel spaces.3”

The next result completes Lemma 1.

Lemma 5 Let X and Y be Borel spaces and ¢ : X — Y be measurable. Then:
(i) ¢: A(X) — A(Y) is measurable;
(ii) ¢ is one-to-one if and only if ¢ is one-to-one; in this case:

e ©(X) €Y, hence (p(X), YN (X)) is a Borel space;
©: X — ¢ (X) is a measurable isomorphism;

X = 1 (), that is, ¢ generates X;

®: A(X) — A(p (X)) is a measurable isomorphism (under the identification of
@(&) on Y with its restriction to Y N (X)).

Proof The Borel sigma algebra By of A(Y') is generated by the sets of the form {v € A(Y) : v (C) < ¢}
for all C € By and ¢ € R. Now, for all such sets

PT{reAY):v(C) <) = {(eAX):p) e{veA(}):v(C) <)}
= {£€A(X): (ov™)(0) <}
= {€eAX):¢(p71(0) < ¢}

which belongs to Ba(x) because 0 1(C) € Bx and Ba(x) is generated by the sets of the
form {¢ € A(X): & (B) < b} for all B € By and b € R, that is, ¢ is measurable.?®

If ¢ is one-to-one, then ¢ (X) € By and ¢ is a measurable isomorphism between (X, Bx)
and (¢ (X),By N (X)) (Mackey, 1957, Theorem 3.2, see also Berberian, 1997, Theorem
3.2.7). Denote by ¢’ : ¢ (X) — X the inverse isomorphism. For every B € Bx, ¢ (B) €
By Ny (X) C By andso B=¢' (¢ (B)) =¢ ' (p(B)) € ¢! (By), then By C o~ (By) and
the converse inclusion follows from the measurability of ¢. Now ¢ (§) = ¢ (5’) if and only if

37T A terminological caveat: Berberian (1997) and other authors use Borel space as synonymous with mea-
surable space; they always specify the adjective standard when they assume Polish metrizability (as we do
here).

38 Notice that this part of the statement does not rely on the fact that the measurable spaces (X,Bx) or
(Y, By) are Borel, but rather on the choice of the natural sigma algebras on A (X) and A (V).
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(e 1(0) =¢ (¢1(0)) for all C € By, which implies £ (B) = ¢ (B) for all B € By, thus
¢ is one-to-one. Conversely, for each # € X, we have $(0,)(C) = 0, (¢! (C)) = 0y (O)
for all C' € By. Therefore, if ¢ is not one-to-one, @ is not one-to-one.

Finally, if ¢ is one-to-one, since it is measurable, then ¢ (A (X)) is a Borel subset of A (V)
and ¢ is a measurable isomorphism between (A (X),Ba(x)) and (¢ (A (X)), Ban) N @ (A (X))).
Now every element v = £ o o~ ! of ¢ (A (X)) is a probability measure on By, ¢ (X) € By,
and v (¢ (X)) = £(¢ 1 (p(X))) = £(X) = 1. Thus, when the standard Borel space
(p (X),By Ng (X)) is considered, the restriction of v to By Ny (X) is an element of A(p (X))
denoted v, (y), that is,

v @(A(X)) = Alp (X))
v = VSO(X)

is a well defined map (which coincides with the inclusion when ¢ is onto). We want to show
that, indeed, ¢ is a measurable isomorphism between (¢ (A (X)),Bar)N@ (A (X))) and
(A(¢ (X)), Ba(y(x)))- It is sufficient to prove that it is bijective and measurable (since both
spaces are Borel).

First notice that Ba(,(x)) is generated by the sets of the form {\ € A (¢ (X)) : A(D) < d}
for all D € By N¢ (X) (C By) and d € R. Now, for all such sets

T EA(p (X)) A(D) <d}) = {rep(A(X)):v(D)<d}
= {reAl):v(D) <d}ng(A(X)) € Bay)Ne(A(X))

that is, ¢ is measurable.
Now assume that v, € ¢ (A (X)) and vy x) = I/ZP(X), then for all C' € By

v(CNe (X)) <v(C) =v(C@NeX)+r(CNe (X)) <v(Cne(X))+r (e (X)) =v(CNne (X))
that is, v (C) = v (CNe (X)) and CN ¢ (X) € By N ¢ (X) = By(x)- It follows that
v(C)=v(CNe (X)) =rux) (CNe (X)) =,y (Cne X)) =V (CNne X)) = (C)

and so ¢ is one-to-one.

In order to prove surjectivity of ¢, next we show that, for every A € A(p (X)), the set
function defined by £ (B) = A (¢ (B)) for all B € Bx belongs to A (X) and ¢ (¢ (£)) = A.
First observe that £ : Bx — [0, 1] is well defined because ¢ : (X, Bx) — (¢ (X),By Ny (X))
is a measurable isomorphism. Moreover, for every B € Bx, ¢ (B) = (¢') (B) = (¢') " (B),

thus £ (B) = A(¢(B)) = A ((90’)_1 (B)) is a probability measure on X. Finally, for every
D € By Ny (X),

L(@(©) (D) =@ (&), (D) =3 (&) (D) =& (e (D) = A(e (¢ (D)) = A (e (¢ (D)) = A(D)
as wanted. |

Corollary 2 Let (0,Bg) and (S,Bg) be Borel spaces and fir p : © — A(S). Then p is
measurable if and only if

{0 €©:pg(B) <b} €Bo VB € Bs,Vb e R

that is, 0 — p (B | 0) is measurable for all B € Bg. If, moreover, p is one-to-one, then:
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e {Potoco =P (O) € Ba(s):
® p:0 — {pylyco is a measurable isomorphism;

e p:A(O) = A({po}yeo) defined by p(p) = (u opfl)p(@) is a measurable isomorphism
and, for every A € A ({pg}eee), the inverse image of A through p is A o p.

Proof Since Bx(g) is the sigma algebra generated by the functions ¢p : A (S) — R defined
by ¢ () = &(B) for all B € Bg, amap p: © — A (S) is measurable if and only if ¢5op
is measurable for all B € Bg (see, e.g., Berberian, 1997, Proposition 1.3.8). But, given any
B € Bs, p(B|60) =pg(B) = (¢gop)(0) for all § € O, thus p(B|:) = ¢g o p, proving
the first part of the statement.?® The rest follows from the statement of Lemma 5 setting
X =0,Y =A(S9), and ¢ = p, with the exception of the explicit expression 571 (\) = Aop,
for which the last paragraph of the proof of Lemma 5 has to be inspected. |

Corollary 3 Let (0,Bg) and (T, Br) be Borel spaces and fix g € A(T). Then

p: e — A(TX@)
0 — qxdg=npe

18 measurable and one-to-one.
Proof Injectivity is obvious, so we have only to show that
{0 €0 :pg(B)<b} e Be VB € Brygo,Vb € R

that is, 6 — ¢ x dy (B) is measurable for all B € By x Bg. Now for each 6 € O,
0xd0(B) = [ a5 (1) = q ()

where B? = {t € T : (t,0) € B}, and a crucial step in the proof of the Fubini-Tonelli Theorem
(see, e.g., Billingsley, 2012, p. 246) consists precisely in showing that the map 6 — ¢ (Ba) is
measurable for all B € Br x Bg. [ |

Corollary 4 Let (S,Bs) be a Borel space and 6 : S — A (S) the embedding s — ds. Then:
{0s}tses € Bacs), 0 : S — {0s},cg is a measurable isomorphism, and \ — Ao is a measurable
isomorphism between A ({65},c5) and A(S).

Proof In order to apply the previous Corollary 2 with © = S and p = d, we have only to
verify that {s € S:J5(B) < b} € Bg for all B € Bg and b € R; but this follows from the
fact that {s € S :95(B) <b} = {s€ S :1p(s) <b} and indicators of measurable sets are
measurable functions. |

3 Notice that this part does not rely on the fact that the measurable spaces (©,Be) or (S, Bs) are Borel,
but rather on the choice of the natural sigma algebra on A (5).
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A.2 Feedback and identification

First recall that, for each a € A4, f, : § — M is measurable and so is f, : A(S) — A (M).
Since 3 € Ba(s), and points are measurable in standard Borel spaces, then for every v €
A (M) the set

{U'GZ:fa(U'):V}:{J/EA(S):fa(UI):V}HZGBA(S)HZ:BE

and so 3, (0) = {U' eX: fulo) = fa (U)} is a measurable subset of both ¥ and A (S) for
all 0 € X

Lemma 6 Let f and [’ be feedback functions for a decision problem D. Then:

(i) p is coarser than f;
(i1) if fq is one-to-one for every a € A, then f’ is coarser than f;

(iii) if ' is coarser than f, then 34 (o) C ¥/, (o) for all (a,0) € A x X.

Proof (i) Recall that we assume that consequences are observable, thus for each action
a € A, there exists a measurable function g, : M — C such that p, (s) = ga (fa (s)) for all
s € S. (ii) For each a € A, f, : S — M is Borel measurable and one-to-one, by Lemma 5,
fa (S) is a Borel subset of M and f, : S — f, (S) is a Borel isomorphism. Then the inverse
function f;1: f, (S) — S is Borel measurable.*’ Arbitrarily choose 5 € S and set

[ fm) me fu(8)
‘“““”)—{5 m ¢ fa(S)

it is easy to see that k, defines a Borel measurable map from M to S such that for every
seS

fa(s) = fa (fat (fa(5))) = fo (ka (fa () = (fi 0 ka) (fa ()

Setting hq = f; 0 ko : M — M’ yields the desired result. (iii) Let (a,0) € A x ¥. For every
o' € a(0), o' (fi1 (Bm)) = o (f; 1 (Bu)) for all Byy € By But hy' (Byy) € By for all
By € By, then

o (£ Bam) =" ((hao fu) ™ (Bar)) =o' (£ (b (Barr)
= o (£ (ht (Bun)) = ((hao fu) " (Bar)) = o ((£2) ™" (Bar)

and o’ € 3! (o). [ ]

10 Caveat: In the proof of Lemma 5, the inverse isomorphism fi ! : f, (S) — S is denoted f., but here f,
is a section of the feedback function f’ that is not an inverse of f.
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A.3 Additional definitions

The self-confirming (equilibrium) correspondence
[y — 24xA0%)

associates to each possible true model * the collection I' (6*) of its self-confirming equilibria
(a*, u*). Tt is also convenient to consider the (equilibrium) action correspondence

Y — 24

that associates each possible true model o* with the collection 7 (¢*) of its self-confirming
(equilibrium) actions, that is, actions a* such that (a*,u*) € T' (0*) for some belief p*.

A.4 Model uncertainty

We show that self-confirming equilibria with sharper basic subjective assessments have higher
values. Formally, u* is absolutely continuous with respect to v*, denoted p* < v*, if and only
if, for every Borel set B C ¥, u* (B) > 0 implies v* (B) > 0. This means that p* rules out
more models than v*. In particular, if X is finite, u* < v* is equivalent to suppu® C suppr*.

Proposition 9 If (a*, ), (b*,v*) € I'(¢*) and p* < v*, then V (a*, u*) > V (b*,v%).

Proof Since p* (f)a* (0'*)> =l and v* <ﬁ]b* (J*)) = 1, then p* < v* implies p* <f]b* (U*)) =
1 and so u* (ﬁ)b* (0%) N Sy (U*)> = 1. The optimality condition (3) for a* and Proposition

2 deliver

R(a*,0%) =V (a*, u*) 2/

ROV, 0)dy* (o) = / R, o) dp* (o)
3gx(0*)

B (0*)NSpx (%)
but, by Lemma 3, R (b*,0) = R (b*,0*) for all 0 € 3y (6*), it follows that V (a*, u*) >
R (b*,0*) =V (b*,v*), where the last equality follows from Proposition 2. [

Priors p* and v* that are mutually absolutely continuous are called equivalent, denoted
w* ~ v*; they share the same possible and impossible models. By the previous result, if p* ~
v* then V (a*, p*) = V (b*,v*) for all pairs of self-confirming equilibria (a*, u*), (b*,v*) €
I'(0*). The value of self-confirming equilibria is thus pinned down by what the decision
maker deems possible, whereas the specific shape of the prior is value-irrelevant. But more
is actually true: actions can be exchanged across such self-confirming equilibria.

Proposition 10 If (a*, u*), (b*,v*) € T' (0*) and p* ~ v*, then (a*,v*), (b*, u*) € T (o).

Proof As observed, R (a*,0%) =V (a*,u*) =V (b*,v*) = R (b*,0"), but then

e R(b*,0*) =V (a*,p*) >V (a,pu*) foralla € Aand pu* (ﬁ)b* (a*)) = 1 since v/* (flb* (U*))

1;

e R(a*,0%)=V (b*,v*) >V (b,v*)forallb € Aandv* (f]a* (a*)) = 1 since p* (i)a* (a*))

1.
|
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The prior captures the decision maker’s subjective model uncertainty, which in a self-
confirming equilibrium must be consistent with the objective model uncertainty f?a*(a*)
via the relation p*(3q+(0*)) = 141 The results on the value that we just established for
subjective model uncertainty extend to objective model uncertainty. In particular, self-
confirming (equilibrium) actions with better identification properties have higher values,

regardless of which confirmed beliefs support them.

Proposition 11 If (a*, %), (b*,0*) € T (0*) and S4«(0*) C Spe(0*), then V (a*,p*) >
V (b*,v%).

Proof The optimality condition (3) for a* and Proposition 2 deliver

Ria*,0) = V(@) > [

R0, o) dyi* (o) = / R0, o) dyi* (o)
Yo (o*)

Spx (%)
but, by Lemma 3, R (b*,0) = R (b*,0*) for all o € S+ (0*), it follows that
V(a*, ") > R(b",0") =V (b*,v)
where the last equality follows from Proposition 2. |

Also observe that, if Y4« (6%) = Sy (0*), then R (a* 0*) = V (a*,pu*) = V (b*,v*) =
R (b*,0%), but then

o R(b*,0%) =V (a*,u*) >V (a,p*) foralla € Aand p* (f]b* (a*)) = 1since p* (i)a* (0*)) =
L

e R(a*,0%) =V (b*,v*) >V (b,v*)forallb € Aandv* (ﬁla* (J*)) = 1since v* <f§b* (a*)) =
1.

In words, this result implies that V (a*, p*) = V (b*,*) whenever $q-(0*) = S (0*);
that is, two self-confirming actions have the same value when they determine the same
collection of probability models that are observationally equivalent with the true model. In
this case, differences between the confirmed beliefs justifying the two actions are immaterial;
the reason is that in each equilibrium the decision maker correctly predicts the distribution
of consequences of both actions, which implies that they must yield the same objective
expected reward, hence the same value (Proposition 2), otherwise at least one of them would
not be a subjective best reply. In particular, the “exchangeability” thesis of Proposition
10 continues to hold even under the belief-free hypothesis S4+(0*) = Sy (0*): if a* and b*
are self-confirming equilibrium actions that identify the same set of models, then the sets of
confirmed beliefs supporting a* and b* coincide.

Finally, the following results relate self-confirming equilibrium actions to objectively op-
timal actions:

Corollary 5 A fully revealing action is self-confirming if and only if it is objectively optimal.

“'Which implies that all possible sets of models are essentially contained in 3.+ (o).
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Under own-action independence of feedback about the state, we have a stronger result.
Remark 1 and Lemma 3 imply:

Corollary 6 Under own-action independence of feedback, an action is self-confirming if and
only if it is objectively optimal.

Self-confirming actions are thus always objectively optimal when information does not
depend on choice. The reason is that, given our structural assumption of observability
of consequences, in equilibrium the decision maker correctly predicts the distribution of
consequences implied be each action, even if the true model is not identified. In this case
partial identification becomes welfare irrelevant and so the analysis of feedback, the main
topic of the paper, loses much of its interest. From a decision perspective, own action
independence amounts to perfect feedback.

A.5 Other proofs

Proof of Lemma 1 See Lemma 5. [ |
Proof of Lemma 2 See Lemma 6. |
Proof of Lemma 3 Fix a € A. Observability of consequences implies that p, (s) =
9a (fa (s)) for each s € S, where g, : M — C is By — Bo-measurable; as f, : S — M
is Fq — Byr-measurable, then p, : S — C is F, — Bco-measurable. Moreover, v : C — R is

Beo — Br-measurable and bounded above, and so r, = vop,: S — R is F, — Br-measurable
and bounded above. Thus

Ra(0) = / rado = / radoyz, Vo€ A(S) (38)
S S
In particular, if o € ¥ and o’ € £4(0), then R, (¢) = Jsradox, = [q Tadaij_-a =R,(d). N

Proof of Proposition 2 If (a*,1*) € A x A(X) and p* (ia*(a*)> =1, then
Vi) = [[R@.o)di' @)= [ R@0)du’ (0) = R(a",0")
3 Ea* (0’*)
because, by Lemma 3, R (a*,0) = R (a*,0*) for all o € Sq+(c*). [
Proof of Proposition 3 It follows immediately from Proposition 2 and Proposition 11. B

Proof of Proposition 4 We already observed that if a is objectively optimal, then (a, d,+) €
I'(0*)and a € vy (¢*). As for the converse, let u* € A (X) be such that (a,u*) € I' (0*). Since
Sq(0*) C By(0*) for each b € A and, by Lemma 3, for each b it is true that R (b, o) = R (b, 0*)
when o € $y(c*), then R (a,0*) > fia(a*) R(b,o)du* (o) = R(b,0"), as wanted. [

Proof of Corollary 5 Given a true model o* € X, the result follows from Proposition 4
since if a is fully revealing, then X, (c*) = {o*} C 3/ (0*) for every o’ € A. [
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Proof of Corollary 6 Given a true model o* € ¥, the result follows from Proposition 4
since own-action independence of feedback implies X,(0*) = Xy/(0*) for every a,a’ € A.
Hence, 7 (0*) = argmaxgea R (a,0™). [ |

Proof of Proposition 5 Recall that a is fixed. We first prove the inclusion C. If ¢’ € 3, (9),
then p, (¢ X dg/) = pg (¢ X dp). In particular,

[ ne)dataxsn) = [ neadiaxs) (39)
for all h: R x R — R for which the integral is defined. Next observe that
1. For h(u,m) =7 and 6" € ©, we have that [;7d (¢ x dgv) = a.
2. For h(u,m) = 7% and 0" € ©, we have that [¢7?d (¢ x §gr) = a® + (03’)2.

. u,7r)2: u? an2d 0" € ©, we have that [ u?d (q % dgr) = (05 + (01 + 01a) a)2 +
(07x)" (65)" + (02)"

5. For h(u,m) = um and §” € ©, we have that [y umwd (¢ x dgr) = a (05 + (07, + 015) a)+

(

3. For h(u,m) = u and 0" € ©, we have that [ ud (g x 647) = 05 + (07 + 07,) a.
(
2

Given (39), note that point 2 gives 05 = 03, then points 3 and 5 give 0}, = 01,. With
this, point 3 again yields 6 + 6},a = 0y + 61aa. Then point 4 gives

(G + (Bl + 010) @) + (012)% (05)% + (64)% = (B0 + (61 + 61a) @) + (61)° (63)° + (62)?

point 3 says that the first summands on both sides coincide, and we already established
( ’1,,)2 (93)2 = (01)? (#3)?, therefore, 05 = 0. This concludes the proof of the first set
inclusion and formalizes the moments heuristics described in the main text.

In order to obtain the opposite inclusion, note that some simple algebra delivers, for each
9" € © and each (u,7) € R?,

Pa (q % 0g) ((—00,u] x (=00, 7]) = q(Qy~)
wly + 01,05 < u— (07 + ab,) — b,
he<m—a '
Now, consider #' € © such that 0 + 01,0 = 0y + O1aa, 01, = O1x, 05 = 03, 05 = 03,

then Qq = Qp, hence p, (q x 8r) (—00,u] X (=00, 7]) = B, (4 X 8) (0, X (o0, 7)
implying that p, (¢ X dg/) = p, (¢ x dg) and 0’ € %, (). |

where Qg = {(w,s) eWxE:

Proof of Lemma 4 Some simple algebra shows that

R(a,m:—/w Eu2<a,w,e,e>dq<w,e>—/w a0 da(w,e)
X X

= — (0o + (O1r + 012) @)* — a® — 02 — 6262 — 03
= —E} (u,) — Ej (m,) — 03 — 0301, — 03
= v (Bg (ua) ,Bo (74)) + 5
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where, being © = {(Ao, f1a)} = R?, we set & = —03 — 6203, — 62 since this polynomial can
be regarded as a constant term. [ |

Proof of Proposition 6 It holds
R(a,0) = — ((B1r + 610)” +1) 6 = 200 (1 + 01a) 0 +

Thus, V (a, p*) is — up to a constant — equal to

~ 2 ~ %
= / <<(B +01a) + 1) o+ 200 (B + 01a) a) du* (6)
Lox (07)
s 2 ) s

= _/ <(<B + 91a> + 1> a” + 2(06 + ( Ta - ela) (I*) (ﬁ +01a> a> d,u* (ela)

R
. / (B + 6%+ 25 010+ 1) 0>+ 265 (B + 61a) a + 20" (050 — 01a) (5" + 61a) @) dis” (610)

R

H*2 2 ¥ 2 x [ ¥ * x ¥ * H* 2 *

_ / ((B7 + 0%+ 25" 0ra +1) a2+ 205 (B + 01a) a 20" (015" + 0701 — 015" — 3, @) di” (61a)

R
== (B + By (63) + 25" By (010) +1) 02 = 205 (5" + By (010) ) @
= 20" (08" + 01y (1) — By (1) B — By (02))
The first order condition 9V (a, pu*) /Oa = 0 thus implies

A %2 2 A % % x X % Ak 2
a (5 + By (Qla) + 28 By (01a) + 1) t+a ( 1a8 + 01aBp (01a) — By« (01a) B — By (ela)>
=05 (B + By (010))
Putting a = a* we get
% A %2 ~ %k « X * % [ H*
@ (B + BBy (1) + 1+ 018" + 01aBy (610)) = 03 (5" + By (61a))
and so
65 (5" + By (012))
B+ BBy (91a) + 1+ 018" + 01aFp- (612)
05 (5" + By (010)
1+ (B +05a) (B +Bye (010))

a*

As a result, S« (0%) is equal to

05 (5" + B (610)) v )}
1+ <B* + 9’{a> (3* + By (91a)> o

as desired. ]

{(90,913) ER?: 0y =0} —
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Proof of Proposition 7 It holds

e (5" +61a) ) 0 (B + By (6010))

Lo (B an) 1+ (5 0h) (54 B 010)

05 ( (5" +012) (1 (57 + 1) (5" + B () = (5" + B o) (14 (5 012) ) )

(1 + (8 + 9T3)2> (14 (3" +01a) (B + B (012)))
% ( at (B +00) (B + By (012)) ~ By (010) — (57 + By (01)) (57 + 65, 2)

(1 + (B* + eia)2> (1 + (B* + Gia) (B* + By (91a)))

05 (01a — By (01a))
<1 + (B* + 9’{a)2> (1 + (B* + 0’{a) (B* + By (01a)))

Hence, if a* # 0 it holds

a* —aq° = — A:L* 5 :{3 - E,U»* (918)
o (7o) B
and so . E . (8
a*2a0<:>a*}a_—“*(1a)§0 (40)

B+ By (61a)

Having established this relation, we can now prove points (i) and (iii) (points (ii) and
(iv) being obvious).

(i) Suppose a* > a® > 0. By (24) Eu (61a) # —B" and so B, (1a) < -3". By (40),
(074 — Epx (01a)) /(B* + By (01a)) < 0, which in turn implies E,« (f1a) < 67,. Conversely,
suppose B« (01a) < 01, Since E,« (01a) < —B°, by (24) it follows a* > 0. Moreover, being
(0%a — By (01a)) /(8" + By (61a)) < 0, by (40) it holds a* > a°. (iii) Suppose 0 < a* < a°.
By (40), (074 — E.+ (61a)) /(B + B+ (01a)) > 0, that is, By« (01a) € (074, —B"). Conversely,
suppose Ej« (61a) € (074, —3"). By (24), a* > 0. Moreover, being (6%, — B, (01a)) /(B +
B~ (61a)) > 0, by (40) it holds a* < a®. [ |

In nice problems the loss function can be defined in terms of beliefs by setting ¢ (u, o) =
¢(B(u),o0). For instance, next we show that for the Phillips curve example it holds

05> (02 — By (01a))”
~ 2 ~ ~ 2
Lt (3 01)") (14 (B4 05) (5 + B 000))
There is a zero welfare loss if and only if E,« (61a) = 67,, that is, if and only if the monetary

authority’s expected value of the coefficient 61, is correct. Otherwise, the loss is nonzero, as
(41) shows.

t(p*,0%) = (
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Proof of Proposition 8 and eq. (41) First note that

R(@.0%) = 02— (3" +01) a” — (5'03)" — 052 205 (B + 01,) a” — 0 — 6
and
R(a,0%) = 03 — (B +0%,) (0 — (5705) — 05 — 205 (5" +03,) o — (") — 057
Hence,

l(a*,0%) = majlcR (a,0") — R(a*,0") = R(a®,6%) — R(a",0%)
ac

= — <B* + 6;3)2 (a2 — a*2) — 20} (5* n 9Ta> (a® — a*) — (a02 B a*Q)

Suppose a® = 0, that is, 6; (B* + 9’{a> = 0. Then

~ 2
0(a*,0%) = (1 N (B* +0>{a>2> 2 (1 N (B* +9Ta>2) 02 (5 +E,- (913))

x A* 2
(1+ (B +01a) (B"+ B (010))
If 65 # 0, then B+ 01, = 0 and so
~ 2

0(a,67) = 02 (B + By (01a)) " = 052 (Bye (61a) — 07)’ (42)

If 3 + 05, # 0, then 6% = 0 and so
0(a*,6") =0 (43)
Next suppose a® # 0. It holds —2a° (1 + (B* + 9’{a>2> = 20, <B* + Gfa), and so
Ak 2 Ak
1+ (B n 91‘3) S (ﬂ n 9’{3) /a®. Hence
Ak 2 Ak

l(a*,0%) = — (ﬂ + 91a) (a 02 _ g ) 205 (B + 9fa> (a° —a*) — (a”® — a*2)

=—(a®—a*) | (B +91a)2 (a® + a* +203(B*+9{a)+a0+a*}

2

(7
= —(a®—a*) (ﬂ +91a) a® + a*) 2a"<1+</3’*+91a)2>+a —i—a}

= —(a® —a") _(ﬂ +91a)2(a —a )+a*—a0} = —(a° —a") [(B*+9>{a)2+1} (a* —a°)
— (@ — a*)? [(B*wla) +1} (a* —a%)? [(B*+9*{a)2+1]




In the previous proof we showed that
* o 03 ( Ta - E,u* (013))

<1 + (B + 9’{3)2> (14 (B +0%) (B + Bye (012)))

Hence,
07y = 05 (57 + 07) =)
05” (010 — By (01a))° 1+ (3* + e;af
<1 " @ T+ 973)2> 2 (1 + (5’* + 9’{a) (B* + By (ela)))z 05 (3* + 9;a)
052 (032 — By (01a))°

) <1 + (B* + 9’{.&)2> (1 + (B* + 0’{a) (B* + By (01a))>2

It is easy to check that, along with (42) and (43), this completes the proof. [

=05 (5" + 1)

Proof of eq. (37) It holds

2

e SR B 058 1 % (B* +09{a)
((a*,0%) = (1 * (ﬂ + 918‘) ) 1 +B*u§ (B*k+ 911) 1+ (B* +9Ta)2
2

o (14 (54 05)") 05 (5 +01) (14 i (57 + 1))

(148w (B + 1)) (1 + (B + e’faf)

- <1 + (B + 9’{3)2>

0 (B i+ 5+ 01,

(1487 (3 + 030))" (14 (5" + 1))

as desired. [ |
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