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Abstract
The same high labor supply elasticity that characterizes a representative family
model with indivisible labor and employment lotteries also emerges without lotteries
when self-insuring individuals choose interior solutions for their career lengths. Oﬀ
corners, the more elastic the earnings proﬁle is to accumulated working time, the
longer is a worker’s career. Negative (positive) unanticipated earnings shocks reduce
(increase) the career length of a worker holding positive assets, while the eﬀects are
the opposite for a worker with negative assets. By inducing a worker to retire at an
oﬃcial retirement age, government provided social security can attenuate responses of
career lengths to earnings proﬁle slopes, earnings shocks, and taxes.
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Introduction

This paper posits a speciﬁcation of how labor earnings depend on accumulated working time
to accompany the labor supply indivisibility, incomplete markets, and overlapping generations life-cycle structure featured in the Ljungqvist and Sargent (2007) time-averaging model
of the determinants of workers’ choices of career length.1 We study how career lengths depend on the shape of the earnings proﬁle, earnings shocks, taxes, and aspects of government
ﬁnanced retirement schemes. We obtain sharp outcomes by assuming preferences that are
consistent with balanced growth2 and analytically establish ﬁndings that shed light on forces
also at work in more complicated settings that can be studied only with numerical simulations.3 These are our principal ﬁndings:
1. The more elastic are earnings to accumulated working time, the longer is a worker’s
career. This result suggests the possibility that it is a higher slope of the earningsexperience proﬁle of high wage workers, and not the level of the wage per se, that
explains why people with higher wages and higher educations are more likely to retire
later in life. Stark evidence for such a relationship is provided by an Eckstein and
Wolpin (1989) study of married women’s labor force participation that we revisit in
section 7.2.
2. The sign of a worker’s accumulated savings determines how planned career length
responds to an unanticipated multiplicative shock to earnings, a shock that leaves unchanged the elasticity of earnings to accumulated working time. Speciﬁcally, a negative
(positive) earnings shock reduces (increases) the career length of a worker holding positive assets at the time of the shock, while eﬀects are opposite for a worker with negative
1

A labor supply indivisibility or, more generally, a nonconvexity in the mapping from hours of work to
labor services, impels individuals to divide their lifetimes into periods of work and periods of leisure/retirement. Rogerson (1988) supports optimal allocations with employment lotteries and complete consumption
insurance. When markets are incomplete and there are no employment lotteries, Ljungqvist and Sargent
(2007) coin the term ‘time averaging’ to describe a process whereby individuals trade a risk-free asset to
smooth consumption across periods of work and periods of retirement. Identical aggregate outcomes and
expected utilities prevail under these two alternative market structures in a continuous time model if there
is no exogenous uncertainty, the market interest rate equals the subjective discount rate, and the earningsexperience proﬁle is ﬂat.
2
Such preferences are widely used in macroeconomic models because they are consistent with the fact
that only modest changes in per capita hours of work have accompanied large increases in per capita incomes
since World War II. The European employment experience is an important exception to this pattern. We
focus on it in section 7.4.
3
For example, see Imai and Keane (2004), French (2005), Low et al. (2010), Heathcote et al. (2010), Erosa
et al. (2010), Kitao et al. (2008), Guvenen et al. (2011), Manuelli et al. (2012), and Wallenius (2009).
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assets. In light of increased variability of both transitory and permanent components
of labor earnings observed in recent decades to have confronted individual workers,
the ﬁnding that negative permanent earnings shocks shorten careers for workers in
mid- and late-age having positive life cycle savings identiﬁes a force that can help to
explain the increased incidence of early retirement in recent decades, as we discuss in
sections 7.3–7.5.
3. When tax revenues are returned as lump transfers to households,4 the elasticity of
aggregate labor supply with respect to the net-of-tax wage rate is high in the time
averaging model, as it also is in an employment lottery model. Advocates of high
labor supply elasticities can appeal to this ﬁnding.
4. Social security tax and beneﬁt rules put a kink into a worker’s budget set that can
lead to a corner solution for career length at an oﬃcial retirement age. That eﬀect
extinguishes the high labor supply elasticity that prevails at an interior solution. Consequently, proposals to reform social security can substantially alter the labor supply
elasticity, a point that we elaborate in section 7.6 in the context of recent changes in
U.S. social security rules.
Section 2 describes a lifetime labor supply problem in which a ﬁnitely lived worker confronts a labor supply indivisibility, chooses when to work, and smooths consumption by trading a risk-free bond. How career lengths are aﬀected by the shape of an experience-earnings
proﬁle, unanticipated earnings shocks, taxes, and social security are studied in sections 3,
4, 5 and 6, respectively. Implications for social security reform are discussed in section 7,
where we also indicate how the constellation of forces identiﬁed by our experiments may have
balanced out in ways that can help explain variations in labor market outcomes across time
and space. We also show how mechanisms in our stylized analysis shed light on forces at
work in more complicated models that can be studied only numerically. Concluding remarks
are oﬀered in section 8. Appendix A compares our time averaging model to a corresponding
employment lottery model with complete markets. Throughout, we focus exclusively on the
extensive margin and exclude movements along an intensive margin.5
4

This assumption is an important ingredient of Prescott’s (2002) explanation of depressed European
employment outcomes. We recast a version of his explanation in terms of our time-averaging model in
section 5.
5
Prescott et al. (2009) extend the Ljungqvist and Sargent (2007) time-averaging setup by adding an intensive margin to the individual’s labor supply decision. They reaﬃrm Ljungqvist and Sargent’s results about
the elasticity of equilibrium employment to a labor tax rate under that extension. Rogerson and Wallenius
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A sign of remarkable progress in macroeconomics during the last few years is that closely
related life-cycle models of career lengths now unite economists from camps whose members
use diverse data to infer either high or low aggregate labor supply elasticities. The opposing camps now at least agree about a basic framework and the main forces at work, with
major disagreements being conﬁned to judgements about the balance among these forces.
Advocates of high labor supply elasticities appeal to institutions and inferences about parameters that put workers at interior solutions for their career lengths.6 Advocates of low
labor supply elasticities believe that career lengths are at corner solutions.7 We indicate in
detail below how workers can be put at career-ending corners either by an oﬃcial retirement
age aﬃliated with government retirement programs or by the arrival of large negative and
persistent shocks to their earnings capacities.

(2009) also introduced human capital, but instead of making human capital endogenous as Ljungqvist and
Sargent (2007) did, they assume that workers face an exogenously given age-speciﬁc labor productivity that
induces the young and the old to work less because their productivities are lower.
6
Two published versions of Edward Prescott’s Nobel lecture indicate how advocates of a high labor supply
elasticity have come to adopt the life-cycle framework. In the ﬁrst version, Prescott (2005) relied on the
aggregation theory of Rogerson (1988) based on employment lotteries (see footnote 1). In the second version,
Prescott (2006) embraced the same Ljungqvist and Sargent (2007) time-averaging setup with ﬁnitely lived
individuals and incomplete markets that Prescott (2007) had discussed earlier at a 2006 NBER Macroeconomics Annual meeting.
7
James Heckman (1993) advocates a low labor supply elasticity based on microeconometric evidence.
In an aggregate analysis of human capital and lifecycle labor supply, Heckman et al. (1998) assume an
exogenously given retirement age, after which individuals are unable to supply any labor. But Heckman
(1993) also acknowledges estimates of a relatively high labor supply elasticity of married women that is
mainly due to a higher elasticity of their labor force participation rate, as we discuss in terms of our model
in section 7.1.
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A lifetime labor supply problem

A worker’s preferences are ordered by


1

0

u(ct , 1 − nt )dt,

(1)

where ct ≥ 0 and nt ∈ {0, 1} are consumption and labor supply at time t, respectively. That
nt ∈ {0, 1} asserts that labor supply is indivisible. A worker with past employment spells
t
totaling ht = 0 ns ds has the opportunity to work at earnings8
wt = W hφt ,

W > 0, φ ∈ [0, 1].

(2)

Because the worker can borrow and lend at a zero interest rate, she faces the life-time budget
1
1
constraint 0 ct dt ≤ 0 wt nt dt.9 An optimal plan prescribes a fraction T ∈ [0, 1] of a lifetime
devoted to work. The worker is indiﬀerent about the timing of her labor supply. Therefore,
we are free to assume that the worker frontloads work at the beginning of life so that the
present value of labor income for someone who works a fraction T of her lifetime is

0

T

W tφ d t = W

T φ+1
≡ W e(T ; φ).
φ+1

(3)

Following King et al. (1988), we assume a utility function that is consistent with balanced
growth and has a constant intertemporal elasticity of substitution in consumption equal to
1/γ, namely,
u(ct , 1 − nt ) =

c1−γ
t
v(1 − nt )
1−γ

8

(4a)

We thank our discussant Christopher Taber for his data explorations of earnings-experience proﬁles. Our
speciﬁcation (2) yields as good a ﬁt as a standard Mincer equation for men age 18-65 with 12 years of schooling
in the Survey of Income and Program Participation (SIPP), where the point estimate of our coeﬃcient φ
is 0.21. However, the ﬁt deteriorates after age 60 as the empirical proﬁle starts to slope downward. When
we exogenously imposed such a downward drift in old age, we found that our analytical results about the
eﬀects of variations in the slope of the earnings proﬁle (before the imposed downward drift) as well as the
eﬀects of earnings shocks continue to hold. We have no reason to believe that our other ﬁndings would be
substantially altered by the imposition of such an exogenous decline in old-age earnings.
9
We retain the assumption of Ljungqvist and Sargent (2007) that the worker’s subjective discount rate
and the market interest rate are equal. For simplicity, we assume that both rates are equal to zero. If
instead they were both strictly positive, Ljungqvist and Sargent (2007) show that the worker would prefer
to shift her labor supply to the end of life. Why? Because at a given lifetime disutility of work, working
later in life would mean spending more total time working. That would push the worker further up the
experience-earnings proﬁle and thereby increase the present value of lifetime earnings.
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for 0 < γ < 1 and γ > 1, while for γ = 1,
u(ct , 1 − nt ) = log(ct ) + v(1 − nt ),

(4b)

where the total time endowment is normalized to one, so 1 − nt is leisure at time t. In the
multiplicatively separable case of (4a), the function v(·) is (i) increasing and concave if γ < 1
and (ii) decreasing and convex if γ > 1, provided that an additional condition on the second
derivative of v(·) that assure overall concavity of u(·) is satisﬁed (see King et al. (1988,
p. 202)). In the additively separable case (4b), all that we require is that v(·) is increasing
and concave.
Under our assumption of indivisible labor, the precise curvature of v(·) is not an issue because we evaluate the function at only two points, nt ∈ {0, 1}. Hence, in the multiplicatively
separable case of (4a), we can normalize v(1) = 1 and let v(0) = B, so that the worker’s
lifetime utility in (1) can be written


1
0




c1−γ
t
max{1 − nt , Bnt } dt,
1−γ

(5)

where for 0 < γ < 1 (γ > 1), we require 0 < B < 1 (B > 1) in order to satisfy the above
conditions that make utility decrease in labor supply. For γ = 1, we normalize v(1) = 0, so
that the worker’s lifetime utility can be expressed as
 1

log(ct ) − Bnt dt,
0

B > 0.

(6)

Since the subjective discount rate equals the market interest rate, the optimal consumption plan prescribes constant consumption when working (i.e., nt = 1), ct = c̄. Consumption
is also constant when not working (i.e., nt = 0), but possibly at a diﬀerent level, ct = c.
Marginal utilities of consumption should be equated across spells of working and not working:

u1 (c̄, 0) = u1 (c, 1)

=⇒

c̄ = c B 1/γ ,
c̄ = c,

for 0 < γ < 1 and γ > 1;
for γ = 1.

(7)

The consumption plan must also satisfy the worker’s present value budget constraint
T c̄ + (1 − T )c = W e(T ; φ).
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(8)

After imposing (7), the present value budget constraint (8) implies
⎧
⎪
⎨
c=

W e(T ; φ)
, for 0 < γ < 1 and γ > 1;
T B 1/γ + 1 − T

⎪
⎩ W e(T ; φ),

(9)

for γ = 1.

By using (7) and (9), we can eliminate consumption from the worker’s lifetime utility
(1), T u(c̄, 0) + (1 − T ) u(c, 1), so that her optimization problem can be expressed in terms
of a single choice variable T ∈ [0, 1]. At an interior solution, the optimal career length is
determined by the ﬁrst-order condition at equality:10
⎧
⎪
⎨
T̄ (φ) =

(1 − γ)(φ +1)
 , for 0 < γ < 1 and γ > 1;
(1 − γ)(φ + 1) + γ 1 − B 1/γ

⎪
⎩ φ+1
,
B

(10)

for γ = 1.

According to (10), the following restrictions on parameters are necessary for interior solutions:11

(1 − γ)(φ + 1) + γ B 1/γ < (>)γ, for 0 < γ < 1 (γ > 1);
φ + 1 < B, for γ = 1.

(11a)
(11b)

We will impose these throughout our analysis. Because preferences are consistent with
balanced growth, the optimal career length T̄ (φ) in (10) does not depend on the earnings
level parameter W . Therefore, there exists an expression W a(t, φ) for the worker’s savings
at time t of her lifetime, where the function a(t, φ) is common to all workers with the same
curvature parameter φ for earnings.
10

For 0 < γ < 1 and γ > 1, the second order condition is calculated to be the negative of the inverse
of T̄ (φ). Hence, if there exists an interior solution, T̄ (φ) ∈ (0, 1), the second-order condition is trivially
satisﬁed, −1/T̄ (φ) < 0.
11
Parameter restriction (11a) implies the earlier restrictions that if 0 < γ < 1 (γ > 1), then 0 < B < 1
(B > 1). Moreover, if γ > 1, parameter restriction (11a) ensures that [(1 − γ)(φ + 1) + γ] > 0, an inequality
that we will use when studying equations (12) and (26) below.
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2.1

Initial assets

Suppose that the worker starts with some initial assets A0 . At an interior solution, the
optimal career length T̂ ∈ (0, 1) is determined implicitly by the ﬁrst-order condition:
⎧
A0 γ(φ + 1)
⎪
⎪
⎨ T̄ (φ) − (1 − γ)(φ + 1) + γ W T̂ φ , for 0 < γ < 1 and γ > 1;
T̂ =
⎪
⎪
⎩ T̄ (φ) − A0 (φ + 1) ,
for γ = 1.
W T̂ φ

(12)

Parameter restriction (11a) guarantees a positive denominator in (12) (see footnote 11).
Thus, negative (positive) initial assets lengthen (shorten) the optimal career length relative
to T̄ (φ), i.e., if A0 < (>) 0, then T̂ > (<) T̄ (φ). From hereon, we will assume that A0 = 0,
but the outcomes in (12) will be useful later when we study unanticipated earnings shocks
in section 4.

3

Eﬀect of earnings proﬁle on career length

An elasticity parameter φ = 0 means constant earnings, wt = W , while φ > 0 indicates an
earnings proﬁle that increases in cumulated time worked ht , but at a decreasing rate (except
for the linear speciﬁcation, φ = 1). A higher value of φ implies a slower relative decay in the
slope of the earnings proﬁle with respect to time worked.
Finding 1: T  (φ) > 0, so that career length increases with increases in the elasticity of
earnings to accumulated working time.
For 0 < γ < 1 and γ > 1,
T̄  (φ) =

(1 − γ)γ
2 
 > 0,
(1 − γ)(φ + 1) + γ 1 − B 1/γ

(13)

where the strict inequality follows from the above parameter restrictions, i.e., if 0 < γ < 1
(γ > 1), then 0 < B < 1 (B > 1).
As an illustration, for γ = 1 and a disutility of work B = 1.6, ﬁgure 1 depicts two
earnings proﬁles with elasticity parameters φ = 0.3 and φ = 0.5, respectively, with the
optimal fraction of lifetime spent working, T̄ (φ), marked by a circle on each proﬁle. As
a normalization, we set level parameters W = 1 and W = e(T̄ (0.3), 0.3)/e(T̄ (0.3), 0.5),
8
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Figure 1: Two earnings proﬁles with φ = 0.3 (dashed line) and φ = 0.5 (solid line), respectively. For γ = 1 and a disutility of work B = 1.6, the circle on each proﬁle denotes the
optimal career length T̄ (φ).
respectively, so both earnings proﬁles yield the same present value of labor income when
the same fraction T̄ (0.3) is devoted to work. While that choice is optimal for a worker with
proﬁle φ = 0.3, the agent with the higher φ = 0.5 will choose to work a bigger fraction of
her lifetime.
Viewed as a model of self-ﬁnanced retirement, the streamlined model with the interior
solutions presented here asserts that workers who retire later are those with earnings proﬁles
that are more elastic to accumulated working time. Stark evidence for such a relationship
is provided by Eckstein and Wolpin (1989) in their study of married women’s labor force
participation, evidence to which we return in section 7.2 and reinterpret in the light of our
analysis.

4

Eﬀect of earnings shocks on career length

We conduct a standard experiment of considering a multiplicative earnings shock, i.e., a shift
in the parameter W in earnings expression (2). According to (10), the optimal career length
does not respond to a shift in W at the very beginning of a lifetime, which reﬂects that
preferences are consistent with balanced growth. Concerning an unanticipated permanent

9

mid-career earnings shock, we have the following proposition.12
Finding 2: An unanticipated permanent negative (positive) earnings shock, in the form of
a shift in W, reduces (increases) the career length of a worker holding positive assets at the
time of the shock. Opposite eﬀects prevail for a worker with negative assets.
Consider an unanticipated mid-career earnings shock at time t̂ ∈ (0, T̄ ]. In particular, for
t < t̂, we assume that the worker had conformed to an optimal plan associated with earnings
parameters W and φ. At time t̂, the earnings proﬁle unexpectedly jumps from W tφ to Ŵ tφ
for t ∈ [t̂, 1], and the worker reoptimizes by choosing a new career length T̂ ∈ [t̂, 1]. The
worker’s asset stock at time t̂ is given by W a(t̂; φ). Compare this asset stock to Ŵ a(t̂; φ),
i.e., the asset stock of a worker of the same age but who has always faced earnings proﬁle
Ŵ tφ . There are three possibilities; W a(t̂; φ) is either smaller than, bigger than, or equal to
Ŵ a(t̂; φ).
1. If W a(t̂, φ) < Ŵ a(t̂, φ), then there exists a number A0 < 0 such that the worker’s
actual assets are equal to the hypothetical assets of someone who has always faced
earnings parameter Ŵ but whose initial assets were A0 < 0. As of time t̂, these two
workers face the same continuation problem and hence, the new optimal career length
T̂ > T̄ (φ), as given by (12).
2. If W a(t̂, φ) > Ŵ a(t̂, φ), an analogous argument with A0 > 0 establishes that T̂ < T̄ (φ).
The only caveat is that we might have a corner solution with T̂ = t̂, i.e., the initial
assets A0 > 0 needed to generate the same hypothetical asset holdings of someone who
has always faced earnings parameter Ŵ would be inconsistent with this person still
working at time t̂.
3. If W a(t̂, φ) = Ŵ a(t̂, φ), then T̂ = T̄ (φ). This can only happen if a(t̂, φ) = 0, i.e., the
two asset stocks are zero.
12

Alternatively, we could have modeled a stochastic earnings process which would have entailed the study
of precautionary savings dynamics over the worker’s life cycle or more precisely, over her working career.
But such an added complication would have detracted from the transparency of our ﬁrst-order ﬁndings
that are driven by the assumptions of preferences that are consistent with balanced growth and incomplete
markets. We study permanent shocks because the worker would seek to undo temporary negative shocks
by postponing her labor supply. Recall that the worker is otherwise indiﬀerent to the timing of her labor
supply and in particular, a temporary interruption of a career does not in of itself degrade human capital.
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4.1

Explicit expressions for the case γ = 1

We let T̄ = T̄ (φ) denote the optimal fraction of her lifetime that the worker intends to
devote to work before the realization of the unanticipated earnings shock, and, as above, T̂
be the optimal fraction after the earnings shock. With frontloaded working time, before the
earnings shock, the original optimal savings proﬁle for t ≤ T̄ is

At =

t
0



φ+1 
W
t
φ
+
1
tφ −
W sφ − W e(T̄ ; φ) ds =
≡ W a(t; φ),
φ+1
B


(14)

where we have used ct = W e(T̄ ; φ) and T̄ (φ) = (φ + 1)/B, as given by (9) and (10),
respectively. For φ > 0, there exists a cutoﬀ value t̄(φ) such that accumulated assets are
negative for t ∈ (0, t̄(φ)) and positive for t > t̄(φ). (Workers who expect rising earnings
borrow when young, repay when older, then lend when even older.) We can solve (14) for
t̄(φ) to get

 φ+1


φ+1 φ
t̄(φ) =
∈ 0, T̄ (φ) .
(15)
B
The limit point of t̄(φ) in (15) is zero as φ → 0, so we deﬁne t̄(0) = 0. Thus, with a front
loaded lifetime labor supply, asset holdings are always nonnegative for a worker with a ﬂat
φ = 0 earnings proﬁle.
An unanticipated mid-career earnings shock occurs at time t̂ ∈ (0, T̄ ], when the earnings
proﬁle unexpectedly jumps from W tφ to Ŵ tφ for t ∈ [t̂, 1]. Subject to the asset stock W a(t̂; φ)
that had been accumulated under the old plan, the wage jump from W to Ŵ prompts the
worker to maximize the remainder of her lifetime utility
 1

log(ĉt ) − B n̂t dt

(16)

t̂

by choosing new values ĉt ≥ 0 and n̂t ∈ {0, 1} of consumption and labor supply, respectively,
for t ∈ [t̂, 1]. The worker’s revised optimal plan prescribes a constant consumption path over
the interval [t̂, 1] and a fraction T̂ ∈ [t̂, 1] of her lifetime devoted to work.13
For the worker who after the unanticipated wage shock at t̂ chooses to work a fraction
T ∈ [t̂, 1] of her total lifetime, the sum of the ﬁnancial assets already accumulated at time t̂,
13
We implicitly impose the restriction that parameters are such that any negative asset holdings at time t̂
are strictly less than the present value of future labor income if the worker works for the rest of her lifetime.
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W a(t̂; φ), and the present value of future labor income becomes

W a(t̂; φ) +

T
t̂


Ŵ sφ ds = Ŵ

W
Ŵ


−1



φ+1 
φ
+
1
1
T φ+1 − t̂
a(t̂; φ) +
φ+1
B

≡ Ŵ ê(T ; t̂, W/Ŵ , φ),

(17)

where the ﬁrst equality is obtained by adding and subtracting Ŵ a(t̂; φ). This time t̂ present
value of ﬁnancial plus non-ﬁnancial wealth must equal the present value of consumption over
the period [t̂, 1], so it follows that Ŵ ê(T ; t̂, W/Ŵ , φ)/(1 − t̂ ) is the constant consumption
rate over the remaining lifetime 1 − t̂.
The worker’s optimal lifetime labor supply thus solves


Ŵ ê(T ; t̂, W/Ŵ , φ)
− B(T − t̂ ) .
(1 − t̂ ) log
1 − t̂


max

T ∈[t̂,1]



(18)

The ﬁrst-order condition for T is


W
Ŵ

⎧
⎪
⎨ < 0, corner soln T̂ = t̂;
(1 − t̂ )T φ


φ+1  − B ⎪ = 0, interior soln T̂ ∈ [t̂, 1];

1
⎩
− 1 a(t̂; φ) + φ+1
T φ+1 − t̂ φ+1
B
> 0, corner soln T̂ = 1;

(19)

where T̂ is the optimal lifetime labor supply after the earnings shock at time t̂. We let
T̂ (t̂, W/Ŵ , φ) denote an interior solution that is determined implicitly by (19) at equality,
i.e.,



1  φ+1
W
φ
φ+1
− 1 a(t̂; φ) +
− t̂ T̄
(1 − t̂ )T̂ = B
,
(20)
T̂
φ+1
Ŵ
where we have invoked (φ + 1)/B = T̄ (φ). An interior solution for the post-shock career
length T̂ relates to the original career length T̄ in the following way:14
14

Suppose that (W/Ŵ − 1) a(t̂; φ) > (<)0 but that, contrary to (21), lifetime labor supply satisﬁes T̂ ≥
(≤)T̄ (φ). According to (20), this would imply
(1 − t̂ )T̂ φ > (<)B


1  φ+1
T̂
− t̂ T̂ φ+1 ,
φ+1

which leads to the contradiction that T̂ < (>)(φ + 1)/B = T̄ (φ). When (W/Ŵ − 1) a(t̂; φ) = 0, the equality
T̂ = T̄ can be conﬁrmed by plugging that solution into (20) to verify that T̂ = (φ + 1)/B = T̄ (φ).
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⎧
⎪
⎨ < T̄ (φ)
T̂ (t̂, W/Ŵ , φ)
= T̄ (φ)
⎪
⎩
> T̄ (φ)

⎫
⎪
⎬
⎪
⎭


if

W
Ŵ


−1

⎧
⎪
⎨ > 0;
a(t̂; φ)
= 0;
⎪
⎩
< 0;

(21)

Evidently, the sign of the revision T̂ − T̄ to an unanticipated earnings shock depends (i)
on whether Ŵ > W or Ŵ < W , and (ii) on whether the worker’s asset holdings at the
time of the shock, At̂ , are positive or negative. In response to a negative earnings shock,
Ŵ < W , the worker reduces (increases) her lifetime labor supply if her time t̂ asset holdings
are positive (negative), i.e., if a(t̂; φ) > 0 (a(t̂; φ) < 0), which means that the shock occurs
at a time t̂ > t̄(φ) (t̂ < t̄(φ)), where t̄(φ) is deﬁned in (15). In contrast, in response to a
positive earnings shock, Ŵ > W , the worker increases (decreases) her lifetime labor supply
if her current asset holdings are positive (negative).
In the case of a ﬂat φ = 0 earnings proﬁle and a frontloaded lifetime labor supply, asset
holdings are always nonnegative in the initial plan, and, hence, the worker’s labor supply
response depends only on the sign of the earnings shock. Speciﬁcally, when φ = 0, we can
rewrite ﬁrst-order condition (20) at an interior solution as

T̂ = T̄ − (1 − T̄ )

⎧
⎪
⎨ < T̄ if Ŵ < W,
W
− 1 t̂
= T̄ if Ŵ = W,
⎪
Ŵ
⎩
> T̄ if Ŵ > W.


(22)

As could be anticipated from (21), a worker with a ﬂat earnings proﬁle will reduce (increase)
her lifetime labor supply in response to a negative (positive) earnings shock.

4.2

Interpretation of wealth and substitution eﬀects

For a worker with positive asset holdings at t̂, a negative earnings shock means that returns
to working fall relative to the marginal value of her wealth. That induces the worker to
enjoy more leisure because doing that has now become relatively less expensive. But with
negative asset holdings at t̂, a negative earnings shock compels the worker to supply more
labor both to pay oﬀ time t̂ debt and to moderate the adverse eﬀect of the shock on her
future consumption.
With a positive earnings shock, leisure becomes more expensive, causing the worker to
substitute away from leisure and toward consumption. This force makes lifetime labor supply
increase for a worker with positive wealth. But why does a positive earnings shock lead to
13

a reduction in life-time labor supply when time t̂ assets are negative?
In the case of a positive earnings shock and negative time t̂ assets, consider a hypothetical
asset path that would have prevailed if the worker had enjoyed the higher earnings proﬁle
associated with Ŵ from the beginning starting at t = 0. Along that hypothetical path, the
worker would have been even further in debt at t̂ (since assets would be scaled by Ŵ rather
than W in (14)). So at t̂, the worker actually ﬁnds herself richer at t̂ than she would have
in our hypothetical scenario. Because there is less debt to be repaid at t̂, the worker chooses
to supply less labor than she would have in the hypothetical scenario.
To construct another revealing hypothetical path in the case of a positive earnings shock
and negative time t̂ assets, suppose instead that the worker had known her actual earnings
proﬁle including the positive earnings shock at t̂ from time t = 0 on. That would have
induced her to choose a higher consumption level prior to time t̂. That would leave her more
in debt at time t̂. We conclude that in the actual situation with a positive earnings shock
and negative asset holdings at t̂, it is not optimal to make up for what would have been past
underconsumption relative to our hypothetical path. Instead, the worker chooses to enjoy
more leisure because she has relatively less debt at t̂ than she would along the hypothetical
path.
In sections 7.3–7.5 we discuss how earnings shocks ﬁgure prominently in recent lifetime
labor supply analyses that attempt to shed light on increased incidences of early retirement.

5

Eﬀect of taxes on career length

A multiplicative shock to the earnings proﬁle in section 4 could also come from a change
in proportional taxation. Under the assumption that tax revenues are not returned to tax
payers as transfers nor are they used to ﬁnance goods and services that are close substitutes
to private consumption, the preceding analysis of changes in career length in response to
unanticipated earnings shocks would also apply to unanticipated changes in tax rates. And
for the same reason that a shift in W at the very beginning of a lifetime does not aﬀect
the optimal career length, the level of a constant tax rate does not aﬀect the worker’s labor
supply, i.e., income and substitution eﬀects cancel with variations in the net-of-tax wage rate
under the assumption that preferences are consistent with balanced growth.15 But if instead
all tax receipts are rebated lump sum to workers, then labor supply responds in ways that
15

Prescott (2002, p. 7) noted that “If [labor tax] revenues are used for some public good or are squandered,
private consumption will fall, and the tax wedge will have little consequence for labor supply.”
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we study next.16
We introduce a government that taxes labor income at the rate τ and runs a balanced
budget by returning the tax receipts lump sum to workers (or by using the revenues to
ﬁnance a social security system in section 6). Newborn workers enter the economy at a
rate that keeps the population and age structure constant over time. Our focus is not on
the determination of intertemporal prices in this overlapping generations environment with
its possible dynamic ineﬃciencies,17 so we retain our small open economy assumption of an
exogenously given interest rate. All workers have the same preference speciﬁcation and the
same earnings proﬁle parameters W and φ. As we will show, in a time averaging model,
career length is highly responsive to the labor tax.
Finding 3: Given that tax revenues are handed back lump sum to households, the elasticity
of aggregate labor supply with respect to the net-of-tax rate, [(1 −τ )/T ] ∂T /∂(1−τ ), is high,
as it also is in a corresponding employment-lottery model.
Let x be the present value of lump-sum transfers that each worker receives over her
lifetime, as determined by the government budget constraint
τ W e(T  ; φ) = x,

(23)

where T  is the equilibrium career length. Note that given a zero interest rate and a lifetime
of unit length, x is the instant-by-instant per capita lump-sum transfer that satisﬁes the
16

We thank Gianluca Violante for noting that even if tax revenues were not rebated lump sum to workers,
progressive taxation would suppress labor supply through its eﬀect that lower the elasticity of disposable
earnings to accumulated working time (this is analogous to our ﬁnding about the earnings-experience proﬁle
in section 3). For example, suppose that a worker’s earnings in (2) are subject to Benabou’s (2002) form of
progressive taxation, i.e., after-tax earnings are given by
1−π̆

,
ᾰ W hφt
where ᾰ is a parameter that regulates the average level of taxation, and π̆ ∈ [0, 1) measures the degree of
progressivity. Given additively separable preferences, γ = 1, the optimal career length becomes
T̆ (π̆; φ) =

(1 − π̆)φ + 1
.
B

This setting with endogenous career length complements Guvenen et al.’s (2011) analysis of progressive
taxation in a model with a Ben-Porath human capital technology and a constant career length, as discussed
in section 7.5.
17
For a treatment of overlapping generations models, see e.g. Ljungqvist and Sargent (2012).
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government’s static budget constraint (23) as well as the present value of total lump-sum
transfers paid to a worker over her lifetime.
A worker again chooses constant consumption paths c̄ and c while working and not
working, respectively, but now budget constraint (8) is replaced by
T c̄ + (1 − T )c = (1 − τ )W e(T ; φ) + x.

(24)

Substituting (23) into the ﬁrst-order condition for the worker’s optimization problem shows
that the equilibrium career length is

T  (τ ) =

⎧
⎪
⎪
⎨

(1 − τ )(1 − γ)(φ +1)
 , for 0 < γ < 1 and γ > 1;
(1 − τ )(1 − γ)(φ + 1) + γ 1 − B 1/γ

⎪
⎪
⎩ (1 − τ )(φ + 1) ,
B

(25)

for γ = 1,

where an interior solution is guaranteed by parameter restrictions (11). The economy’s
elasticity of aggregate labor supply with respect to the net-of-tax rate becomes18
γ
∂T  (τ ) 1 − τ
=
> 0,

∂(1 − τ ) T (τ )
(1 − τ )(1 − γ)(φ + 1) + γ

(26)

where parameter restriction (11a) guarantees a positive denominator (see footnote 11). As
shown in appendix A, this high elasticity is similar to that of a corresponding employment
lotteries model, and the two elasticities are in fact the same for φ = 0 (when aggregate labor
supplies are also identical), and for γ = 1, regardless of the value of φ. A key ingredient of
this high elasticity is that the government rebates tax revenues lump sum to workers.
To illustrate the sensitivity of career length to labor taxation when tax revenues are
rebated lump sum, table 1 depicts a version of Prescott’s (2002) assertion that diﬀerences in
tax rates explain diﬀerences in employment outcomes between the U.S. and Western Europe.
According to Prescott, the net-of-tax rate, 1 − τ , is 0.60 in the U.S. as compared to 0.40 in
France, which can explain why French labor supply is depressed by 30 percent relative to
that of the U.S. In particular, for γ = 1, the elasticity (26) is equal to one and hence a onethird lower net-of-tax rate should indeed result in one-third shorter career length. Table 1
18

Note that we have computed a labor supply elasticity with respect to the net-of-tax rate (1 − τ ) rather
than to disposable wage income per se. As pointed out above and emphasized in footnote 15, what matters
for the eﬀect of taxes on labor supply is how wage income is split into two parts: one that goes directly
to the worker as disposable wage income, another that is ﬁrst paid to the government as taxes, but then
returned to the worker in the form of lump-sum transfers.
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φ
γ
0.5
1.0
1.5
2.0

0
23.8
33.3
38.5
41.7

0.1
23.1
33.3
39.1
42.7

0.2
22.5
33.3
39.7
43.9

0.3
21.9
33.3
40.3
45.0

0.4
21.4
33.3
41.0
46.3

0.5
20.8
33.3
41.7
47.6

Table 1: How much labor supply is depressed in percent in Europe with tax rate τEU = 0.6 as
compared to the U.S. with tax rate τU S = 0.4, as a function of the coeﬃcient of relative risk
aversion (γ) and the elasticity of earnings to accumulated working time (φ). The disutility
of work B is calibrated so that the U.S. career length is 2/3 of adult life.

shows also how the answer to this net-of-tax diﬀerential changes with γ, the curvature of
the utility function (the coeﬃcient of relative risk aversion), as well as with φ, the elasticity
of earnings to accumulated working time. In the ﬁgure, we have calibrated the disutility of
work B so that the U.S. career length is 2/3 of adult life.

6

Eﬀect of social security on career length

Our fourth and last ﬁnding is straightforward and possibly very pertinent. Many government
provided social security programs are associated with implicit tax wedges that can cause
workers to retire at particular ages. At such corner solutions, variations in taxes and beneﬁts
within some range do not alter a worker’s choice of career length.
Finding 4: Social security tax and beneﬁt rules that put a kink in a worker’s budget set can
cause a corner solution to career lengths at an oﬃcial retirement age and thereby extinguish
the high labor supply elasticity that would prevail at an interior solution.
To illustrate such outcomes, we derive equilibrium outcomes for the case with γ = 1 and the
following particular social security arrangement.
Instead of returning all tax receipts lump sum to workers as in section 5, we now assume
that all revenues are used to ﬁnance a social security system in which workers are eligible
to retire and collect beneﬁts after an oﬃcial retirement age R. Only those labor earnings
accruing before R are subject to a ﬂat rate social security tax τ ∈ (0, 1). Beneﬁts after
the worker’s chosen retirement date T , which may or may not equal R, are computed as a
17

replacement rate ρ times a worker’s average earnings prior to R. Thus, labor earnings after
R are not taxed; neither do they aﬀect the base for calculating beneﬁts. Workers who choose
to retire after R collect no beneﬁts until they actually retire.19
To construct an equilibrium, we set the two parameters R and τ of the social security
system, and then solve residually for a replacement rate ρ that is consistent with a balanced
government budget. To simplify the task of characterizing equilibria, we restrict attention
to policies with R ∈ (0.5, 1), and we bound the disutility of work from above:
B≤

φ+1−τ
.
1−R

(27)

We shall show that these parameter restrictions deliver two equilibrium outcomes. First,
the equilibrium career length, denoted T̃ , is longer than the oﬃcial retirement period, i.e.,
T̃ > 1 − R. Second, workers strictly prefer to supply their labor before rather than after
R
the oﬃcial retirement age, i.e., 0 nt dt = min{T̃ , R}.20 These outcomes simplify the task
of characterizing an equilibrium while also being consistent with empirical facts about how
primary workers distribute work over their lives, since the unit length of lifetime refers to a
worker’s adulthood.
With our parameter restrictions and these conjectured equilibrium outcomes, the government budget constraint is21
19
While our speciﬁcation of social security taxes and beneﬁts is overly simple, it captures key features of
some real-world programs. The assumption that the replacement rate is a function of average earnings but
not career length, is a good approximation to programs that compute beneﬁts on the basis of fewer years
than a primary worker’s normal choice of career length, a feature that makes the ﬁrst-order condition with
respect to career length reﬂect a worker’s marginal rather than inframarginal lifetime labor supply. As an
example, U.S. social security beneﬁts are computed based on the average of a worker’s highest 35 years of
earnings. As for our assumption that someone who works beyond the oﬃcial retirement age R receives no
social security beneﬁts until she actually retires, Schulz (2001, pp. 141-2) describes how this was the situation
in the U.S. social security system between 1950 and 1972, after the repeal in 1950 of an earlier provision of a
1 percent increase in beneﬁts for each year of delay. After 1972, a delayed retirement credit was reintroduced,
but it is only with rules that recently became eﬀective that the compensation is high enough for there to be
no loss in the actuarial value of a worker’s lifetime beneﬁts. We consider implications of those recent major
policy changes in the U.S. from the perspective of our framework in section 7.6.
20
As shown in appendix B, the key to having workers prefer to supply their labor before rather than after
the oﬃcial retirement age is that the part of the equilibrium career length during which social security taxes
are paid be longer than the part of the equilibrium retirement period during which beneﬁts are collected, an
outcome ensured by parameter restrictions (27) and R ∈ (0.5, 1). This outcome makes the social security tax
τ needed to balance the government’s budget be lower than the social security replacement rate ρ. When
ρ > τ , a worker would not want to try to avoid the social security tax by postponing labor supply until after
the oﬃcial retirement age: lost social security beneﬁts would outweigh tax savings.
21
Division by min{T̃ , R} in (28), as well as division by (1 − max{R, T̃ }) in (29), is permissible since
R ∈ (0.5, 1) and equilibrium career length can be neither T̃ = 0, because a worker with preferences described
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τ W min{e(T̃ ; φ), e(R; φ)} = 1 − max{R, T̃ }

ρ
W min{e(T̃ ; φ), e(R; φ)}, (28)
min{T̃ , R}

where the left side is tax revenues and the right side is social security beneﬁts. The ﬁrst
(second) argument of the max and min operators in (28) presumes an equilibrium outcome
in which workers retire before (after) the oﬃcial retirement age. That is, if the equilibrium career length T̃ is shorter (longer) than the oﬃcial retirement age R, tax revenues are
τ W e(T̃ ; φ) (τ W e(R; φ)) and social security pays a beneﬁt of ρW e(T̃ ; φ)/T̃ (ρW e(R; φ)/R)
over the eligible nonworking period that lasts 1 − R (1 − T̃ ). Note that the unit length of a
lifetime implies that an age interval corresponds both to a fraction of a worker’s lifetime and
also to a fraction of the population within that age interval at any point in time. From (28)
we can solve for the replacement rate,
ρ=

min{R, T̃ }
τ.
1 − max{R, T̃ }

(29)

Again, with our parameter restrictions and conjectured equilibrium outcomes, a worker’s
optimal career length solves22
 
max log (1 − τ )W min{e(T ; φ), e(R; φ)} + W max{0, e(T ; φ) − e(R; φ)}
T ∈(0,1]


+ρW min{(1 − R)e(T ; φ)/T, (1 − T )e(R; φ)/R} − BT ,

(30)

where the arguments of the max and min operators inside the log function appear in the
same order as in (28) and (29), i.e., the ﬁrst (second) argument refers to the case when the
worker chooses to work shorter (longer) than the oﬃcial retirement age.
Case with T̃ ≤ R
In the case of an optimal career length T ≤ R, the ﬁrst-order condition of (30) at an interior
solution (with respect to T ≤ R) becomes

by (4) would never choose zero consumption if that can be avoided, nor T̃ = 1, as discussed below.
22
Regarding our exclusion of T = 0 from the choice set, see footnote 21.
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ρ(1 − R)/T
φ+1
−
− B = 0.
T
(1 − τ )T + ρ(1 − R)

(31)

By government budget balance in (29), ρ = τ T̃ /(1 − R), which can be substituted into (31)
to yield an expression for equilibrium career length,
T̃ =

φ+1−τ
≡ R+(τ ).
B

(32)

Given an equilibrium with T̃ ≤ R, equilibrium expression (32) implies R ≥ R+(τ ). If
R+(τ ) ∈ (0.5, 1), it can be veriﬁed that R+(τ ) is the lowest possible oﬃcial retirement age
R ∈ (0.5, 1) for which equilibrium expression (32) holds, namely, T̃ = R for R = R+(τ ).
Case with T̃ ≥ R
In the case of an optimal career length T ≥ R, the ﬁrst-order condition of (30) at an interior
solution (with respect to T ≥ R) becomes
ρ Rφ+1
−
+ Tφ
Rφ+1
− B ≥ 0,

 φ+1
1−T
R
T φ+1
ρ
−τ
+
R
φ+1 φ+1

(33)

which holds with equality except under a binding corner solution with T = 1. However, such
a corner solution can be ruled out as an equilibrium because government budget balance
in (29) would imply that the replacement rate goes to inﬁnity; hence, it must be optimal
for a worker to retire prior to the end of her lifetime. After substituting ρ = τ R/(1 − T̃ )
into (33) at equality, we obtain an expression for equilibrium career length,
R
φ+1−τ
1 − T̃
T̃ =
B

 φ
R
T̃

.

(34)

Given an equilibrium with T̃ ≥ R, equilibrium expression (34) implies

R≤

φ+1−τ
B

R
1−R,

(35)

where the right side is an upper bound for the right side of (34), attained at T̃ = R because
20

the right side of (34) is a decreasing function in T̃ .23 Next, we implicitly deﬁne R−(τ ) as a
ﬁxed point of (35) at equality,
R−(τ )
1 − R−(τ )
.
B

φ+1−τ

R−(τ ) =

(36)

Over the interval [0, 1], there exists a unique ﬁxed point R−(τ ) ∈ (0, 1), since the left side
of (36) is a straight line with intercept zero and a positive slope, while the right side is a
strictly decreasing function that starts at (φ + 1)/B > 0 and has minus inﬁnity as the limit
when R−(τ ) → 1. If R−(τ ) ∈ (0.5, 1), it can be veriﬁed that R−(τ ) is the highest possible
oﬃcial retirement age R ∈ (0.5, 1) for which equilibrium expression (34) holds, namely,
T̃ = R for R = R−(τ ). Moreover, if R−(τ ) ∈ (0.5, 1), it follows from (32) and (36) that
R−(τ ) < R+(τ ).24
We can now state a proposition that describes how the retirement age T̃ chosen in
equilibrium depends on the oﬃcial social security retirement age. The proof appears in
appendix B.
Proposition 1: Given an oﬃcial retirement age R ∈ (0.5, 1) and a tax rate τ ∈ (0, 1) that
satisfy (27), the equilibrium career length T̃ (R, τ ) is unique and can be characterized in
terms of R+(τ ) and R−(τ ), as deﬁned in (32) and (36):
i) If R ≥ R+(τ ), then T̃ (R, τ ) = R+(τ ) (retirement before the oﬃcial retirement age).
ii) If R ≤ R−(τ ), then T̃ (R, τ ) ∈ [R−(τ ), R+(τ )), T̃ (R−(τ ), τ ) = R−(τ ) and ∂ T̃ (R, τ )/∂R < 0
(retirement after the oﬃcial retirement age).
iii) Otherwise, T̃ (R, τ ) = R (retirement at the oﬃcial retirement age).
23

The derivative of the right side of (34) with respect to T̃ is


1
φ
τ Rφ+1
−
−
< 0,
T̃ φ (1 − T̃ )B 1 − T̃
T̃

where the strict inequality follows from φ ∈ [0, 1] and T̃ ∈ [R, 1), where R ∈ (0.5, 1).
24
Given that R−(τ ) ∈ (0.5, 1), the following strict inequality holds


R−(τ ) =



R−(τ )
φ+1−τ
1 − R−(τ )
<
B
B

φ+1−τ
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= R+(τ ) .

Figure 2 displays the equilibrium career length as a function of R and τ , and ﬁgure 3 compares
equilibrium outcomes in two economies with diﬀerent values of φ. We proceed to explain
the shapes of these functions when T̃ < R and when T̃ > R.

6.1

Possible corner solution at the oﬃcial retirement age

According to Proposition 1, there exist a range of oﬃcial retirement ages suﬃciently high
that they induce equilibrium retirements before the oﬃcial retirement age and a range of
oﬃcial retirement ages suﬃciently low that they induce equilibrium retirements after the
oﬃcial retirement age. Between these two intervals there exists an intermediate interval of
oﬃcial retirement ages that induce equilibrium retirement at the oﬃcial retirement age. In
this middle range, the coincidence of oﬃcial and actual retirement ages indicates a kink in
implicit taxation that occurs at the oﬃcial retirement age – a situation commonly said to
describe actual social security arrangements.25
For an R in our high range in which T̃ = R+ (τ ) < R so that workers retire before
the oﬃcial retirement age, the eﬀect of the social security tax on career length in (32) is
quantitatively similar to the eﬀect of a labor tax in (25) in the style of Prescott’s (2002)
analysis in which all tax receipts are handed back lump sum to workers. Indeed, as can be
seen by comparing formula (25) for T ∗ with formula (32) for T̃ , when φ = 0 the lifetime
labor supply eﬀects are actually identical to the labor supply eﬀects obtained by Prescott
(2002). The reasons are that (a) under our assumption that average lifetime earnings alone
determine the replacement rate without regard to career length, when φ = 0 workers regard
the social security contribution purely as a tax and perceive no extra beneﬁts accruing to
them from paying it, while (b) the present value of future social security payments operates
like a lump sum transfer when optimal career length falls short of the oﬃcial retirement
age. When φ > 0, the social security tax in (32) is less distorting than Prescott’s (2002)
labor tax, since longer careers now have the advantageous eﬀect of increasing social security
beneﬁts due to the higher average lifetime earnings when a worker moves up along the
earnings proﬁle. But besides the longer career length T̃ in (32) as compared to T ∗ in (25)
when φ > 0, lifetime labor supply in the region with T̃ < R, remains highly responsive to
25

In the empirical analysis of Rust and Phelan (1997), the peaks in the distribution of retirement in the
U.S. at age 62 and 65 (the ages of early and normal eligibility for social security beneﬁts, respectively) are
rationalized as artifacts of particular details of the rules for social security and for public health insurance
for the elderly (Medicare). Hairault et al. (2010) analyze how social security rules in France in conjunction
with speciﬁc income support programs for workers between age 55 and 59, shape implicit taxation and cause
French nonemployment to rise sharply even prior to age 60 when workers become eligible for social security.

22

Career length

1
0.9
0.8
0.7
0.6
1

0
0.2

0.9
0.8
0.7
Official retirement age

0.4
Tax rate

Figure 2: Equilibrium career length T̃ (R, τ ) as a function of the oﬃcial retirement age R and
the tax rate τ when the earnings proﬁle parameter is φ = 0.5, and the preference parameters
are γ = 1 and B = 1.6 (i.e., in an economy populated by one of the two types of workers in
ﬁgure 1).
tax changes, as illustrated by the downward-sloping plane to the left in ﬁgure 2 (where, as
explained above, the value of R has no eﬀect).
For an R suﬃciently low that T̃ = R− (τ ) > R so that workers retire after the oﬃcial
retirement age, the marginal decision on career length is distorted by the loss of beneﬁts
incurred from working beyond the oﬃcial retirement age. In this region with T̃ > R, the
tax rate and the oﬃcial retirement age both aﬀect T̃ through their eﬀects on the equilibrium
replacement rate as determined by ρ = τ R/(1 − T̃ ) in (29). Speciﬁcally, for an unchanged
career length T̃ , the replacement rate rises in response to an increase in either τ or R. A
worker who faces the resulting higher opportunity cost of retirement beneﬁts foregone while
working beyond the oﬃcial retirement age would choose to reduce her career length. Thus,
in the region with T̃ > R, lifetime labor supply falls in response to an increase in either τ
or R. This eﬀect is depicted by the bowl-shaped surface at the far right in ﬁgure 2 where
career length T̃ decreases with increases in both the tax rate and the oﬃcial retirement age.
The latter eﬀect is easier to discern in ﬁgure 3 where the downward-sloping portions of both
of the equilibrium career length functions refer to the region with T̃ > R. These equilibrium
forces underpin the analytical derivative shown above in case ii) of Proposition 1.
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Figure 3: Equilibrium career length T̃ (R, τ ) as a function of the oﬃcial retirement age R, in
two economies with earnings proﬁle parameter φ = 0.3 (dashed line) and φ = 0.5 (solid line),
respectively. Both economies have the same tax rate τ = 0.2, and the preference parameters
are γ = 1 and B = 1.6 (i.e., each economy is populated by one of the two types of workers
in ﬁgure 1).
For an R within our intermediate range, there are no eﬀects of the tax on lifetime labor
supply so long as workers choose to remain at the corner solution highlighted in case iii) of
Proposition 1. For example, at R = 0.65 in ﬁgure 2, any tax rate between 0.25 and 0.45
would induce equilibrium retirement at the oﬃcial retirement age. For the parameterization
in ﬁgure 2, such a corner solution prevails for a tax range that is wider than 15 percentage
points up until an oﬃcial retirement age of 0.80. Thereafter, the tax range associated with a
corner solution narrows and eventually, at a high enough oﬃcial retirement age, there exists
only equilibria with equilibrium retirement before the oﬃcial retirement age.
To provide another perspective, ﬁgure 3 depicts equilibrium career lengths T̃ (R, τ ) as
functions of the oﬃcial retirement age R in two economies with distinct earnings proﬁle
parameters φ = 0.3 and φ = 0.5, respectively. The two economies share the same tax
rate τ = 0.2 and the same disutility of work B = 1.6.26 (We use the same preference and
earnings proﬁle parameters as in ﬁgure 1.) The ﬁgure illustrates how the presence of social
security modiﬁes but does not remove the tendency for workers with a higher earnings-curve
elasticity parameter φ to retire at a later age, as studied in section 3. However, the existence
26

The solid line in ﬁgure 3 is a slice of ﬁgure 2 at τ = 0.20 (but for a somewhat wider range of R).
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of our intermediate range of oﬃcial retirement ages in which equilibrium career length equals
the oﬃcial retirement age opens up the possibility that the equilibrium career lengths are
identical across two economies with diﬀerent φ’s but identical τ ’s and R’s. This is evidently
the case in ﬁgure 3 when R is approximately two thirds of a worker’s (adult) lifetime.

6.2

Diverse workers retiring at the same oﬃcial retirement age

The two equilibrium mappings in ﬁgure 3 refer to two distinct economies with the only
diﬀerence in primitives being the earnings-proﬁle parameter φ. But we can also imagine the
outcomes depicted there to refer to two groups of workers who live in the same economy,
in particular, an economy in which the government runs a balanced social security budget
for each group of workers, there being identical policy parameters τ and R across the two
groups but diﬀerent replacement rates ρ determined by (29)). This interpretation reminds
us of a feature of real-world social security programs that tends to increase the range of
oﬃcial retirement ages for which an equilibrium would imply that heterogeneously situated
workers all end up choosing identical career lengths by retiring at the oﬃcial retirement age.
Thus, real-world social security programs often redistribute from high to low income earners,
and the former workers usually have more elastic (higher φ) earnings proﬁles than the latter
workers. It follows that if the redistribution associated with social security payout rules
ends up lowering and raising the implicit returns to work for high and low income workers,
respectively, it tends to lower and raise the corresponding equilibrium mappings in ﬁgure 3
for high and low income workers, respectively. That would seem to widen the range of oﬃcial
retirement ages for which both groups of workers ﬁnd it optimal to choose to retire at the
oﬃcial retirement age. To execute a precise analysis, we would need to specify the details of
such a social security program and derive an equilibrium.

7

Observed career lengths through our model

We close with some thoughts about how observed career lengths might be interpreted through
the lens of our model, as well as what our model says about eﬀects of policy changes on
prospective career lengths. To illustrate how the analytical ﬁndings in our stylized framework
shed light on numerical outcomes in more complicated models, we also discuss a few examples
from the recent literature.
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7.1

High labor supply elasticity of married women . . .

As an exception to his overall conclusion of a low labor supply elasticity based on microeconometric evidence (see footnote 7), Heckman (1993) attributed married women’s relatively
high labor supply elasticity mainly to their higher labor force participation rate elasticity.
Since married women have historically been second earners within household, it is likely that
their participation decisions represent interior solutions for career lengths, so our analysis
asserts that their lifetime labor supply elasticities should indeed be high.
Given that married women’s career length choices are at interior solutions, another test of
our model is whether their career lengths truly vary positively with the elasticity of earnings
with respect to accumulated working time, a pattern conﬁrmed by a study of Eckstein and
Wolpin (1989), but our model suggests the following reinterpretation of their evidence.

7.2

. . . and a reinterpretation of empirical evidence

For a speciﬁcation that posits that wages depend on past work experience, Eckstein and
Wolpin (1989) estimated a dynamic model of married women’s labor force participation.
They performed counterfactual experiments that perturbed the slope of the wage-experience
proﬁle away from their estimated value and found the following outcomes:
Halving the slope of the log wage-experience proﬁle implies that for a woman
with ten years of experience at age 39, the expected additional number of years
of work to age 60 will fall from 16.7 to 1.2. Doubling the coeﬃcient implies that
all women will work in every year subsequent to age 39 independent of work
experience at age 39. (Eckstein and Wolpin 1989, p. 388)
We can reinterpret these results of Eckstein and Wolpin in terms of responses of an interior
solution for T̄ (φ) to the earnings-experience curvature parameter φ in (10) in our timeaveraging setting. To do so, we have to resort to a misspeciﬁcation analysis because the forces
driving outcomes in our model diﬀer substantially from those in Eckstein and Wolpin’s. In
contrast to us, Eckstein and Wolpin (i) assume that households can neither save nor borrow,
and (ii) allow the disutility of work to vary with work experience and estimate that it actually
increases with experience. Workers’ inability to borrow or save in Eckstein and Wolpin’s
model completely disarms the mechanism at work in our time averaging model, whereby
workers use the credit market to smooth consumption and to ‘convexify’ the indivisiblity
in their instantaneous labor supply opportunity set by choosing fractions of their lifetimes
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to work. This is not the force that drives career length outcomes in Eckstein and Wolpin
(1989). Instead, their career length eﬀect rests on an estimated schedule of disutilities of
work that increases with past work experience. But we can reinterpret their result in terms
of a speciﬁcation analysis in which our model generates life-cycle employment and wage
data to which we mistakenly apply Eckstein and Wolpin’s model. We would estimate an
increasing disutility of work, but that would be an artifact of misspeciﬁed preferences and
mistaken exclusion of a credit market. Speciﬁcally, the estimate of an increasing disutility of
work would reﬂect what is truly a falling marginal value of additional savings for retirement
in the time averaging model.
For a formal exposition of our misspeciﬁcation analysis, consider the Eckstein-Wolpin
1
preference speciﬁcation 0 [ct −B̃t nt ]dt where B̃t = b̃ht , b̃ > 0. A worker with these preferences
would also be indiﬀerent about the timing of her labor supply. Therefore, we continue to
assume that the worker frontloads her work at the beginning of time so that the lifetime
utility of consumption and lifetime disutility of labor for someone who works a fraction T
T
of her lifetime are W e(T ; φ) and 0 b̃t dt = b̃T 2 /2, respectively. Thus, the worker’s optimal
lifetime labor supply solves


T2
max W e(T ; φ) − b̃
,
T ∈[0,1]
2

(37)

with a ﬁrst-order condition at an interior solution,
W T φ − b̃T = 0,

(38)

W φT φ−1 − b̃ < 0.

(39)

and a second-order condition,

By substituting the interior solution T̄ (φ) from (10), for γ = 1, into (38), we can solve for
the parameter value b̃ = W ((φ + 1)/B)φ−1 at which (38) would result in the same choice
of labor supply as for our time averaging model. Furthermore, by plugging the expressions
for T̄ (φ) and b̃ into (39), we ﬁnd that the second-order condition reduces to φ − 1 < 0,
which holds for our assumptions (except for a borderline linear speciﬁcation with φ = 1).
Hence, we have shown that the optimal labor supply of our time averaging model can be
reproduced in an alternative model where utility is linear in consumption and the disutility of
work increases with past work experience. In the alternative model with the market interest
rate being equal to the worker’s subjective discount rate, the worker would not regret that
a credit market is absent.
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7.3

Increased incidence of early retirement . . .

The last few decades have seen large increases in early retirement in the OECD, see e.g.
the country studies compiled by Gruber and Wise (2004). In the absence of any large
change of commensurate importance in retirement programs, explanations of this dramatic
development must be sought elsewhere. Coinciding with the increase in early retirement has
been an increase in the turbulence experienced by individual workers as surveyed by Katz
and Autor (1999). The turbulence manifests itself as a higher variance of individual workers’
labor market earnings with a considerable permanent component. Under the assumption
that preferences are consistent with balanced growth, our analysis in section 4 predicts that
shocks to earnings potentials have hardly any eﬀect on career length choices of individuals
with little savings. But workers with substantial savings (including their vested entitlements
in welfare programs), typically older workers, will respond to persistent negative earnings
shocks by shortening their careers. This force contributes to the observed increase in early
retirement by explaining the behavior not only of those early retirees who receive government
provided beneﬁts but also the behavior of those who privately ﬁnance their withdrawal from
the labor force.

7.4

. . . and the trans-Atlantic employment puzzle

From a trans-Atlantic perspective, it is a challenge to understand why employment outcomes
in the European welfare states in the 1950s and the 1960s were similar to those of North
America despite Europe’s higher taxes and more generous government-provided beneﬁts for
the nonemployed. European unemployment and early retirement grew and became persistent
problems ﬁrst in the late 1970s and 1980s. Krugman (1987, p. 68) posed the trans-Atlantic
employment puzzle as follows:
. . . no strong case exists that Europe’s welfare states were much more extensive
or intrusive in the 1970s than in the 1960s, and no case at all exists that there
was more interference in markets in the 1980s than in the 1970s. Why did a
social system that seemed to work extremely well in the 1960s work increasingly
badly thereafter?
One answer would convolute forces isolated in this paper. When combined with our section 4 analysis of unanticipated earnings shocks, events that move many workers between
the interior solution of section 3 and the corner solution of section 6 manifest themselves
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as variations in career length around the oﬃcial retirement age. In particular, the disutility
of work B can take a value such that, while workers had originally planned to retire at an
oﬃcial retirement age, large unforeseen earnings shocks can impel them to alter planned
career lengths, given their accumulated savings.
Thus, a possible narrative about the last half century of employment outcomes in North
America and Europe is as follows. Both continents had initially instituted social security
programs with implicit tax wedges that implied corner solutions to career lengths for primary
workers at oﬃcial retirement ages. On both sides of the Atlantic, those institutions induced
primary workers to plan to work until an oﬃcial retirement age, so the binding oﬃcial
retirement age disarms adverse responses of career length to Europe’s higher taxes and more
generous beneﬁts. But starting in the 1980s, the global economic environment changed
in ways that put permanent negative shocks into a substantial subset of individual workers’
continuation earnings proﬁles. That threw those workers oﬀ the oﬃcial retirement age corner
via a wealth eﬀect that under balanced-growth preferences causes workers with positive
pension capital to shorten their career lengths. Its more generous beneﬁts made that eﬀect
larger in Europe, pushing up unemployment, disability and early retirement rates in Europe
relative to America.27

7.5

Forces at work in related lifetime labor supply models

Dynamics similar to those described in the preceding section are also at work in the analysis
of recent U.S. labor market outcomes by Low et al. (2010). Under the assumptions that
workers have access to Food Stamps and, after the age of 50, disability beneﬁts, subject
to means testing on labor income but not on assets, the model of Low et al. explains how
labor force participation of U.S. males drops oﬀ sharply after age 50. Although we fear
that their model might overestimate enrollments in disability insurance and in the Food
Stamps program especially for college graduates (the authors do not report these), the oldage labor supply dynamics implied by their model line up with our analysis of the eﬀects of
earnings shocks on career length. As we have shown, even without access to social insurance,
individuals who experience mid- or late career negative earnings shocks and who have positive
retirement wealth will shorten their career length under Low et al.’s (2010) speciﬁcation of
preferences that are consistent with balanced growth. Thus, we suspect that there exist
27

Kitao et al. (2008) pursue an analysis along those lines to enrich our earlier eﬀorts to solve the problem
posed by Krugman (Ljungqvist and Sargent (1998, 2008)) by incorporating a more serious model of career
length.
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parameter conﬁgurations for the earnings shock process and the disutility of work in the
Low et al. (2010) model of indivisible labor for which, with or without disability insurance
and Food stamps, high school as well college graduates will decide to shorten their career
lengths in response to persistent negative earnings shocks.
Because the tax rate on returns to human capital is higher than the rate applied to
labor earnings foregone while investing in human capital, Guvenen et al. (2011) analyze how
progressive taxation distorts investments in human capital in a model with a Ben-Porath
technology. To us, a surprising outcome is that it matters little whether tax revenues are
handed back as lump-sum transfers to households or used for expenditures that are not close
substitutes for private consumption, a ﬁnding that transcends their analysis of divisible labor
as well as their study of indivisible labor in an earlier working paper. We suspect that a
likely explanation for that ﬁnding is that they assume an exogenously given retirement age,
an assumption that eﬀectively short circuits the extensive margin for career length choice.
An exogenously given retirement age remains a common assumption for primary workers in
aggregate models of lifecycle dynamics, see e.g. a recent state-of-the-art analysis by Heathcote
et al. (2010). That assumption presumably reﬂects the authors’ judgement that government
provided social security provides strong incentives to retire at an oﬃcial retirement age.
In contrast, Manuelli et al. (2012) endogenously determine career length within a BenPorath model. They disarm potentially large eﬀects of lump sum transfers of tax revenues by
modelling social security systems with implicit tax wedges at an oﬃcial retirement age that
put agents at a corner with respect to their career-length decisions. For an analysis with
both extensive and intensive margins in labor supply, see the learning-by-doing model of
Wallenius (2009) who favors a calibration in which Americans choose to retire at an interior
solution at age 66. While she postulates a nonconvexity in the mapping from hours supplied
to labor services that potentially creates some scope for the intensive margin of hours worked,
it actually does little to change our conclusion that lifetime labor supply is highly elastic at
an interior solution for career length. However, this high elasticity is not Wallenius’s main
concern. Instead, her purpose is to conduct an explicit quantitative study of the eﬀects of
social security at a corner solution for career length at an oﬃcial retirement age, as also
studied by Manuelli et al. (2012).28
28

An example of is when French workers are induced to retire at an oﬃcial retirement age of 60 by the
high implicit taxes that the government imposes on those who choose to work longer.
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7.6

Implications of recent changes in U.S. social security rules . . .

Recently, there have been major changes in the U.S. social security rules. The Full Retirement Age (FRA) is being gradually increased from 65 to 67. In 2000, the earnings test
through age 69 for persons who choose to work beyond the FRA was removed. For us an
important change was the gradual increase in the Delayed Retirement Credit (DRC) for
someone who reaches the FRA in 2009 and who delays claiming beneﬁts. It tops out at
an annualized credit of 8 percent per each year of delay until age 70. Thus, the kink in a
worker’s budget set associated with the FRA has been smoothed out because, as pointed out
by Schulz (2001, p. 142), for there to be no loss in the actuarial value of a worker’s lifetime
beneﬁts, the beneﬁt level needs to be increased by about 8 percent for each year of delay.
In terms of our analysis, these changes have virtually removed any eﬀective oﬃcial retirement age R. Thus, without the constraining inﬂuence from an oﬃcial retirement age, the
current U.S. social security rules are best approximated with case i) of Proposition 1, where
workers can be thought of as retiring before the oﬃcial retirement age.
Any reforms that move people from the corner case iii) to the interior case i) of Proposition
1 are very important for implied aggregate labor supply elasticities. For as we pointed out
in subsection 6.1, the lifetime labor supply elasticity at a case i) interior solution becomes
almost as large as found with Prescott’s (2002) labor tax with tax receipts handed back
lump sum. Reforms that move signiﬁcant measures of people from the corner to the interior
would substantially raise aggregate labor supply elasticities.

7.7

. . . and future policy response?

If social security reforms elevate the lifetime labor supply elasticity in ways described in the
preceding subsection, policymakers might seek to reduce the tax wedges faced by workers in
retirement age. However, purely age-related tax relief proposals targeted to older workers
are subject to the objection that they would motivate workers to postpone labor market
participation in order to enjoy more favorable tax treatment over their lives. That would
surely happen in the stylized formal framework of this paper with its ample room for workers
to engage in labor supply arbitrage over their life cycle.
However, features omitted from our model could limit the extensive intertemporal substitution underlying the caveat made in the previous paragraph. Factors that should make
workers reluctant strategically to postpone their lifetime labor supplies are incomplete markets and uncertainties about future health status and how various aspects of individual labor
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careers will play out. Hence, young workers enter the labor market not only because of impediments to borrowing against future labor earnings, but also because they want to resolve
uncertainties about their destinies in the labor market. Also, established workers are unlikely
to put careers on hold to engage in spells of ‘temporary early retirement’ because intermittent interruptions of work are not good for careers. For these reasons, we still suspect that
if the goal is to increase total labor supplied over the life cycle, well designed policies will
feature tax and beneﬁt reforms targeted at older workers.

8

Concluding remarks

Proponents both of low and high aggregate labor supply elasticities have now united behind
a theoretical framework that focuses on the determinants of lifetime labor supply. This is
progress because high and low elasticity camps now at least talk about the same objects
and forces. While there remains ample room for disagreement about the importance of
the various forces identiﬁed in this paper, having a diverse group of researchers focus on a
common set of observations on lifetime labor supply within a common theoretical framework
bodes well for the ‘labor supply elasticity accord’ foretold by Ljungqvist and Sargent (2011).

A

Equivalence between employment lotteries and time
averaging?

Ljungqvist and Sargent (2007) found that in models with indivisible labor, a high disutility
of labor that results in an interior solution is the source of a high aggregate labor supply
elasticity, not the Rogerson aggregation theory based on employment lotteries and complete
markets. The time-averaging model with indivisible labor and a high disutility of labor
yields a high aggregate labor supply elasticity for a variety of speciﬁcations, including ones
in which experience aﬀects earnings.
But an exact equivalence of aggregate outcomes under individual time-averaging, on the
one hand, and employment lotteries with complete markets, on the other hand, hinges on
work experience not aﬀecting earnings. Ljungqvist and Sargent (2007, sections 3.5, 3.6)
analyze an increasing experience-earnings proﬁle that is a step function with two ﬂat spots
and show that the equivalence between the lotteries and time-averaging models breaks down.
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It also break down for the speciﬁcation that we have adopted in this paper. An increasing
earnings-experience proﬁle creates a nonconvexity over careers and allows a representative
family to achieve aggregate allocations with employment lotteries that individuals cannot
attain by time averaging.
Thus, consider a representative family consisting of a continuum j ∈ [0, 1] of ex ante
identical workers like those in section 2. The family chooses a consumption and employment
allocation cjt ≥ 0, njt ∈ {0, 1} to maximize


1



0

subject to


0

1

0

1



u cjt , 1 − njt dt dj

 1

j j
j
wt nt − ct dt dj ≥ 0 ,

(40)

(41)

0

where wtj is the potential earnings of worker j at time t which depends on her past work
experience, as described in (2).
As in Ljungqvist and Sargent (2007, section 3.6), the family solves this problem by
administering a lifetime employment lottery once and for all before time 0 that assigns a
fraction N ∈ [0, 1] of people to work always (njt = 1 for all t ∈ [0, 1] for these unlucky people)
and a fraction 1 − N always to enjoy leisure (njt = 0 for all t ∈ [0, 1] for these lucky ones).
An individual who works throughout her lifetime generates present-value labor income equal
to W e(1; φ), as deﬁned in (3). Since the subjective discount rate equals the market interest
rate, the optimal plan prescribes constant consumption to those who work, cjt = c̄ when
njt = 1, and also to those who do not work, but possibly at a diﬀerent level, cjt = c when
njt = 0. Thus, the family’s optimal labor supply solves


max N u(c̄, 0) + (1 − N)u(c, 1) ,

N ∈[0,1]

(42)

subject to N c̄ + (1 − N)c = NW e(1; φ). Following the steps in section 2, at an interior
solution, the optimal fraction of individuals sent to work is determined by the ﬁrst-order
condition,

⎧
⎨

1−γ
, for 0 < γ < 1 and γ > 1;
1 − B 1/γ
T̄ (φ) =
(43)
⎩ 1
for γ = 1.
B,
Hence, members of the representative family on average work less than individuals who
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are left to ‘time average’, as characterized by (10).29 The latter individuals confront a
diﬃcult choice between enjoying leisure and earning additional labor income at the peak
of their lifetime earnings potential. This tension is not experienced by the individuals who
follow the instructions of the family planner who uses lotteries to convexify the indivisibility
brought by careers. Of course, in the special (φ = 0) case when work experience does not
aﬀect earnings, the aggregate labor supplies are exactly the same across a Rogerson (1988)
employment-lottery model and a Ljungqvist and Sargent (2007) time-averaging model, and
people enjoy the same expected lifetime utilities.
We can concisely summarize the message of this appendix by comparing the responses
of aggregate time spent employed to labor tax rate τ for the employment-lottery model,30



N (τ ) =

⎧
⎪
⎪
⎨

(1 − τ )(1 −γ)
,
(1 − τ )(1 − γ) + γ 1 − B 1/γ

⎪
⎪
⎩ (1 − τ ) ,
B

for 0 < γ < 1 and γ > 1;
(44)
for γ = 1,

and for the time-averaging model in (25). As noted above, individuals in the time-averaging
model choose a longer career length than the average lifetime labor supply in the employment
lottery model, at an interior solution. Therefore, if the equilibria without taxation are
characterized by a corner solution, e.g. due to a binding oﬃcial retirement age, successive
increases in taxation will ﬁrst reduce employment in the economy with employment lotteries
while the labor supply in the economy with time averaging is more robust. Though at interior
solutions, the elasticity of aggregate labor supply with respect to the net-of-tax rate in the
employment lotteries model is equal to
γ
∂N  (τ ) 1 − τ
=
> 0,

∂(1 − τ ) N (τ )
(1 − τ )(1 − γ) + γ
29

(45)

Ljungqvist and Sargent (2007, sections 3.5, 3.6) obtain a similar outcome in their model with an
experience-earnings proﬁle that has two ﬂat spots. With time-averaging, those individuals who work enough
to lift themselves beyond the lower ﬂat part of the experience-earnings proﬁle devote a fraction of their
lifetimes to work that is higher than is the fraction of people working in the employment-lottery model. But
for someone in the time-averaging model who chooses to work suﬃciently little that she stays on the ﬁrst
ﬂat segment of the experience-earnings proﬁle, the optimal fraction of her lifetime devoted to work equals
the fraction of people who work in the employment-lottery model. The latter outcome is consistent with
the analysis here in the following sense. Under a ﬂat experience-earnings proﬁle, workers who ‘time average’ choose the same life-time labor supply as the average work in an employment-lottery model. For the
employment-lottery model, equation (43) shows that the representative family chooses a fraction of family
members who work that does not depend on whether the experience-earnings proﬁle slopes upward.
30
See Ljungqvist and Sargent (2007, sections 4.2, 4.3) for the same exercise in their model with an
experience-earnings proﬁle that has two ﬂat spots.
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which can be compared to elasticity (26) for the time averaging model. The two elasticities
are naturally the same when φ = 0 since the aggregate labor supplies are then identical.
The elasticities are also the same and equal to one for γ = 1, regardless of the value of φ.
For other values of γ, the elasticity in the time averaging model is smaller (larger) than that
of the employment lotteries models for 0 < γ < 1 (γ > 1). So, yes, the exact equivalence
between the models breaks down, but nevertheless with a high disutility of labor like those
calibrated in the real business cycle literature, a high labor supply elasticity can still come
through in both frameworks.

B

Proof of Proposition 1

The formulation of optimization problem (30) is predicated on workers preferring to supply
R
their labor before rather than after the oﬃcial retirement age, i.e., 0 nt dt = min{T̃ , R}. We
proceed as if this is true in the following equilibrium characterization, and then afterwards
verify its correctness under parameter restriction (27) and R ∈ (0.5, 1).
i) If R ≥ R+(τ ), then T̃ (R, τ ) = R+(τ ).
For any R ∈ (0.5, 1) that satisﬁes R ≥ R+(τ ), the constant career length T̃ = R+(τ )
is an equilibrium since it satisﬁes both the government budget constraint (28) and a
worker’s ﬁrst-order condition (31) for the case with T ≤ R, as summarized in equilibrium
expression (32). It remains just to show that there cannot exist another equilibrium in
which workers choose a career length longer than R, i.e., we will show that equilibrium
expression (34) cannot hold when R ≥ R+(τ ). For any R ∈ (0.5, 1) that satisﬁes
R ≥ R+(τ ), it follows from the fact that (32) holds with equality that the right-hand
side of (34), evaluated at T̃ = R, must fall below the left-hand side of (34). Next,
since the left-hand side of (34) is strictly increasing in T̃ , while the right-hand side is
decreasing in T̃ (see footnote 23), we can rule out the existence of any T̃ > R at which
equilibrium expression (34) would hold.
ii) If R ≤ R−(τ ), then T̃ (R, τ ) ∈ [R−(τ ), R+(τ )), T̃ (R−(τ ), τ ) = R−(τ ) and ∂ T̃ (R, τ )/∂R <
0.
Since R−(τ ) ∈ (0, 1) as established in section 6, it follows that if there is any R ∈ (0.5, 1)
that satisﬁes R ≤ R−(τ ), it must be that R−(τ ) ∈ (0.5, 1). Moreover, since R−(τ ) is the
ﬁxed point of (36), it follows that equilibrium expression (34) for an interior solution
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with T̃ ≥ R holds for T̃ = R = R−(τ ), i.e., T̃ (R−(τ ), τ ) = R−(τ ). Next, since the
right-hand side of (34) is strictly decreasing in R, it follows that for R < R−(τ ), the
right-hand side of (34) lies strictly above the left-hand side of (34) when evaluated at
T̃ = R−(τ ). Together with the fact that the right-hand side of (34) is strictly decreasing
in T̃ (see footnote 23) while the left-hand side of (34) is strictly increasing, it follows
that, for R ∈ (0.5, R−(τ )), the solution to (34) is unique and has T̃ > R−(τ ). Note that
the existence of an interior solution T̃ < 1 is ensured since the right-hand side of (34)
goes to minus inﬁnity when T̃ → 1.
To establish the upper bound T̃ < R+(τ ), we show that R+(τ ) is strictly greater than
the right-hand side of (34) for all T̃ ≥ R ∈ (0.5, 1), i.e.,
R
φ+1−τ
φ+1−τ
1 − T̃
>
B
B

 φ
R
T̃

,

(46)

which can be simpliﬁed to
Rφ+1 > (1 − T̃ )T̃ φ .

(47)

Note that for the inadmissible values R = 0.5 and T̃ = 0.5, the left- and right-hand
side of (47) are equal. Next, since the left-hand side is strictly increasing in R while the
right-hand side is strictly decreasing in T̃ ,31 it follows that inequality (47) holds for all
T̃ ≥ R ∈ (0.5, 1).
Given the upper bound R+(τ ) > T̃ , it also follows that there cannot exist another
equilibrium in which workers choose a career length shorter than R, i.e., equilibrium
expression (32) cannot hold when R ≤ R−(τ ). Speciﬁcally, for any R ∈ (0.5, 1) that
satisﬁes R ≤ R−(τ ), we have shown the existence of an equilibrium with T̃ ≥ R with an
upper bound R+(τ ) > T̃ , and therefore, R+(τ ) > R. The latter inequality rules out the
existence of another equilibrium with career length shorter than R, because as shown
in case i) above, the equilibrium career length in such an equilibrium would be R+(τ )
which now lies above rather than below R, i.e., a contradiction.
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The derivative of the right-hand side of (47) with respect to T̃ is
−T̃ φ−1 [T̃ − (1 − T̃ )φ] < 0,

where the strict inequality follows from φ ∈ [0, 1] and T̃ ∈ [R, 1), where R ∈ (0.5, 1).
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(48)

To establish that ∂ T̃ (R, τ )/∂R < 0, we form an implicit function for (34),
R
φ+1−τ
1 − T̃
F (T̃ , R) ≡
B

 φ
R
T̃

− T̃ = 0,

(49)

and use the implicit function theorem,
∂F (T̃ , R)/∂R
∂ T̃
=−
=−
∂R
∂F (T̃ , R)/∂ T̃


τ Rφ+1

τ (φ + 1)Rφ

< 0,
1 − φ + B(1 − T̃ )T̃ φ
T̃
1 − T̃

(50)

where the strict inequality is assured by the nonnegativity of the expression in braces
because φ ∈ [0, 1] and T̃ ∈ [R, 1), where R ∈ (0.5, 1).
iii) Otherwise, T̃ (R, τ ) = R.
For any R ∈ (0.5, 1) that satisﬁes neither R ≥ R+(τ ) nor R ≤ R−(τ ), the equilibrium
career length T̃ is characterized neither by expression (32) for an an interior solution
with respect to T̃ ≤ R, nor by expression (34) for an interior solution with respect to
T̃ ≥ R. Thus, the equilibrium career length is at a corner solution with T̃ = R.
The range of oﬃcial retirement ages for which the equilibrium career length is at a
corner solution, is given by R ∈ (max{0.5, R−(τ )}, min{1, max{0.5, R+(τ )}}). This
range reﬂects the fact, as shown above, that the equilibrium sets for case i) and ii) are
disjoint in the policy space (R ∈ (0.5, 1), τ ∈ (0, 1)). In particular, if R−(τ ) ∈ (0.5, 1),
it follows from (32) and (36) that R−(τ ) < R+(τ ) (see footnote 24).
Returning to the assertion underlying the formulation of optimization problem (30),
namely, that workers prefer to supply their labor before rather than after the oﬃcial retirement age, we now verify its correctness for the three cases above. In particular, we show
that an inﬁnitesimal shift of labor supply from before to after the oﬃcial retirement age R
reduces the present value of a worker’s disposable income. (Note that we hold total labor
supply constant in these perturbations so the disutility of work remains unchanged.)
i) Suppose that T̃ (R, τ ) < R, when the worker under the solution above pays total taxes
equal to τ W e(T̃ ; φ) and collect total social security beneﬁts equal to (1−R)ρW e(T̃ ; φ)/T̃ .
After an inﬁnitesimal shift of labor supply from before to after the oﬃcial retirement
age, the worker saves on taxes at the rate τ W [∂e(T ; φ)/∂T ] for T = T̃ , but loses both
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on a shorter time of collecting social security, at the rate −[∂(1 − T )/∂T ]ρW e(T̃ ; φ)/T̃
for T = R, and on the lower beneﬁt level caused by lower average labor earnings prior
to the oﬃcial retirement age, at the rate (1 − R)ρW [∂e(T ; φ)T −1 /∂T ] for T = T̃ . The
worker loses from such a shift in labor supply if the implied savings on taxes fall short
of the implied losses on social security collection,
τ W T̃ φ < ρW

T̃ φ
φT̃ φ−1
+ (1 − R)ρW
.
φ+1
φ+1

(51)

After invoking (29), i.e., ρ = τ T̃ /(1 − R), this condition simpliﬁes to (1 − R) < T̃ which
is indeed true for equilibrium career length (32) under parameter restriction (27).
ii) Suppose that T̃ (R, τ ) > R, when the worker under the solution above pays total taxes
equal to τ W e(R; φ) and collect total social security beneﬁts equal to (1−T̃ )ρW e(R; φ)/R.
The condition corresponding to (51) becomes
τ W Rφ < ρW

φRφ−1
Rφ
+ (1 − T̃ )ρW
.
φ+1
φ+1

(52)

After invoking (29), i.e., ρ = τ R/(1 − T̃ ), this condition simpliﬁes to (1 − T̃ ) < R which
is indeed true for equilibrium career length T̃ (R, τ ) > R and R ∈ (0.5, 1).
iii) Suppose that T̃ (R, τ ) = R and hence, the calculation in (51) still applies. But now it
follows immediately that condition (1 − R) < T̃ is true for equilibrium career length
T̃ (R, τ ) = R and R ∈ (0.5, 1).
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